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PROCEEDINGS 


ow 


THE  LONDON  MATHEMATICAL  SOCIETY. 


VOL.   XXVI. 


THIRTY-FIRST  SESSION,  1894-95 
(since  the  Formafcion  of  the  Society,  January  I6th,  1865). 

November  8th,  1894. 

The  First  Meeting  of  The  London  Mathematical  Society, 
as  incorporated  under  the  Companies  Act,  1867,  on  October 
23rd,  1894,  held  at  22  Albemarle  Street,  W. 

Mr.  A.  B.  KEMPE,  F.R.S.,  President,  in  the  Chair. 

The  minutes  of  the  last  Meeting  of  the  unincorporated  Society, 
held  June  4th,  1894,  were  read  and  confirmed. 

The  President  moved,  and  the  Treasurer  seconded,  a  resolution 
that  the  By-laws  of  the  Society,  which  had  been  framed  by  the 
Council,  should  be  adopted. 

This  resolution  was  carried  unanimously. 

The  Treasurer  read  his  report.  Its  reception  was  moved  by 
Professor  M.  J.  M.  Hill,  seconded  by  Professor  W.  Bumside,  and 
carried  unanimously. 

The  Rev.  T.  R.  Terry,  being  willing  to  serve,  was  appointed  Auditor 
of  the  report  on  the  motion  of  the  President,  seconded  by  Major 
MacMahon. 

Mr.  Tucker  stated  that  the  number  of  members  at  the  date  of 
registration  was  216,  of  whom  101  were  compounders. 
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The  Society  had  to  regret  the  loss,  by  death,  of  Mr.  William  Paice, 
M.A.,  of  Mr.  William  Bacster,  M.A.  (cf.  p.  Ill,  Vol.  xxv.),  and  of 
one  Hon.  Foreign  Member,  Dr.  Heinrich  Rudolf  Hertz  (cf.  p.  93, 
Vol.  XXV.). 

The  following  communications  had  been  made  or  received : — 

A  Mechanical  Solution  of  the  Problem  of  Tethering  a  Hone  to  the  Cironm- 
ference  of  a  Circular  Field,  bo  as  to  Graze  over  an  nth  part  of  it :  Prof.  L.  J. 
Rogpers. 
The  Stability  of  certain  Vortex  Motions  :  Mr.  A.  £.  H.  Love. 
Cyclotomic  Quartics :  Prof.  G.  B.  Mathews. 
On  the  Application  of  EUiptio  Functions  to  the  Curve  of  Intersection  of  Two 

Quadrics  :  Mr.  J.  £.  Campbell. 
Notes  on  the  Theory  of  Groups  of  Finite  Order :  Prof.  W.  Bumside. 
The  Stability  of  a  Deformed  Elastic  Wire :  Mr.  A.  B.  Basset. 
The  Linear  Automorphio  Transformation  of  certain  Quantics :  Mr.  Dallas. 
On  Bessers  Functions,  and  relations   oonnecting  them  with    Spherical  and 

Hyper-Spherical  Harmonics :  Dr.  Hobson. 
A  Theorem  of  Liouville's  :  Prof.  Mathews. 
Note  on  Non-Euclidean  Geometry  :  Mr.  H.  F.  Baker. 
Note  on  an  Identity  in  Elliptic  FunctionM  :  Prof.  L.  J.  Rogers. 
Note  on  a  Variable  Seven-points  Circle,  analogous  to  the  Brocard  Circle  of  a 

Plane  Triangle  :  Mr.  J.  GriffithB. 
The  Types  of  Wave-Motion  in  Canals  :  Mr.  H.  M.  Macdonald. 
On  Green's  Function  for  a  SyHtera  of  Non- intersecting  Spheres  :    Prof.  W. 

Bumside. 
Description  of  Model  of  Lord  Kelvin's  Tetrakaidekahedron  :  Mr.  J.  J.  Walker. 
On  a  Class  of  Groups  defined  by  Congruences  :  Prof.  W.  Bumside. 
^me  Properties  of  the  Uninodal  Quartic  :  Mr.  W.  R.  W.  Roberts. 
Groups  of  Points  on  Curves  :  Mr.  F.  S.  Macaulay. 
On  a  Simple  Contrivance  for  Compounding  Elliptic  Motions  :    Mr.   G.  H. 

Bryan. 
On  the  Buckling  and  Wrinkling  of  Plating  Supported  on  a  Framework  under 

the  Influence  of  Oblique  Stresses :  Mr.  G.  H.  Bryan. 
On  the  Motion  of  Paired  Vortices  with  a  Common  Axis  :  Mr.  A.  E.  H.  Love. 
On  the  Existence  of  a  Root  of  a  Rational  Integral  Equation :   Prof.  E.  P 

Elliott. 
Pseudo- Elliptic  Integrals  and  their  Dynamical  Applications :    Prof.  A. 

Greenhill. 
On  Regular  Difference  Terms  :  Mr.  A.  B.  Kempe. 
Theorems  concerning  Spheres :  Mr.  S.  Roberts. 
Second  Memoir  on  the  Expansion  of  certain  Infinite  Products :  Prof.  L. 

Rogers. 
A  Propei'ty  of  the  Ciroumoircle  (ii.) :  Mr.  R.  Tucker. 
A  Proof  of  Wilson's  Theorem  :  Mr.  J.  Perott. 
On  the  Sextic  Resolvent  of  a  Sextic  Equation :  Prof.  W.  Bumside. 
On  the  Kinematioal    Discrimination    of    the  Euclidean  and  Non-Eucl' 
Geometries :  Mr.  A.  E.  H.  Love. 
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PennutationB  on  a  Regxdar  Polygon :  Major  MacMahon. 
The  Stability  of  a  Tube  :  Prof.  A.  G.  Greenhill. 
Researches  in  the  Calculus  of  Variations — 

Part  v.     The  Discrimination  of  Maxima  and  Minima  Values  of  Integ^rals 

with  Arbitrary  Values  of  the  Limiting  Variations. 
Part  VI.     The  Theory  of  Discontinuous  or  Compounded  Solutions :    Mr. 
E.  P.  Culverwell. 
The  Solutions  of 

sinh  f  A^j  y-'/W,     co8^  \^dj)  ^"-^t"^'* 

X  a  constant :  Mr.  F.  H.  Jackson. 
A  Theorem  in  Inequalities  :  Mr.  A.  R.  Johnson. 
Some  Properties  of  Two  Tucker  Circles :  Mr.  R.  Tucker. 
Note  on  Four  Special  Circles  of  Inversion  of  a  System  of  Generalized  Brocard 

Circles  of  a  Plane  Triangle :  Mr.  J.  Griffiths. 
On  the  Order  of  the  Eliminant  of  Two  or  More  Equations  :  Dr.  R.  Lachlan. 

The  same  journals  had  been  subscribed  for  as  in  the  preceding 
Session.  An  additional  exchange  of  Proceedings  had  been  made  for 
"  Les  Annales  de  la  Faculte  des  Sciences  de  Marseille." 

Messrs.  Brickmore  and  Heppel  having  been  appointed  Scrutators, 
the  ballot  was  taken,  with  the  result  that  the  following  gentlemen 
were  elected  to  serve  as  the  Council  for  the  ensuing  Session: — 
Major  MacMahon,  R.A.,  F.R.S.,  President;  Prof.  M.  J.  M.  Hill, 
F.R.S.,  Mr.  A.  B.  Kempe,  F.R.S.,  and  Mr.  A.  E.  H.  Love,  F.R.S., 
Vice-Presidents ;  Dr.  J.  Larmor,  F.R.S.,  Treasurer ;  Messrs.  M. 
Jenkins  and  R.  Tucker,  Hon.  Secretaries.  Other  Members  of  the 
Council :— Mr.  A.  B.  Basset,  F.R.S.,  Mr.  G.  H.  Bryan,  Lt.-Col.  J.  R. 
Campbell,  F.Gr.S.,  Lt.-Col.  A.  J.  Cunningham,  R.E.,  Pi-of.  E.  B. 
Elliott,  F.R.S.,  Dr.  Glaisher,  P.R.S.,  Prof.  Greenhill,  F.R.S.,  Dr. 
Hobson,  F.R.S.,  and  Prof.  W.  H.  H.  Hudson. 

The  new  President  then  took  the  Chair  and  called  upon  Mr.  Kempe 
to  read  his  Valedictory  Address,  the  title  of  which  was  "  Mathe- 
matics." 

Prof.  Elliott  moved  the  following  votes  of  thanks : — To  Mr.  Kempe 
for  the  manner  in  which  he  had  discharged  the  duties  of  President, 
and  to  Mr.  Kempe  and  Mr.  Basset  for  the  services  they  had  rendered 
to  the  Society  in  connexion  with  its  Incorporation.  He  concluded 
his  remarks  by  expressing  the  hope  that  Mr.  Kempe  would  allow  his 
address  to  be  printed  in  the  Proceedings.  These  votes,  having  been 
seconded  by  the  President,  were  put  to  the  meeting,  and  carried 
unanimously. 

The  Treasurer  moved  that  "  the  thanks  of  the  Society  be  tendered 
to  the  Secretaries,    Mr.  Jenkins    and    Mr.  Tucker,  for  their  most 
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assiduous  and  valuable  services  to  the  Society,  and  especially  for 
their  services  during  the  past  Session,  and  that  the  said  vote  be 
entered  on  the  minutes  of  the  meeting."  The  vote  having  been 
seconded  by  Mr.  Kempe,  and  carried,  the  Secretaries  briefly  acknow- 
ledged the  compliment. 

The  following  communications  were  made : — 

The  Kinematics  of  non- Euclidean  Geometry  :  Prof.  W.  Bumside. 
A  Generalized  Form  of  the    Hypergeometric  Series,   and  the 

Differential  Equation  which  is  satisfied  by  the  Series :    Mr. 

F.  H.  Jackson. 
Thiixi  (and  concluding)  Memoir  on  certain  Infinite  Products  : 

Pix)f.  L.  J.  Rogers. 

The  following  presents  were  made  to  the  Library  : — 

'*  Mathematical  QnestionH — Reprint,"  Vol.  lxi.,  Svo;  London,  1894. 
'  "Smithsonian  Report,"  1892;  Washington,  1893. 

•*  Beiblatter  zn  den  Annalen  der  Physik  und  Chemie,**  Bd.  xvni.,  St.  9. 

**Nyt  Tidsskrift  for  Mathematik,*'  A.   Fcmte  Aargang,  Nos.   4,   5;     and  B. 
Femte  Aargang,  No.  1  ;  Copenhagen,  1894. 

"  Jomal  de  Sciencias  Mathematicas  e  Astronomicas,"  Vol.  xn.,  No.  1 ;  Coim- 
bra,  1894. 

''Mathematische  Annalen,"  45*  Band,  Sonderabdruck,  pp.  410-427. 

'•Physical  Society  of  London — ^Proceedings,"  Vol.  xin.,  Pt.  1  ;  October,  1894. 

**  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  Vol.  i.,  No.  1  ; 
October,  1894. 

••  Nachrichten  von  der  Konigl.  Gesellschaft  der  Wissenschaften  zu  Gotting^n," 
Math.-Phy8.  Klasse,  1894,  No.  3  ;  Gottmgen. 

**  Rendioonti del  Ciroolo  Matematico  di  Palermo,"  Tomo  vm.,  Fasc.  5  ;  Settembre, 
Ottobre,  1894. 

*' Bulletin    des    Sciences   Math^matiques,"  Tome  xvin.,  Juillet,  Aodt,  Sept.; 
Paris,  1894. 

**  Sitzungsberichte  der  K.  Preuss.  Akad.  der  Wissensohaften  zu  Berlin,"   1894, 
24-38. 

*•  Acta  Mathematica,"  xvin.,  No.  3  ;  Stockholm,  1894. 

**  Annali  di  Matematica,"  Tomo  xxn.,  Fasc.  4 ;  Milano. 

"Atti    della   Reale    Aocademia  dei    Lincei,"    Serie   5,    Rendiconti,    Sem.    2, 
Vol.  nz.,  Fasc.  6;  Roma,  1894. 

'•Journal  fiir  die  reine  und    angewandte  Mathematik,"     Bd.  cxiv.,    Heft  1  ; 
BerHn,  1894. 

**  Educational  Times,"  November,  1894. 

*•  Annals  of  Mathematics,"  Vol.  vni..  No.  6  ;  University  of  Virginia,  September, 
1894. 

'*  Indian  Engineering,"  Vol.  xvi.,  Nos.  11-15. 
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Mathematics,*     By  A.  B.  Kbmpe,  M.A.,  F.R.S. 

Read  November  8th,  1894. 

The  aim  of  the  London  Mathematical  Society,  at  its  foundation, 
was  *'  the  promotion  and  extension  of  mathematical  knowledge/'  and 
the  recent  change  in  our  legal  constitution,  which  has  been  rendered 
necessary  by  the  success  attending  our  labours  during  nearly  thirty 
years,  in  no  way  alters  that  aim.  Our  Memorandum  of  Association 
determines  our  work  for  the  future  to  be  that  which  it  has  been  in 
the  past — "  the  promotion  and  extension  of  mathematical  knowledge." 

As  we  have  never  had  any  difficulty  as  yet  with  regard  to  the  limits 
of  our  operations,  and  have  been  content  to  have  them  fixed  for  the 
future  by  a  formal  document,  filed  at  Somerset  House,  I  hope  I  am 
not  indiscreet  or  unduly  inquisitive  in  selecting  the  present  moment 
to  ask — What  is  mathematical  knowledge  ? 

The  expression  **  mathematical  knowledge  "  is  no  doubt  an  elastic 
one,  admittingof  a  very  wide  interpretation ;  and  we  are  unquestionably 
not  precluded  from  publishing  in  our  Proceedings  communications  on 
the  historical,  bibliographical,  educational,  or  philosophical  aspects 
of  mathematical  science.  But,  however  large  a  view  we  may  take  of 
it,  the  knowledge  which  we  are  empowered  to  promote  and  extend 
must  after  all  have  some  connexion  with  mathematics,  and — What  is 
mathematics  ? 

The  question  is  not  one  to  which  an  immediate  and  satisfactory 
answer  can  be  obtained  without  difficulty.  Our  dictionaries  are  of 
course  compelled  to  attempt  some  reply,  and  inform  us  that  "  mathe- 
matics "  is  "  the  science  of  number  and  magnitude, "t  "  the  science 
which  treats  of  the  properties  and  relations  of  quantities,**^  or,  more 
briefly,  "  the  science  of  quantity.**§  These  definitions  are  doubtless  in 
accordance  with  others  given  in  quite  modem  times  by  men  of 
scientific  position.  Thus,  to  give  but  two  examples,  we  find  Dr.  John 
Hopkinson,  in  an  address  to  the  Institute  of  Civil  Engineers,  stating 
in  May  of  the  pi^esent  year,  that  *'  mathematics  has  to  deal  with  all 
questions  into  which  measurement  of  relative  magnitude  enters,  with 

*  Address  delivered  on  retiring  from  the  office  of  President, 
t  Latham^s  Dictionary^  1872. 
X  The  Imperial  Dictionary y  1882. 
{  The  Century  Dictiottary,  1891. 
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all  questions  of  position  in  space,  and  of  accurate  determination  of 
shape";*  and  Mr.  Venn,  in  his  well-known  Symbolic  Logtc.f 
explains  that,  when  speaking  of  "  mathematics,"  he  refers,  "  broadly 
speaking,  to  questions  of  number,  magnitude,  shape,  and  position." 
But  such  definitions  are  not  intended  to  be  descriptive  of  mathematics 
in  genei*al.  Dr.  Hopkinson  was  speaking  of  a  special  aspect  of  the 
science,  viz.,  its  application  to  engineering ;  while  Mr.  Venn,  to  use 
his  own  words,  *'  is  quite  aware  that  some  exponents  of  the  higher 
branches  would  not  admit  the  exhaustiveness  of  [tjhis  description," 
and  merely  arges  that  it  will  include  all  that  can  be  meant  by  the 
anti-mathematical  logicians  he  is  addressing.  The  dictionary  defini- 
tions are,  however,  intended  to  be  general ;  and  as  such  they  can 
only  be  regarded  as  relics  of  a  bygone  age. 

Occasional  definitions  of  a  more  comprehensive  character  are  cer- 
tainly to  be  found  scattered  here  and  there  in  mathematical  and 
other  writings.  Thus  our  firet  President,  Professor  De  Morgan,  in 
his  Inaugural  Address  to  the  Society,  says  that,  "  space  and  time  are 
the  only  necessary  matters  of  thought,"  and  "  these  fonn  the  subject- 
matter  of  the  mathematics " ; J  while  Dr.  Benjamin  Peirce,  in  his 
memoir  on  "  Linear  Associative  Algebra,"  §  1,||  defines  mathematics 
as  "  the  science  which  draws  necessary  conclusions."  I  do  not  pro- 
pose to  discuss  the  validity  of  these  or  other  definitions  of  our  study 
which  could  be  referred  to ;  for,  while  believing  that  a  collection  of 
the  views  of  mathematicians,  logicians,  and  philosophers,  as  to  what 
constitutes  mathematical  science,  would  be  most  interesting  and  in- 
structive, one  may,  I  think,  without  presumption,  hazard  a  doubt 
whether  the  definitions  which  such  a  collection  would  contain  would 
be  regarded  by  a  body  of  modem  mathematicians  as  furnishing  a 
satisfactory  reply  to  the  question — What  is  mathematics  ? 

That  the  question  is  one  which  does  not  admit  of  any  direct  and  " 
simple  answer,  I,  for  one,  am  unable  to  believe  ;  and  I  have  ventured 
to  hope  that,  by  calling  attention  to  the  fact  that  such  an  answer 
appeal's  to  be  wanting,  I  may  stimulate  some  to  attempt  to  supply  it. 
Let  me  occupy  the  few  minutes  dui-ing  which  I  feel  justified  in  de- 
taining you  in  indicating  some  considerations  which  should,  as  it 
seems  to  me,  be  borne  in  mind  in  framing  that  answer. 

Li  the  firat  place,  I  would  protest  against  any  assumption  that  the 


•  The  James  Forrest  Lecture.     See  Nature,  Vol.  l.,  p.  42. 

t  Pago  ix. 

X  l*roce€(ii)ign^  Vol.  i.,  p.  1. 

,1  A/uericau  Journal ojf  J£at/iematicSj  Yol.  IX.,  ji   45. 
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formation  of  a  definition  of  mathematics  is  a  matter  of  "purely 
theoretical  interest,  with  which  the  expert  mathematician  has  little 
or  no  concern.  No  doubt  mathematicians  have  got  on  very  well 
hitherto  without  having' a  definition  of  their  science  at  hand.  I  do 
not  suppose  that  the  majority  would  be  prepared  with  any  better 
answer  to  the  question — What  is  mathematics  ?  than  that  the  sub- 
ject was  a  somewhat  wide  one,  and  they  did  not  see  any  particular 
advantage  to  be  gained  in  finding  a  concise  description  of  the  work 
of  the  mathematician  which  would  be  sufficiently  comprehensive  to 
include  all  its  innumerable  ramifications.  But,  because  mathema- 
ticians in  the  past  have  not  seen  the  need  of  a  compendious 
definition  of  their  study,  it  does  not  follow  that  such  a  definition 
would  be  of  no  service  to  us  now.  Whether  it  would  or  not  must 
depend  upon  the  nature  of  the  definition.  A  mere  statement  that 
**'  mathematics  is  the  science  of  quantity,  number,  shape,  and  posi- 
tion," could  hardly  have  furthered  the  progress  of  mathematics  at 
any  period  of  its  history ;  but  one  which  would  direct  attention  to 
the  nature  of  the  essential  elements  of  mathematical  thought,  and  to 
the  causes  to  which  variety  in  mathematical  properties  must  be 
attributed,  might  reasonably  be  expected  to  open  out  new  fields,  and 
to  indicate  lines  of  connexion  between  mathematical  subjects  hitherto 
regarded  as  fundamentally  distinct. 

In  framing  our  definition  it  is  essential  to  have  regard  to  recent 
mathematical  work.  A  definition  which  might  have  passed  when 
mathematics  was  really  supposed  to  be  the  study  of  quantity,  number, 
shape,  and  position  only,  would  nowadays  be  simply  misleading. 
A  survey  of  the  field  of  modem  mathematical  thought  would  satisfy 
even  the  most  superficial  observer  that  the  mathematician  of  the 
present  day  studies  much  besides  those  subjects.  A  good  deal  may, 
no  doubt,  be  done  by  the  use  of  a  judicious  terminology  to  preserve 
the  respect  due  to  ancient  boundaries,  and  things  which  are  not 
quantities  may  be  made  to  pass  as  ^*  imaginary  "  quantities.  But  the 
consideration  of  such  subjects  as  the  relations  of  statements  to  each 
other,  or  the  possible  forms  of  algebras,  or  the  theory  of  substitutions, 
to  take  but  three  examples,  can  scarcely,  by  any  stretch  of  the 
imagination,  be  said  to  be  the  study  of  either  quantity,  number, 
shape,  or  position ;  and  a  large  proportion  of  modem  mathematical 
work  is  open  to  the  same  observation.  These  recent  developments 
are,  however,  recognised  to  be  as  truly  mathematical  as  theii'  older 
companions,  and  no  definition  of  mathematics  would  be  adequate 
which  did  not  so  regard  them. 
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In  his  excellent  review  in  the  American  Journal  of  Mathema>ttcs, 
Vol.  IX.,  of  Pi*ofessor  Klein's  Lectures  on  the  "  Icosahedron/*  Dr. 
Cole  remarks  that  "  a  characteristic  feature  of  modem  mathematics 
is  the  predominant  importance  of  theories;  like  that  of  groups  of 
operations,  which  deal  with  discontinuous  quantities.  The  theories," 
he  says,  "  which  deal  mainly  with  continuity  have  retreated  decidedly 
into  the  background."  While  venturing  to  demur  to  the  use  of  the 
word  "  quantity  "  in  this  connexion,  unless  we  are  to  carry  our  re- 
spect for  the  definition  of  mathematics  as  "  the  science  of  quantity  " 
so  far  as  to  call  every  mathematical  conception  a  "  quantity,"  I 
would  call  attention  to  Dr.  Cole's  observation  as  indicating  that 
mathematicians  are  beginning  to  appreciate  the  fact,  which  is  obvious 
enough  when  it  comes  to  be  noticed,  that  they  have  before  them  in 
every  mathematical  investigation  a  number  of  individual  concep- 
tions. 

The  individual  conceptions  dealt  with  in  diflPerent  investigations 
are,  obviously,  of  every  conceivable  description.  To  enumerate  such 
examples  as  quantities,  points,  curves,  spaces,  algebras,  equations, 
letters,  arrangements,  substitutions,  rotations,  differentials,  numbers, 
statements,  and  quaternions,  conveys  but  a  faint  idea  of  the  variety 
exhibited.  The  various  individuals  under  consideration  are  not,  of 
course,  jumbled  together  in  a  mere  confused  heap,  but  bear  relations 
to  each  other  which  cause  them  to  exhibit  orderly  arrangement,  to 
fall  into  sets,  and  to  compose  those  different  systems  of  individuals 
which  present  themselves  in  the  study  of  different  branches  of 
mathematics.  The  fact  that  the  subject-matter  of  mathematical 
thought  consists  of  a  number  of  individual  conceptions  appears  to  me 
to  be  a  most  material  consideration  to  be  borne  in  mind  in  framing  a 
definition  of  mathematics. 

Nor  must  we  disregard  the  light  thrown  by  the  modeni  German 
mathematicians  upon  the  relations  between  various  branches  of 
mathematics.  They  have  shown  us  that  certain  mathematical  sub- 
jects, apparently  absolutely  distinct,  are  really  connected  by  the 
closest  ties,  and,  in  the  face  of  their  revelations,  it  is  difficult  to  con- 
ceive that  any  existing  division  of  mathematics  into  "  subjects  " 
should  be  allowed  to  influence  its  definition. 

It  will  hardly  be  suggested,  I  think,  that  any  exception  should  1 
made  in  the  case  of  the  great  division  into  pure  and  mixed  math 
matics.      The    distinction   between  subject-matter  of  mathematic; 
thought  which  is  evolved   out  of  the   inner  consciousness,  and  tb 
which  is  obtained  as  the  result  of  experience  and  observation,  h' 
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ever  important  it  may  be  in  other  respects,  does  not  correspond  to 
any  difference  in  mathematical  properties. 

Bnt  for  our  purposes  we  must  not  be  content  with  the  conclusion 
that  divisions  ai-e  arbitrary  ;  we  must  go  on  to  inquire  why  they  are 
so.  What  is  it  that  has  been  shown  to  unite  two  subjects  apparently 
distinct  ?  The  short  reply  is  that  it  ha«  been  shown  that  a  corre- 
spondence exists  between  the  subject-matters  considered  in  the  two 
cases.  To  each  individual  thing,  relation,  or  property,  which  is  of 
mathematical  importance  in  the  one  case,  there  corresponds  respec- 
tively an  individual  thing,  relation,  or  property,  in  the  other.  The 
individuals  considered  in  the  one  case  may  differ  widely  in  character 
from  those  considered  in  the  other,  and  similar  diversity  may  exist 
between  the  two  sets  of  relations  and  properties  ;  but  amid  all  this 
diversity  there  is  something  about  each  of  the  systems  which  causes 
it  to  resemble  the  other,  and  enables  us  to  establish  a  correspondence 
between  the  two.  This  something  is  known  as  "form."  What 
is  it? 

In  answering  this  question,  let  me  ask  you  to  take  a  somewhat 
general  view  of  the  subject-matter  of  thought.  From  whatever  point 
of  view  we  regard  this,  the  most  prominent  feature  is  probably  the 
combination  of  variety  and  uniformity  which  it  exhibits.  We  picture 
to  ourselves  things  of  every  imaginable  description,  difEeiing  in  every 
possible  way ;  but  the  representation  also  includes  objects,  here  few 
in  number,  there  many,  which  do  not  difEer  from  each  other  in  any 
respect  whatever.  A  still  greater  variety  is  displayed  by  the 
pluralities  of  the  things  pictured,  the  differences  between  which 
depend,  not  only  upon  the  number  and  peculiarities  of  the  individual 
objects  of  which  each  consists,  but  also  on  those  additional  chai*ac- 
teiistics,  of  unlimited  diversity,  which  accompany  every  plurality, 
and  may  be  concisely  referred  to  as  "  relations."  Here,  again,  though 
diffei-ence  is  present,  its  absence  is  equally  marked  ;  and  pluralities, 
however  complex,  are  rarely  unique,  but  are  accompanied  by  other 
pluralities,  some  by  one,  some  by  more,  to  which  they  bear  an  undis- 
tinguishable  resemblance. 

Now  putting  aside  the  contemplation  of  the  special  peculiarities 
and  characteristics  of  the  individuals  and  relations  which  come  under 
our  observation  in  such  infinite  variety,  let  us  confine  our  attention 
to  the  study  of  the  results  which  flow  from  the  mere  fact  that  this 
and  that  individual,  or  this  and  that  plurality,  differ,  while  this  and 
that  do  not.  We  shall  not,  as  might  at  first  sight  be  supposed, 
thereby  put  away  everything  which  gives  life  and  interest  to  the 
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subject-matter  of  our  thought,  and  leave  nothing  but  a  mere  heap  of 
dry  bones.  Form  remains.  The  like  and  unlike  individuals  and 
pluralities  which  ai'e  contained  in  any  grater  plurality  must  be 
distributed  in  some  way  through  the  whole  body  of  individuals  com- 
posing that  greater  plurality,  and  the  way  in  which  this  distribution 
is  effected  g^ves  to  the  latter  a  characteristic  **  form,"  which  may  be 
the  same,  or  may  differ,  in  two  pluralities  of  the  same  number  of 
individuals.  Let  me  fix  the  ideas  as  to  this  by  some  simple 
examples. 

Let  us  take  first  the  angular  points  a,  6,  c,  (2,  of  a  regular  tetra- 
hedron. These  differ  in  no  respect  from  each  other,  and  the  same 
observation  holds  as  regards  the  six  pairs  of  those  points,  viz., 

ah,  ac,  tudy  he,  hd,  cd ; 

and  as  regards  the  four  triads,  viz., 

ahc,  ahd,  acd,  bed. 

Compare  this  state  of  things  with  that  which  we  find  in  the  case  of 

the  angular  points  p,  q,  r,  s,  of  a  square,  where  p  and  r  lie  at  the 

extremities  of  one  diagonal,  and  q  and  s  at  the  extremities  of  the 

other.     Here  the  number  of  individuals  dealt  with  is  the  same  as 

before,  viz.,  four.     As  before,  they  differ  from  each  other  in   no 

respect.     But  when  we  come  to  the  pairs,  the  case  alters,  for,  though 

the  four  pairs 

pq,  qr,  rs,  sp 

differ  in  no  respect,  and  the  same  thing  holds  as  regards  the  two  pairs 

pr,  qs, 

the  first  four  do  differ  from  the  last  two.  The  system  composed  by 
the  four  angular  points  of  a  tetrahedron  has  consequently  a  different 
form,  in  the  sense  in  which  that  word  is  here  used,  from  that 
possessed  by  the  system  composed  by  the  four  angular  points  of  a 
8quai*e. 

Again,  we  might  compare  the  form  of  the  system  consisting  of  the 
angpilar  points  and  edges  of  the  tetrahedron  with  that  of  the  system 
which  consists  of  the  angular  points  and  edges  of  a  regular  pentagon. 
In  each  case  we  have  to  deal  with  ten  individuals ;  but  in  the  former 
these  divide  into  two  sets,  one  set  containing  four  individuals  (the 
angular  points),  and  the  other  six  individuals  (the  edges),  the  in- 
dividuals of  each  set  differing  in  no  way  from  each  other,  but  differ- 
ing from  those  in  the  other  set ;  while  in  the  latter  case  the  division 
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is  into  two  sets  of  five  individnals,  viz.,  there  are  five  points  and  five 
edges.  Furthermore,  the  division  into  sets  of  non-differing  pairs  is 
quite  different  in  the  two  cases.  In  the  former,  we  have  five  sets  of 
pairs  only,  consisting  respectively  of  three  pairs  (of  opposite  edges), 
of  six  pairs  (of  points),  of  twelve  pairs  (of  adjacent  edges),  of  twelve 
pairs  (of  points  and  adjacent  edges),  and  of  twelve  pairs  (of  points 
and  opposite  edges)  ;  while,  in  the  latter  case,  we  have  seven  sets  of 
pairs,  consisting  respectively  of  five  pairs  (of  adjacent  points),  five 
pairs  (of  opposite  points),  five  pairs  (of  adjacent  edges),  five  pairs  (of 
opposite  edges),  five  pairs  (of  points  and  opposite  edges),  ten  pairs 
(of  points  and  adjacent  edges),  and  ten  pairs  (each  consisting  of  a 
point  and  an  edge  which  is  neither  adjacent  to  nor  opposite  it).  With- 
out entering  upon  the  consideration  of  other  peculiarities  which 
might  be  pointed  out,  it  is  obvious  that  the  two  systems  have  marked 
differences  of  '*  form." 

Let  me  pass  on  to  give  an  instance  of  two  systems  differing  widely 
in  character,  but  being  of  the  same  form.  The  first  of  these  consists 
of  the  four  angular  points  a,  6,  c,  d  of  our  regular  tetrahedron,  and 
the  twenty-four  triangles  obtained  on  the  faces  of  that  tetrahedron 
by  joining  the  angular  points  to  the  mid-points  of  the  edges.  There 
will  be  six  of  these  triangles  on  each  face  ;  one  of  these  faces  is  shown 
in  the  illusti-ation.     The  twenty-four  triangles  are  of  two  sorts,  there 


1 

^ 

/n^ 

f^^5^^ 

.'.''     ■''■v--1Bfe==5 

'^^^^ 

being  twelve  of  each  sort,  those  of  one  sort  being  perversions  of 
those  of  the  other.  The  thi^ee  shaded  triangles  in  the  illustration 
are  of  one  sort,  the  plain  ones  of  the  other  sort.  If,  however,  we 
suppose  the  teti*ahedix)n  to  admit  of  being  turned  inside  out,  so  that 
the  inner  sides  of  the  faces  can  become  outer  sides,  and  vice  versa,  the 
distinction  between  the  two  sorts  of  triangles  will  be  abolished,  and 
we  shall  have  a  system  of  twenty-eight  individuals,  four  of  one  sort 
and  twenty-four  of  another. 

The  other  system  is  that  obtained  by  taking  four   independent 
variables  arj,  x^^  a*,,  x^,  together  with  the  function  aari  +  /^aj,  +  >a^-|-ca;4, 
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where  a,  /3,  y,  ^  are  all  di£Eerent  quantities,  and  the  twenty-three 
functions  obtained  from  aar, -f- /3«,  +  ya^  +  ^a?^  by  interchanges  of  the 
four  variables.  The  form  of  this  system  of  four  variables  and  twenty- 
four  functions  is  precisely  the  same  as  that  of  the  four  angular  points 
and  twenty-four  triangles  of  the  regular  tetrahedron.  There  is  the 
same  distinction  of  differing  and  non-differing  individuals,  pairs, 
&c.,  in  each  case. 

This  will  be  more  readily  appreciated  if  it  be  noticed  that  of  the 
twenty-four  triangles  there  is  one,  say  T,  and  only  one,  which  is  such 

that 

no  side  of  it  passes  through  a, 

the  longest         „         „         „         „        6, 

the  shoHcst       „         „         „         „        r, 

the  remaining    „         „         „         „       d. 

We  may  therefore  represent  T  by  the  symbol  (ahcd)^  and  then  the 

other  tnangles  will  be  represented  by  the  other  like  symbols  obtained 

fi-om  {abed)  by  interchanges  of  the  letters  a,  6,  c,  d.     Thus  we  shall 

have 

U  represented  by  (adcb). 


V 

»» 

>» 

(adbc), 

w 

>» 

»» 

(acbd), 

B 

»l 

»> 

(acdb). 

s 

»» 

n 

(abdc). 

and 

The  first  of  the  two  systems  will  accordingly  be  represented  by  the 
four  letters  a,  6,  c,  d,  and  the  twenty-four  symbols  {abed),  (bdca),  &c. 

Similarly,  we  may  repi*esent  the  function  fix^  +  r^x^-^yx^-^tx^  by  the 
symbol  [^x^x^x^x^']y  and  then  the  other  functions  will  be  represented 
by  the  other  like  symbols  obtained  from  {_Xiic^x^x^']  by  interchanges 
of  the  letters  x,,  x^,  a:,,  x^. 

The  second  of  the  two  systems  will  accordingly  be  represented  by 
the  four  letters  ajj,  x^,  x^,  x^,  and  the  twenty-four  symbols  [ir,rp,ajjarj, 

When  we  observe  that,  since  the  four  variables  ajj,  aj,,  a*,,  x^  are  inde- 
pendent, no  distinction  is  made  between  them,  or  between  their  paii-s 
or  triads,  so  that  they  compose  a  system  of  the  same  form  as  the  four 
angular  points  of  the  tetrahedix)n,  the  con^espondence  between  the 
two  complete  systems  of  twenty-eight  individuals  becomes  protty 
obvious. 
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These  illofitrations  will  probably  be  sufficient  to  convey  a  general 
idea  of  the  nature  of  "  form/'  and  to  impress  upon  you  that  it  owes 
its  existence  to  the  mere  presence  and  absence  of  difference.  It  will, 
I  think,  be  apparent  that,  simple  as  are  the  elements  out  of  which 
form  is  constructed,  it  admits  of  infinite  variety.  The  possible  forms 
of  a  system  of  a  given  number  of  individuals  are,  of  course,  limited 
in  number,  but  with  the  increase  of  the  number  of  individuals  the 
possibilities  of  variety  mount  up  with  great  rapidity. 

"  Form  "  thus  supplies  a  limitless  field  for  mathematical  investiga- 
tion ;  and  what  I  desire  next  to  emphasise  is  that  its  study  is  co- 
extensive with  mathematics  itself.  If  once  the  broad  facts  are 
grasped  that  the  subject-matter  of  every  mathematical  investigation 
consists  of  a  number  of  individual  conceptions  ;  that  it  must  in  con- 
sequence have  a  definite  "  form,"  in  the  sense  in  which  that  word  is 
here  employed;  and  that,  if  two  subject-matters  have  the  same 
•*  form,"  an  exact  correspondence  may  be  established  between  their 
mathematical  properties,  however  widely  they  may  differ  in  other 
respects ;  then  the  conviction  must  inevitably  force  itself  upon  us 
that  in  considering  the  mathematical  properties  of  any  subject- 
matter  we  are  merely  studying  its  "  form " ;  and  that  its  other 
characteristics,  except  as  the  means  of  putting  that  form  in  evidence, 
are,  mathematically  speaking,  wholly  irrelevant. 

And  this  conviction  will  certainly  not  be  weakened  by  a  considera- 
tion of  the  nature  of  that  universal  language  of  symbols,  which  has 
been  said  with  truth  by  Professor  Sylvester  to  be  but  mathematics 
itself  under  another  name,  viz.,  algebra.*  In  the  algebraical  repre- 
sentation of  mathematical  facts,  we  merely  strip  off  all  the  mathe- 
matically irrelevant  clothing  in  which  those  facts  present  themselves 
to  us  for  examination,  and  reclothe  the  underlying  essential  element 
— form — in  a  dress  more  convenient  for  the  purpose  of  its  investiga- 
tion, viz.,  one  composed  of  algebraical  symbols  and  formules.  Thus 
in  the  representation  of  the  four  angular  points  of  a  regular  tetra- 
hedron by  four  letters  a,  6,  c,  d,  which  are  not  stated  to  have  any 
special  relations  to  each  other,  we  substitute  for  a  system  of  four 
individuals  in  one  dress  (that  of  points),  a  system  of  four  other 
individuals  (letters)  which  is  of  precisely  the  same  "  form  "  ;  for  we 
make  no  distinction  between  a  and  b  and  c  and  d,  or  between  the 
pairs  or  triads  of  those  letters.     In  representing  one  of  the  twenty- 


*  Mesinigerof  Mathemntics,  Vol.  ix.,  p.  83.     It  need  hardly  be  said  that  the  word 
*'  ulgrebra  **  an  here  UMed  \»  to  be  taken  in  its  widest  modem  nense. 
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fonr  triangles  hj  (ahcd),  where  the  order  of  the  letters  is  regarded  as 
material,  we  substitute  for  a  dress  of  one  kind,  that  of  a  triangle, 
another,  composed  of  letters  and  brackets,  which,  while  representing 
a  single  individual,  indicates  that  that  indiyidual  makes  with  the 
four  individuals  a,  b,  c,  d  four  differing  pairs.  The  representation  of 
another  of  the  individuals  by  (bdca)  shows  that  the  pairs  which  it 
makes  with  6,  d,  c,  a,  are  respectively  of  the  same  sort  as  those  which 
{abed)  makes  with  a,  6,  c,  d. 

The  form  of  the  system  composed  by  the  twenty-four  symbols,  such 
as  (ahcd),  is  readily  gathered.  Thus  the  pair  (ahed),  (bade)  is  seen 
to  be  undistinguished  from  the  pair  (dcba)^  (cdah),  when  we  observe 
that  (bade)  is  derived  from  (ahcd)  by  the  same  interchange  of  letters 
as  that  by  which  (cdab)  is  derived  from  (dcba). 

It  would  be  interesting  to  analyse  different  modes  of  algebraical 
representation,  to  point  oat  that  they  all  merely  represent  *' forms," 
and  to  indicate  the  pai*ticular  species  of  form  represented  in  different 
cases,  and  their  peculiar  characteristics.  That  such  an  analysis 
would  show  that  algebraical  symbols  and  formulas  in  all  cases  do 
merely  represent  "  form,"  there  cannot,  I  think,  be  any  doubt.  But 
this  and  many  other  interesting  matters  with  regard  to  '^  form,"  its 
possibilities  and  treatment,  I  cannot  touch  upon  now.*  I  have,  how- 
ever, I  think,  said  enough  to  establish  at  least  a  primd  facie  case  in 
favour  of  the  view  that  the  study  of  mathematical  properties  is  the 
study  of  "  form,"  in  the  sense  here  understood.  If  there  be  any 
doubt  as  to  the  correctness  of  this  view,  it  will  probably  be  owing  to 
the  idea  that  some  particular  mathematical  property  which  the 
doubter  has  in  view  does  not  appear  to  be  accounted  for  by  the  con- 
sideration of  "  form  "  alone.  The  answer  to  any  such  doubt  would,  I 
believe,  be  that  there  is  a  failure  to  appreciate  what  are  the  indi- 
vidual things  which  are  being  dealt  with,  and  that  the  system  of 
individuals  under  consideration  is  really  a  larger  one  than  is  supposed. 
There  are  conceptions  involved  which  have  been  overlooked,  and, 
when  these  are  taken  into  account,  it  will  be  seen  that  it  is  the  form 
of  the  larger  system  which  is  being  studied. 

If,  then,  the  mathematician  in  his  study  of  a  subject-matter  is 
engaged  upon  the  investigation  of  its  *'  form,"  and  if  "  form  "  is  due 
to  the  presence  and  absence  of  differences  between  the  various  indi- 

♦  See  "A  Memoir  on  the  Theory  of  Mathematical  Form,"  Fhil.  Trant.,  1886, 
p.  1,  and  a  Note  thereon  in  the  Froc.  Roy,  Soc,  Vol.  xui.,  p.  193.  Also  Proc. 
Land.  Math.  Soe.y  Vol.  xxi.,  p.  147  ;  and  Nature,  Vol.  XLiu.  (1890),  p.  166,  "On 
the  Subject-Matter  of  Exact  Thought." 
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Yiduals  and  pluralities  of  which  he  conceives  that  subject-matter  to 
consist,  we  seem  to  be  within  measurable  distance  of  a  reply  to  oar 
question — ^What  is  mathematics  ? 

It  is  notoriously  dangerous  to  attempt  to  formulate  definitions; 
but,  on  the  other  hand,  it  must  not  be  forgotten  that  a  bad  definition 
may  provoke  a  good  one.  I  would  therefore  venture  provisionally  to 
suggest  that : — 

Mathematics  is  the  science  by  which  we  investigate  those  chara^^teristics 
of  any  subject-maiter  of  thought  which  are  due  to  the  conc^tion  that 
it  consists  of  a  number  of  differing  and  non-differing  individuals  and 
pluralities. 

If  the  result  of  this  attempt  be  only  to  elicit  conclusive  proof  that 
mathematics  is  something  else,  and  an  indication  of  what  it  really  is, 
my  main  object  in  this  brief  address  will  have  been  attained. 


Third  Memoir  on  the  Expansion  of  certain  Infinite  Products.  By 
L.  J.  BooEBS.  Received  October  Slst,  189*1.  Bead 
November  8th,  1894. 


Abbbeviations  used  in  the  F0LL0WD7a  Memoib. 

(1)  (j;)s(l-x)(l-ar^)(l-ar^«).... 

(2)  P(j-) 3  l/{a^') (««-•')  s  l+^^ii-i?-^ar  +  :^^?) «»+...,  where 

qr^l-q^     and    ^r!  s  (I- j)(l-y8) ...  (1- j*"). 


9\ 


92 


(4)  F{x\)IF(x)sl+^iMx-i-.... 

9i 

(5)  Xr  =  l-X^''"^  MrSl-ii^'-l  ;      Xr!  5  ^lA)...  \r)  Mr  •  ^  A^iMs  •••  Mrt  and 

Xj!  S  {1-X2)(1-X«^)  ...  (1-XV*)»   &0- 

(6)  JTr  («,  *,  .../a,  iS,  ...)  =  coefficient  of  «'  in  (ax)(hx)  .../{ax){$x) ... . 


01^1 


AhJ. 


'  9lCl  ?s'^2- 

(8)  /rS  1- V*co«2«^  +  y''^"^ 
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1.  In  inyestigating  the  properties  of  the  fanction  Ar(0),  we  have 
hitherto  been  concerned  in  establishing  relations  connecting  the 
coefficients  in  a  supposed  identity  of  the  form 

ao  +  aiidi(^)  +  a,24,  (^)  +  ...  =  6p+26i  cosfl  +  26,cos2^+ (1), 

and  applying  snch  relations  in  a  manner  so  as  to  obtain  various 
identities  involving  a  single  quantity  q. 

It  is  easily  seen  that  the  method  of  application  (§  7  of  the  Second 
Memoir)  implies  an  identity 

(j)  j  1+ 2^  +  i!iil£l +...  I  =  l+2gco82tf+25«co8  4fl+... 
I  g,!  g«!  ) 

(2), 

and  that  all  the  deductions  from  the  subsequent  ''  examples  "  could 
have  been  derived  from  such  an  identity. 

It  is  the  object  of  the  present  memoir  to  prove  identities  of 
type  (1)  to  which  we  may  apply  relations  of  the  type 

always  remembering  that  we  may  separate  into  independent  identi- 
ties those  terms  which  contain  even  suffixes  from  those  which  contain 
odd. 

For  this  purpose  we  shall  investigate  some  of  the  properties  of  a 
generalized  function  similar  to  Ar(0),  obtained  by  expanding  the 
quotient  P  (Xx)  fP  (a?)  in  powers  of  x. 

Suppose  this  expansion  denoted  by 


M«)  ^ .  M«J 


1  4.  t:i_vi/  x-^ 


«■      T^    .  .  .  J 


or  by 


2r' 


when  the  omission  of  0  involves  no  ambiguity. 
Now,  since 

^^  (l-2,r  cos  O+^r*)  =  ^^  (l-2Aa'  cos  0  +XV), 
F  {x)  F  {xq)  ' 

it  is  easy  to  see  that 

L,-2costf.L,.i(l-V->;-hL,.,(l-7-»)(l-.\Y-«)  =0...(3). 

We  may,  moreover,  notice  a  few  obvious  properties  of  L^. 
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Since,  by  definition, 

=  (l-X)(l-a>'X)^5gl (4), 

we  may  express   Lr    in  terms  of  similar   coefficients  in  which  kq 
replaces  X. 

The  following  values  of  L^  for  special  values  of  \  are  also  worthy 
of  notice. 


If  X  =  0,         Lf.        becomes     A 


n 


sothat  j^^^8in(r  +  l)e 

sin6^ 

if  X  =  1,     ^^^    ~     becomes     2 cos rd.q/.,     by  (4), 

Xi 

X  =  00  ,    - — ~—    becomes     — ^ . 

Moreover,  if  X  =  5*,  and  q  is  made  equal  to  unity,  then  ~  is  the 
coefficient  of  a''  in  the  expansion  of  (1 —2a;  cos  0  -h«*) '".  ^*" 

It  is  easy  to  obtain  the  values  of  L^  by  multiplying  together  the 

series  for  ^; — -^  and  -^ r^,  and  collectinfir  the  coefficients  of  — ^ . 

It  will  be  seen  that  L^  can  be  expressed  linearly  in  terms  of  cos  rd, 
cos  (r— 2)  9,  <fec.,  the  last  being  cos  0,  or  cos  0,  according  as  0  is  odd 
or  even. 

2.  Suppose  now  that 

so  that  Mr  is  the  same  function  of  fc  as  Z^  is  of  X.-    7ben  it  is  clear 
that  M^  may  be  linearly  expressed  in  terms  of  L^,  L^.j,  ... . 

Thus,  since 

i,  =  X. .  2  cos  e,     and     L,  =  X,  X. .  2  cos  2^+  2lx*, 

VOL.  XXVI. — NO.  601.  c 


18 


Prof.  L.  J.  Sogers  on  the 


[Nov.  8, 


by  direct  calculation, 


9l 


9i  fh 


We  may  derive  the  general  formnla  for  L,  by  induction. 

Assume 


qA         hr^l^- 


9r-jl 


9l-  /*r! 


gr-4 


...(1). 


the  genei'al  term  being 


-^r-2.A*r.2.  +  l     (tf  ~  A.)  (fl  — \^)   ...    (/I  —  X<y"')  ^  , 
"                             I                   ,                           ^r~$'  • 

Using  a  similar  formula  for  Lr-u  ^^^  combining  it  with  that  above 
in  the  expression 

2cos^.7y,A.^^i-7y,.,7,^,  (1— Xy-*), 

which,  by  §  2  (1),  is  equal  to  -L^+i,  we  shall  obtain  a  series  of  lf*8 
and  ^^s  multiplied  by  2  cos  6.  However,  2  cos  0  .  Mr.\  may  also  be 
transformed  by  §  2  (1),  and  we  shall  finally  reduce  Lr^i  to  a  series 

of  Mr^\. 

The  coefl5cient  of  ^fr-2i^^  in  —^}^  is  then  found  to  consist  in  general 

qA 

of  three  terms,  these  three  reducing  to  two  when 

r-2fi-hl  =  0. 

These  will  be  found,  after  some  reductions  and  dividing  by  5^+1,  to 
reduce  to  the  same  function  of  r  + 1  as  the  above  coefficient  of  3f^.2t  is 
of  r,  thus  establishing  the  identity. 

The  formula  (1)  is  of  great  generality,  and  will  be  found  to  be  of 
special  importance  when  the  particular  values  0,  g,  1  are  given  to  X 

or  /I,   since   we  then    obtain    expressions  for    Ar(0),    -^— \'*"    ^     , 

sin  $ 

2  cos  rO,  Lr  (0),  each  one  in  terms  of  functions  of  any  one  other  kind. 
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As  a  general  case,  let  us  expand  P  (Xx)/P  (x)  in  terms  of  ascend- 
ing orders  of  JTs.  Replacing  the  L'b  in  1  +  2  ^  af  by  their  equi- 
valent series,  we  get  ^^' 


9]—,  K  t'q,  g,  /'aJ*  (  +     -  -4 


a-0  .  ^,   \q^  ;i^«,  q^   f,x^  I 

«>  [  —1  ^gS  /'9'»  ^'i  /-«* !  +  ••.  • 


If 


W  =  /i(?, 


the  coefficient  series  may  all  be  expressed  as  products  by  Heine's 
formula 

80  that,  finally, 

P(^t*<l)  _.  {xy/itq){tiX's/tJiq)  C  2il^     x-s/ftq 

P(x)  (^i)(f,:^)  V'^    q,l    l^xay/7Q 


p 


^  Jtf^        (x-VfAq)(x-y/fi^)       ^       \ 
?2-     (1— a'/iv/f«9)(l  — aj^iv/ft^')  ) 

When  /i  =  1,  we  get  a  formula  established  by  Heine 

(ii). 

Again,  if  Xaj'  =  —  g, 

all  the  Heinean  series  have  product  forms,  and  we  get  an  If-expan- 
sion  for  P{—q/x)/P(x),   which,  being  independent  of  jlf,  gives  us 

equivalent  series  in  -4,      ^  \        ^    ,  and  2cosr&.     We  have  then  an 

sin6^ 

-/I -series  which  is  equal  to  a  cosine  series,  and  consequently  we  have 

a  means  of  employing  the  formulce  in  the  second  memoir. 

We  shall,  however,  make  use  of  a  more  general  formula  connecting 

an  ^-series  with  a  cosine  series,  which  we  now  proceed  to  establish. 

3.  By  putting  X  =  0  in  §  2,  we  get  an  expression  for  Ar  in  terms 
of  If.     Replacing  these  in  the  series 

1+  (»-?')(«-?')  A,+  (ji=3?K!iIlgi)-("-?')(''-?*)  J,+ (1), 


?i9i 


9«' 


c  2 
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and  collecting  the  coefficients  of  the  sereral  ITs,  we  have 
All  these  Heinean  senes  are  of  the  form 


which 


=  (ax)(hx)/(ahx)(x)^ 


so  that  (1)  finally  becomes 

(9>^M)(^/ir)  (  /ijir,       (n-g*)(t?-g*) 

/i5^4  (n-9*)(n~grl)(p-g*)(p-gf) 


If  we  put  /i  =1,  this  latter  expression  becomes 


+  .. 


.}...(2). 


i!f^  (  1-f  2cos2^  rl""!!i?r^l  -^-  1    (3). 

Equating  the  series  (1)  and  (3)  together,  we  have  an  identity  of 
great  generality,  to  which  the  formulne  of  the  second  memoir  may  be 
applied. 

Tf  w  =  r  =  0, 

we  have  the  formula  §  1  (1),  from  which  the  g-identities  were 
obtained.  It  is  also  interesting  to  note  that  a  large  number  of 
elliptic  functions  may  be  expanded  in  ascending  orders  of  M,  or  more 
particularly  A. 

If  we  put  fi  =  q,  we  have 
i^iu^      1     f  )  sin9+   ("-^)(;;-g')-  (1-^)  sin 39+...  ] 

(4). 

Xow,  if  ao  +  a,>lj(fl)  +  ...  =  ?)o  +  2fe,  co8  2a+ ... 

1 


sin  d 


(/3„sin0  +  f3,sin3O  +  ...)> 
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and  any  such  series  as 


ttQ+Wjai  + wi^a^-f- ... 


has  an  eqniyalent  ^-series  wbicli  can  be  thrown  into  the  form 
"we  obviously  get 


(6). 


From  the  equality  of  (1)  and  (4)  we  therefore  have 


5i?j 


Let 


ft  =  e**'     and     v  =  e'**' ; 


then,  if  we  write /^  for  1— 25''**cos  2^4-g*'"*,  we  get 


1+^    ,  +w« 


^+...  =  £(^{2L+,,^+^,|t+...]   ...(7), 


>As  specimens  of  this  identity  we  may  quote  the  following:  from 
p.  322  (12),  we  have 

(?)*       i/i      V.  ^/.      '••)' 
as  is  shown  by  Jacobi,  from  p.  325  (9),  we  have 

?ir!  (?)  C  /i  /s  /y  /u  ) 

from  p.  338,  Ex.  1,  we  have 

?2rS  (?)  (  /l  h  Jl  fix  ^ 

from  p.  342,  we  have 

«r!       (?)'    t/i      /i      /i      Jl      y 
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In  a  similar  way  we  may  establisli  the  relations 


and  dedace  many  identities  from  the  examples  given  in  the  second 
memoir  which  connect  series  of  a's  and  &*s  with  odd  suffixes. 


4.  It  will  be  necessary,  in  order  to  establish  farther  properties  of 
^  (0),  to  expand  the  quotient  ^  {a,  6,  c,  g,  j;]  /  f  —  )  in  powers  of  x, 

which  may  be  thrown  into  a  very  simple  form. 

If  ^  {a,  6,  c,  q,  x]  =l-f  aia;  +  a,a5'+ ..., 

then  we  know  that 

(l-gO(l-c?'-')  a«  =  (l-o^'-'Xl-fig'-')  a..,, 
whence,  denoting  the  Heinean  series  by  ^  (a;),  we  have 

(l-aj)0(a;)-(l-flw;-6aj+  —)  ^  (xq^  +  f^  -abx\  <p  (m^)  =0. 

Let  ^(a5)/(^)=F(aj)  =  l+ftaj+i3,a!»+..., 

so  that 

(l-aj)(l-— )F(a;)-(l-aa;-6x+-^)F(ajg)  +  — («^)=0, 

and  by  equating  the  coefficient  of  af  to  zero 

(l-30(l-<vz'-') /3r- (l-a5'-'-6r '+ -)  )3,.,+ 2^/3,.,  =  0. 

\  c  /  c 


Let 


/^r  =  yr/(l-c)(l-Cg)   ...   (l-Cg'-O. 


Then 


N  C   /  C 
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80  that 

is  easily  seen  to 


—  (fl^)  (bx) 


Hence 

^  {a,  6,  c,  g.  ;r}  /  (^^)  =  1  +  2F.  (a,  6/1,  ^) 


— /./7V-M 


c  /  (1-C5) 

5.  We  have  seen  by  §  3  in  the  first  memoir,  Vol.  xxiv.,  p.  341,  that 
1 +  2F,  («,  Xe^  Xe-*')  A;X0) 

(^ 


'2 [i4.s__AM       a'l  n-s 


(A)*P(A, 

Bat  1  +  Sfl,  (x,  Xe-  Xe"")  y'  =  I  -^  (asy)  P  (Ay), 

bj  the  definition  of  £^, 

=  (l+^  +  -y+...)jl  +  4a^Xy+...|. 


Substituting  for  Hr  (a?,  Xe* ,  Xe"**),  from  this  identity  the  left  side  of 
(1)  becomes 

1-3 1  1-5  3,!  ) 


+  ... 


(2), 


X' 


the  coefficient  of  -^  being 


^^(e)+ik4«iAMx+^.-WA(»)x.+ (3). 


1-3 


3r 


Tliis  aeries  may  be  expanded  according  to  ascending  orders  of  ^'s  hj 
means  of  Vol.  xxti.,  p.  343,  which    states  that  the  coefiBcient  of 

^♦2.  (0)  in  -^r..  (0)^.  <0)  ^  ^jjgj^  „  <t:  0,  is 


^r-f*'/?*    »»•   ^r-^H'   5«** 
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Hence  the  coefficient  oi  Ar^2n(J^)  ^^  ^^^  whole  series  (3)  is 

5       >^'qr^.l 


5«-"*   ^r-t-H'  5»' 


Taking  r  and  n  as  constant  and  giving  s  all  integral  valnes  from  n 
upwards,  this  becomes 

=  ^V^h!  (1-X)(1-X5)  ...  (1-Xg-O. 

Hence  the  series  (3)  becomes  (with  the  notation  at  the  beginning  of 
this  memoir) 

\ — 1  "^ i — ^i^+  ~TT — \^  ■*"•••♦ 

which,  by  (1),  =(xyr^72^)  (I^^!  (3)- 

We  may  notice,  as  a  particular  case,  that 

(X)'P(A,20) 
1_X^  (l-j)(l-X)(l-X3)  ^gjia-AXl-AgXl-V)  "^^ "  ' 
6.  These  results  will  now  enable  us  to  find  an  JD-expansion  of  the 

801*168 

i^^.ftf)^,W,^AW^W^^ (1). 

1-gr  g,! 

For,  by  §  2  (1),  putting  X  =  0,  and  writing  \  for  /i,  we  have 

Substituting  in  (1)  and  rearrang^g  according  to  ascending  orders 
of  L  (^)'s,  we  have 

x.;f +diMx^+diL^)xv+...| 

C  \        5iX,!  5,!  X,!  ) 

Ji!  C     X,I  q^\\  q^l  \\  ) 

"i  •  •  • ) 
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the  coefiScient  of  ^^—^, — -  af  being 


A,^.' 


(2) 


Now,  if  aj  were  equal  to  nnity,  this  series  would  be  equal  to  that  on 
the  left  side  of  §  5  (3),  but  we  should  obtain  a  nugatory  result,  since 
in  this  case  (1)  would  be  divergent. 

We  see,  however,  that  (2)  will  be  equal  to 
80  that  we  may  say  that 


1  +  5  fliiI»)AMa^  _  g^^g  multiple  of  (x*-!) 


+ 


(X') 


(A)«P(\,2^) 


I    >^      g,(l-X')        ^3,!(1-\»)(1-X'g)     ^      ) 


(3), 


Since  (1)  is  independent  of  X,  we  get  a  new  form  for  the  right  side 
of  (3)  by  putting  X  =  gr,  which  side  then  becomes,  by  §  1, 

■: — ^  (sin  ^  sin  ^ + a;  sin  20  sin  20  4- «*  sin  36  sin  3^-}-...) 


(q)  sin  0  .  P  (9,  29)  sin  6 

+  some  multiple  of  (a^— 1). 

Although  the  latter  terms  are  not  determined,  it  is  easy  to  see  that, 
if  we  apply  such  examples  from  the  second  memoir  aa  were  used  in 
§  3  to  the  relation  just  obtained,  we  shall  obtain  results  which  are^ 
convergent  even  when  a;  =  1,  and  into  which  these  unknown  terms 
will  not  enter. 

We  may  virtually  say  then,  for  the  purpose  of  utilizing  those 
results  of  the  second  memoir  which  are  applicable  as  in  §  3  to  a 
given  relation 

a^-^-a.A,  (6)  -f ...  =  -i--  OSoSin  ^+/3,  sin  3^-h ...), 

sin(^ 


or     .  OyA^  (0)-\-a^A^  {&)  + ...  =  ^  (/J^  sin  2tf-hArsin  4tf  + ...), 

Bin  u 
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that  we  have  such  a  relation  in  the  equation 


9i 


(q)  sin  ^ .  P  (g,  2^)  sin  $ 


9t 


(aiaO  sin ^ +8m  20  sin  2^  + ...) 


_     1      sin 0  sin ^-h sin  2$  sin  2^+ ... 
sintf  sin^  — 2sin3^+g*Bin6^— ... 


(4). 


since  2gi  (9)  sin  ^  .  P  (g,  2^)  =  :^i  (^,  g*)- 

Prom  p.  338,  Ex.  1,  we  have 


-  ...(5). 


__  sin  0 — ^  sin  5^  -h  g'*  sin  7^  —g'^  sin  11^  -f 
sin  f—q  sin  30  +  2*  sin  6^  — . . . 

But  we  have  already  seen  in  §  3  that  this  ^-series 
Hence         2q\  (sin  ^ — 5*  sin  5^  +  5*  sin  7^ — g'®  sin  1 10  + . . . ) 

From  the  alternate  terms  in  the  same  identity,  we  have 

A  W  .  g*^»  W   .  g^^5  (^)   .       _.  ?in 2^—9 sin 4^4-9' sin 60-... 


9i 


?s! 


?5^ 


sin  ^—q  sin  30  +  g*  sin  50  — ... 


But,  by  putting  t*  a=  t?  =  0  in  §  3  (8),  this  left  side  is  seen  to  be 


•— r  {2cos^  +  22'cos3^  +  2g*cos60+...}; 


therefore 


25^(8in 2^-g sin  40  +  2* sin6^-...)  =  —  ^,(^)  S^  (^,  g»). 
From  p.  337,  Ex.  4, 

11  9-^1  (^)   I  7'^4(^)_i_      _  8in0  — gr*8in30+g*sin50  — ... 
l-r  ^^ — *-^ — ^  "T  "^ r  •••  — "  —i — ;: . — s — r"jr~'~'  c • 

gr,  5,^1  8in0— 2  8inO0+5rSinO0  — ... 
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From  p.  342, 


1  +  2il«  (^)  4-  9*-^4<^^)  4.      ==  sin  ^—7'  sin  3^4- g'  sin  5^— 
^j  7,!  *"       sin^— gsinS^  +  gr'sinS^  — 


__  sin0— gt  sin  30  +  glsin5^  — ... 
sin  ^  —  3  sin 3^  +  3*  sin  6^— ... 


From  p.  339,  Ex.  2, 


_  sin  0— g*  sin  3^4-^  sin  5^ — ... 
sin^— gsin  3^+9*  sin  6^  —  ... 


7.  The  formula  §  2  (2)  yields,  on  putting   x  =  3"**,   and  changing 
0  into  2^, 

/,/•... /2..1  = -^,  (  1  - -^  23*  (X)s'2^  + -2^^^ 

3»i  3i»i  V        3i.+i  9H+i9»t*a  -^ 

But,  since 

^2»W  =  -J^(l+-^2cos2g-f  ^"^"-^  2cos4^-H.»|, 
3i»'  9i»'  ^        9i»+i  9f.*i3»+J    '  -^ 

we  see  that  the  above  product  of  the  n  fa  is  obtained  from  A^n  (^)i 
by  writing  23*''  (—1)''  cos  2r^  instead  of  2  cos  2rd.     Hence,  if 

ao+a,J,(e)  +  ...  =  60+26,  cos  2a +  ..., 
we  have  ao+as/iH-«4/i/t+...  =  6o~26,3* cos 20+2643' cos 4^—...  { 

(1), 

which  is  ^a  formula  of  j the  type  investigated  in  the  second  memoir,''and 
&om  which  many  there  obtained  may  be  easily  derived  by  giving  ^ 
special  values. 

For  instance,  if  cos  20  =  0,  we  have  Ex.  4  on  p.  341 ; 


if  ^=0, 

if    e'**  =  3«, 


>» 


>» 


Ex.  3  on  p.  339 ; 
(12)  on  p.  322, 
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Moreover,  from  §§3  and  6  in  tlie  present  'memoir,  we  have  from 
formulsd  in  the  second  memoir  altered  as  in  §  3  to  the  form 

obtained  relations  of  the  type 

and    1  I  ^^W  I   rn,A,M   ,       .,  sin0+/i,sin3^  +  ... 

g,!  q^\  sin^— gsin3f +5*sin6^— ... 

Hence,  by  (1),  we  see  that,  if 

(sin  ijt^q  sin  3^+g*  sin  6^—  ...)(l  +  2c,C0B  2^+2^4  008  4^  + ...) 

=  sin  ^ +/LI2  sin  3^ +/114  sin  5^  + ..., 
then  the  coefficients  c  and  fc  are  so  related  that  we  also  have 

1 — 2c,g*  cos  2^  +  2c^q*  cos  4^  — ... 


We  may  note,  moreover,  that,  by  §  3  (3),  and  by  (1)  in  the  present 
section, 

1+  («-?»)(c-(7*)(l-2(?*co8  2»  +  g)  ^ 

(3)(«r)    r       ''^  ^(l-«g»)(l-r5»)^"r 
If  u  =  0,  t7  =  1,  we  have 

1.  2!ilii^i  +  (^iiiz^OM. ..... 


3ii 


<?*! 


=  7^(l-2gco8  2^+2g*cos4^-...). 
(5) 

In  addition  to  the  above  formulae,  it  is  worth  while  mentioning  that 
we  may  obtain  a  very  similar  set  of  identities  by  considering  terms 
which  contain  odd  suffixes  in  a,  -4,  m,  6,  <fcc.,  but  it  is  scarcely 
necessary  to  enter  fully  into  these  relations. 

8.  If  /,  +  ^Li(a)  +  /,L,(0)  +  ...  ='m^+m,3fi((9)+m,M,(0)  +  ..., 
we  can  easily  obtain  rriQ  in  terms  of  the  /'s,  by  substituting  for  the 
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L*B  by  §  2,  and  eqnating  coefficients  of  the  varions  ITs.     Thns 

— *  — h^fl i *JT^54'   i i ^4-r...  . 


f^l  hi 


Hi^-qi 


/^s'  9l^ 


Applying  this  to    §  3  (2),  which  is,  of  course,  eqnal  to  the  same 
function  of  X's  and  2i*s,  we  get 

(q^^u)(q^^v)(\)(\uv)  _  X,  ^   (u^g*)(r-^»)     (/i-~X)X,^^ 

(u-g*)(n-^)(t;-g*)(t>-(?i)        (^-X)(/u~Xg)X,!^^^ 
— Mg*)(l— t*gt)(l— vg*)(l— wgt)  /^jl  ^j! 


(1 


while,  from  §  6  (3),  we  get 


(^')(X)'P(A.2»)  _ 


_  Xl  .         A,L.  (»)         (m-X)X,! 


(1-XV)!  /i.!?,! 


9.  In  conclusion,  it  is  interesting  to  show  that  there  is  a  formula 
giving  an  expression  for  the  product  of  L^  (0)  and  L,  (0),  correspond- 
ing to  and  including  that  given  in  Vol.  xxiv.,  p.  343,  for  the  product 
of  Ar  {0)  A,{e).     This  formula  is 

q»\  qA        xj^.l      qAK*9^\\       K^ti^-      ^J^«-i-    ^r-i!  x,^.,! 


the  general  term  being 


where 


K^i-iA         5.-«l  qt\  gr-il  X^4.«-«+iJ 
^  =  0,  1,  2, ...  5,     and    5  ^  r. 


(1). 


This  may  be  proved  by  induction,  though  the  process  is  somewhat 
tedious.  The  formula  is  easily  seen  to  be  true  when  5  =,1,  reducing 
in  fact  merely  to  the  relation  (3)  in  §  1. 

Assuming  (1)  above,  we  may  deduce  the  corresponding  formula 
for  Lg^iLr  by  multipl3ring  each  side  of  (1)  by  i,,  and  replacing  L^L, 
on  the  left  side,  and  L^  -Lr+«-2«  on  the  right,  by  terms  containing 
single  Jf's.  In  this  way  the  products  L^^^Lr  and  L,_xLr  remain  on 
the  left,  and,  when  the  latter  has   been  replaced  by  thft  Iq^ytoxX^ 
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similar  to  (1),  we  get  after  considerable  reduction  a  new  similar 
formula  for  Lg^\Lr. 

In  this  way,  from  the  known  formula  for  L^L^  and  L|L^  we  may 
obtain  all  the  required  formulas  up  to  L^  and  thus  obtain  the  general 
result.  This  will,  of  course,  give  il-product  and  ^-product  formule 
by  putting  X  =  0  and  X  =  oo.  The  purely  trigonometrical  formule 
got  from  X  =  1  or  g  require  no  special  notice.  The  most  interesting 
application  of  the  formulas,  however,  is  to  zonal  harmonics,  since  it 
gives  a  general  foi*mula  for  expressing  the  product  of  two  sonal 
harmonics  as  a  linear  function  of  the  same. 

Let  X  =  q\  and  afterwards  put  j  =  1.     Then 

^^^-=(l-arcosa+;c«)-', 
P(.t) 

where  primarily  n  is  a  positive  integer, 

qrl       r\  ' 
where  l^'^  =  ^G  +  1)  ...  G  +  r-l), 

and  K[^(2Jr:2, 

qrl  rl 

By  putting  /i  =  g"*,  P(jxx)IP{x)  becomes  (1  — 2ajcos  d-f  aj*)'*, 
where  m  is  a  positive  integer,  and  the  formula  §  2  (1)  connects  the 
coefficients  of  xT  in  (1— 2ajcos  d+a*')"'  with  those  of  a?'',  af "*,  ...  in 
(1— 2j;co8d4-aj*)"'".  Just  as  in  the  binomial  theorem,  however,  it  is 
not  necessary  to  restrict  the  values  of  I  and  m  to  positive  integers, 
and  we  may  therefore  suppose  the  resulting  formula  to  hold  good  for 
all  real  values  of  I  and  m. 

In  the  case  where  m  =  J,  the  latter  expansion  is 

where  Pr{^)  is  the  zonal  hanmonic  of  order  ?%  so  that  we  have  hereby 
a  means  of  expanding  {\  —  2x  cos  ^  -f-  a^) "'  in  zonal  harmonics.  Since, 
when  (7=1,  the  Heiuean  series  9  [a,  6,  c,  q^  ar]  becomes  the  hyper- 
geometric  series  F[a,  /3,  y,  a*] ,  by  writing  a  =  r^*,  6  =  5^,  c  =  q",  and 
evaluating,  we  see  that  the  coefficient  of  P,.  (p)  in  the  expansion  of 
(l-2a;cos«  +  .T*)-'  is 

/(Z  +  I)...(Z  +  r-l)  C       ,  2rH.3      ,] 
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10.  The  formula  §  9  (1),  will  also  afford  a  means  of  expanding  the 
product  P  (\y)  P  (kz)  /  P  (y)  P  (z)  according  to  ascending  orders 
of  L's. 

We  have,  in  fact,  to  find  the  coefficient  of  2y„  (0)  in  the  product  of 


after  reducing  any  term 


<Zri  g.'- 


yVby§9(l). 


Now,  L^  (0)  can  only  be  derived  from  such  products  as 

y^z — rT~iy»    y^  z n — Jf    ^»  •••» 


JiM-f It*  Q_m 


I 


and  in  general 
where 


I 


^m-fn-l*  gm  +  l 


^Jm-t-n-p-  ^m-t-p 

p  =  0,  1,  ...  n ; 


it  occurring  as  the  (pH-l)***  term  from  the  end  in  the  expansion  of 
this  general  expression  by  §  9  (1). 

We  will  first  keep  m  constant  while  p  runs  through  all  its  values. 
The  coefficient  of  L^  in  ^'^^^-p^'^^p^  is  got  by  writing 

8  =:  m  +  n — p, 
r  =  m-\-p, 
r-f  «— 2^  =  n, 


so  that 


while  the  coefficient  takes  the  form 


Hence,  giving  p  its  (n  +  1)  values,  we  see  that  this  group  of  terms 
containing  L^  may  be  written 
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The  bracketed  series  maj  be  simplified  by  writing 

in  which  case  it  evidently  becomes 

We  now  have  to  give  m  all  values  from  0  to  oo ,  and  we  easily  see 
that  the  whole  term  containing  L^{p)  is 


Thus 


■«•    ^■••fN'^l*    9'*' 
9l»*   ^»' 

P(\a!e*')P(Xxe-*')fP(xe*')  P(xe-*') 
^  {X,  V,  Xq,  q,  «'}  +xM^)^^  {X,  X'5.  V.  3,  ^} 

I  •  •  •  • 


By  the  methods  of  the  last  section,  we  get  the  following  zonal 
harmonic  expansion : — 

{ 1  - 2a^  cos  (0—<j>)  H-aj*}  -»  {1— 2a!  cos  (^4.^)4-0^]  -» 
=  F  {i  1,  A  0^}  +a.P,  (d)  P,  (^)  ?-i^  {i  2,  I,  .7?} 

^1        at*      • 
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I. 

In  a  note  in  Vol.  xix  of  the  Messenger  of  Mathematics,  "  On  the 
Resnltant  of  Two  Finite  Displacements  of  a  Rigid  Body,"  I  have 
shown  that  a  geometrical  construction  there  given  is  applicable  to 
non-Enclidean  space.  The  construction,  or  rather  its  proof,  is 
materially  simplified  in  a  note  with  a  similar  title  in  Vol.  xxiii  of 
the  same  journal,  but  the  phraseology  used  in  this  second  note  is 
wholly  that  of  ordinary  space.  It  is  not,  I  believe,  generally  known 
how  simply  the  kinematics  of  non- Euclidean  space  may  be  treated 
by  the  methods  of  ordinary  synthetic  geometry  ;  and  it  is  my  object 
in  the  first  part  of  the  present  paper,  by  reproducing  in  a  quite 
general  form  the  construction  above  referred  to,  and  by  applying  it 
to  the  deduction  of  certain  kinematical  theorems,  to  bring  this  out 
clearly. 

The  elementary  geometry  of  hyperbolic  space  has  been  treated  in 
detail  by  Herr  J.  Frischauf  {Elemente  der  Absoluten  Oeometrie, 
Leipzig,  1876),  while  the  leading  theorems  in  the  elementary 
geometry  of  elliptic  space  have  been  given  by  Mr.  S.  Newcomb 
{CrelWs  Journal,  Vol.  Lxxxiii).  Reference  may  also  be  made  to  an 
address  by  Prof.  Or.  Chrystal  to  the  Royal  Society  of  Edinburgh 
{Froc.  B.8.E.,  1879-80),  in  which  the  leading  results  of  Frischauf 
and  Newcomb  are  partly  summarized  and  partly  treated  indepen- 
dently. The  more  elementary  of  the  results  obtained  by  these 
authors  have  been  assumed  as  Idiown  in  the  present  paper.  The 
distinction  between  the  single  and  double  elliptic  spaces,*  that  is, 
between  spaces  in  which  two  straight  lines  in  a  plane  always  meet  in 
one  or  in  two  points  respectively,  is  of  course  taken  account  of  where 
necessary;  but  most  of  the  results  hold  equally  well  for  either. 
There  is,  however,  a  fundamental  kinematical  distinction  between 
the  two  cases,  which  may  be  stated  here,  as  it  is  given  by  Prof. 
Chrystal  in  the  address  above  referred  to.     The  distinction  is  that, 


*  In  his  recent  writings  Prof.  Klein  uses  the  terms  **  elliptic  "  and  "  spherical  ** 
space  for  what  are  here  called  **  single  "  and  **  double  "  elliptic  spaAoa, 
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while  a  translation  along  a  complete  straight  line  in  single  elliptic 
space  is  equivalent  to  a  rotation  through  two  right  angles  round  the 
line,  in  double  elliptic  space  it  is  equivalent  to  no  displacement  at  all. 

In  what  follows,  one  of  two  finite  straight  lines  AB^  A'B'  is  con- 
tinually spoken  of  as  equal  to,  greater  than,  or  less  than  the  other. 
It  is  to  be  observed  that  this  does  not  involve  the  assumption  of  any 
such  analytical  system  of  measurement  as  may  be  used  in  ordinary 
space.  (It  is,  in  fact,  one  of  the  objects  of  this  paper  to  show  how 
the  appropriate  metrical  systems  of  elliptic  and  hyperbolic  space 
may  be  deduced  from  purely  synthetical  considerations.)  The  test 
is  one  of  congruency ;  namely,  the  point  A  may  be  made  to  coin- 
cide with  the  point  A\  and  the  line  AB  to  lie  along  the  line  A'B^^ 
and  it  will  then  be  obvious  on  inspection  whether  AB  is  equal 
to,  greater  than,  or  less  than  A'V,  In  the  same  way,  it  is  clear  that 
a  test  of  congruency  can  be  applied  to  determine  whether  two  inter- 
secting lines  AB^  AG  ai'e  or  are  not  at  right  angles. 

The  following  definitions  are  introduced  to  avoid  any  possible 
ambiguity. 

A  motion  is  a  displacement  of  the  points  of  space  sucli  that  all 
congruent  figures  remain  congruent.  The  word  "  displacement " 
without  qualification  is,  however,  generally  here  used  for  **  motion  " 
as  just  defined. 

A  rotation  is  a  motion  in  which  all  the  points  of  one  straight  line 
are  undisplaced.  A  rotation  through  two  right  angles  is  for  short- 
ness called  a  half -turn. 

A  translation  is  a  motion  in  which  a  stimight  line  and  the  two  parts 
into  which  it  divides,  or  appears  to  di^'ide,  any  plane  passing  through 
it  are  respectively  displaced  into  themselves. 

Lemma  I. — At  least  one  straight  line  can  in  general  be  drawn  to 
meet  any  two  given  lines  at  right  angles  ;  and  in  h3rperbolic  space 
there  is  never  more  than  one  such  sti*aight  line. 

If  the  two  sti'aight  lines  intoraect,  the  line  thix>ugh  their  point  of 
intersection  perpendicular  to  their  plane  is  a  line  meeting  them  both 
at  right  angles.  Suppose  now  that  the  space  is  hyperbolic,  and  that 
AB,  AO  are  the  two  straight  lines.  Then,  if  BG  were  a  straight  line 
meeting  AB  and  ^C  at  right  angles,  and  if  A  is  a  finite  point,  ABC 
would  be  a  rectilinear  4:riangle,  the  sum  of  whose  angles  is  greater 
than  two  nght  angles ;  while,  if  ^  is  a  point  at  infinity,  then  ABC 
would  be  a  rectilinear  triangle  whose  area  is  not  infinitesimal,  while 
the  sum  of  its  angles  is  equal  to  two  light  angles.     Neither  of  these 
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results  is  possible  (c/.  Chrystal,  loc,  cit.),  and  therefore  no  such  line 
as  BC  exists.  It  is  to  be  noticed  that,  if  AB,  AG  meet  at  infinity,  the 
line  meeting  them  both  at  right  angles  cannot  actually  be  drawn. 

Suppose  next  that  the  two  sti^aight  lines  AB,  OB  do  not  intersect. 
From  every  point  P  oi  AB  draw  lines  Pp  in  every  possible  direction 
perpendicular  to  AB,  and  such  that  each  of  them  can  be  brought  to 
congruence  with  a  given  finite  straight  line. 

The  locus  of  the  extremities  of  these  lines  will  be  called  an  equi- 
distant surface  of  AB,  and  Pp, . . .  will  be  called  its  radii.  The  equi- 
distant surface  remains  congruent  with  itself  for  all  translations 
along  and  rotations  round  its  axis  AB,  and  it  must  therefore  be  a 
continuous  surface  with  a  definite  tangent  plane  at  every  point,  while 
the  radius  through  any  point  is  perpendicular  to  the  tangent  plane 
at  it.  If  now  the  radius  to  the  equidistant  round  ^^  is  sufficiently 
small,  then,  since,  by  supposition,  AB  and  CD  are  non-intersecting 
lines,  CD  must  lie  entirely  outside  (i.e.,  on  the  opposite  side  to  AB) 
of  the  equidistant.  Hence,  when  the  radius  is  taken  larger  and 
larger,  there  will  be  some  definite  finite  value  of  the  radius  for  which 
CD  first  meets  the  equidistant.  If  the  point  in  which  CD  first 
meets  an  equidistant  is  a  finite  point,  it  necessarily  touches  it  at 
this  point,  and  the  radius  to  the  equidistant  through  the  point  is  a 
straight  line  meeting  AB  and  CD  at  right  angles.  If,  now,  a  second 
equidistant  touch  CD,  then  CD  is  necessarily  a  line  returning  into 
itself,  and  the  space  must  therefore  be  elliptic.  Hence,  again,  in  this 
case,  not  more  than  one  line  can  be  drawn  in  hyperbolic  space  to 
meet  two  given  lines  at  right  angles. 

Suppose,  secondly,  if  possible,  that  CD  first  meets  an  equidistant 
at  infinity,  so  that  the  space  is  necessarily  hyperbolic.  If  AB,  CD 
are  not  in  the  same  plane,  this  is  clearly  impossible.  For,  if  from 
points  taken  further  and  further  along  CD  perpendiculars  be  let  fall 
on  the  plane  ABC,  these  perpendiculars  increase  without  limit,  and, 
a  fortiori,  the  same  must  be  true  of  the  perpendiculai*s  let  fall  on  AB. 
If,  on  the  other  hand,  AB,  CD  are  in  the  same  plane,  and  if  through 
any  point  C  of  CD  the  lines  CD^,  CD''  be  drawn  to  meet  AB  at 
infinity,  then  CD  must  make  with  one  or  the  other  of  these  lines  an 
Angle  less  than  any  finite  angle,  or,  in  other  words,  CD  must  coincide 
with  either  CD'  or  CD".  Hence  this  second  possibility  reduces  to 
the  previously  considered  case  in  which  the  two  lines  meet  at 
infinity. 

Levvma  II. — If  AB  be  any  straight  line,  and  Aa,  Bh  two  ^tT^\^\» 
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lines  in  the  same  plane,  both  of  which  are  at  right  angles  to  AB, 
then  saccessive  half -turns  round  Aa  and  Bh  are  equivalent  to  a 
translation  2AB  along  AB.  Let  P  be  anj  point  in  BA  produced,  and 
take  P'  and  Q  in  this  line,  so  that  PA  and  AP^,  and  also  P'BandBQ, 
can  be  i-espectively  brought  to  congruence.  Then  2AB  is  congruent 
with  PQ.  Now  the  half-turn  round  Aa  brings  P  to  P*,  and  the  half- 
turn  round  Bb  bi*ing3  P'  to  Q,  so  that  the  two  half -turns  displace 
every  point  oi  AB  through  a  distance  congruent  with  2AB  along  AB, 
while  the  two  halves  of  the  plane  aABh  on  either  side  of  AB  are  dis- 
placed each  into  itself.  The  resultant  displacement  is  therefore  a 
translation  2AB  along  AB. 

Lemma  III. — If  Oa^  Oh  are  any  two  intersecting  lines,  and  if  cOc' 
is  perpendicular  to  both  of  them,  successive  half -turns  round  Oa  and 
Oh  are  equivalent  to  a  rotation  2aOh  round  cOc\ 

Let  OP  be  any  line  through  0  in  the  plane  a06,  and  take  OP,  OQ 
such  that  the  angles  POa^  aOP'  and  the  angles  P'Oh,  hOQ  are  re- 
spectively equal.  The  half-turn  round  Oa  changes  OP  to  0P\  and 
Oc  to  Oc\  and  the  half- turn  round  Oh  changes  OP  to  OQ  and  Oc'  to 
Oc.  The  successive  half -turns  thei-efore  keep  Oc  undisplaced  and 
change  OP  into  OQ,  and  it  is  evident  that  the  angle  POQ  is  equal  to 
2aOh. 

Lemm^  TV. — If  Xa,  Bh  are  any  two  lines,  and  AB  is  a  line  meeting 
them  both  at  right  angles,  successive  half-turns  i-ound  Aa  and  Bh  are 
equivalent  to  a  translation  2AB  along  AB^  and  a  rotation  round  AB 
through  twice  the  angle  between  the  planes  aAB  and  ABh. 

Through  B  draw  BV  in  the  plane  a ilB  perpendicular  to  AB.  Then 
successive  half -turns  round  Aa  and  Bh  are  equivalent  to  successive 
half- turns  round  Aa  and  Bh'  followed  by  successive  half -turns  round 
BV  and  Bh. 

The  first  displacement  is,  by  Lemma  II.,  the  same  as  a  translation 
2AB  along  AB,  and  the  second,  by  Lemma  III.,  is  the  same  as  a  rota- 
tion through  2h'Bh,  i.e.,  through  twice  the  angle  between  the  planes 
aAB  and  ABh,  round  AB. 

It  is  obvious  that  the  resultant  of  these  last  two  displacements  is 
independent  of  their  order. 

These  lemmas  lead  to  a  very  simple  construction  for  the  resultant 
of  any  given  finite  displacements.  Suppose  first  that  two  displace- 
ments each  consisting  of  a  translation  along  and  a  rotation  round  a 
given  line  are  to  be  compounded ;  and  let  aAa,  h'Bh  be  the  axes  of 
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the  given  displacements.  Take  AB*  a  line  meeting  both  axes  at 
right  angles,  and  in  aAa  take  a  snch  that  half  the  translation  along 
a'Aa  will  bring  a'  to  A;  then  through  a  draw  a  a  perpendicular  to 
aAa,  such  that  half  the  rotation  round  a'Aa  brings  the  plane  aaA  into 
the  position  aAB,  The  first  displacement  is  then  equivalent  to  half- 
turns  round  a  a  and  AB,  by  Lemma  IV. ;  and  in  the  same  way  6/5 
may  be  constructed  meeting  b'Bh  at  right  angles,  such  that  the 
second  displacement  is  equivalent  to  successive  half-turns  round  AB 
and  6/3.  The  resultant  displacement  is  therefore  equivalent  to 
successive  half- turns  about  a'a  and  6/3  ;  and,  if  a/3  be  a  line  meeting 
these  two  at  right  angles,  the  resultant  displacement  is  the  same  as  a 
translation  2a/>  along  a/3  and  a  rotation  round  a/3  through  twice  the 
angle  between  the  planes  a'afi  and  a/36.  Any  number  of  successive 
displacements  may  now  be  compounded  in  this  way,  and  the  axis, 
translation,  and  rotation  of  the  resultant  screw-motion  so  deter- 
mined. 

As  was  pointed  out  in  the  introduction,  these  constructions  hold 
equally  well  for  non-Euclidean  as  for  Euclidean  space ;  but  the  nature 
of  the  displacement  arising  by  compounding  two  given  displacements 
depends  obviously  upon  the  geometrical  relations  of  the  lines  denoted 
by  aa ,  a  A,  AB,  Bb,  6/3,  above. 

When  the  two  displacements  are  translations  and  the  space 
Euclidean,  the  resultant  displacement  is  again  a  ti*anslation. 
Suppose  now  that  the  space  is  hyperbolic,  that  is,  that  the  two  points 
at  infinity  on  every  straight  line  are  real  and  distinct,  and  that  the 
axes  of  the  two  translations  do  not  lie  in  the  same  plane.  If  the 
resulting  displacement  were  a  translation,  it  would  be  necessary  that 
a'a  and  bfi  should  lie  in  the  same  plane,  but  it  may  be  easily  shown 
that  this  is  impossible. 

Thus,  if  the  planes  through  A  and  B  perpendicular  to  AB  be 
spoken  of  for  a  moment  as  the  planes  P  and  Q,  a'a,  and  therefore 
every  plane  passing  through  it,  is  at  right  angles  to  the  plane  P,  while 
6/3  is  at  right  angles  to  the  plane  Q.  Now,  if  a'a,  6/3  lie  in  a  plane, 
then  6/3,  being  the  line  of  intersection  of  the  planes  a'a6/3  and  -4J56/3, 
both  of  which  are  perpendicular  to  the  plane  P,  is  itself  perpen- 
dicular to  the  plane  P ;  and  there  are  therefore  two  common  perpen- 
diculars to  the  lines  P  and  Q.  But  this  is  in  contradiction  to  the 
fact  that  in  hyperbolic  space  one  line  only  can  be  drawn  to  meet  two 
given  lines  at  right  angles. 

*  The  exoeptdonal  case  in  which  the  points  A  and  B  lie  at  is&nity  \i&  ^<^\.  V^VScl 
at  the  beginning  of  Section  III. 
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Hence  in  hyperbolic  space  the  resultant  of  two  translations  along 
axes  that  do  not  lie  in  the  same  plane  is  never  a  translation. 

If  the  axes  of  the  two  ti^anslations  lie  in  a  plane  and  meet,  their 
resultant  is  equivalent  to  two  half-turns  about  axes  perpendicular  to 
the  plane,  and  is  thus  always  a  translation  whose  axis  is  in  the  same 
plane  as  the  given  axes. 

If  the  axes  lie  in  a  plane  and  do  not  meet,  the  resultant  displace- 
ment is  equivalent  to  two  half -turns  about  axes  lying  in  the  plane, 
and  will  thus  be  a  rotation  or  a  translation  according  as  the  axes  of 
these  half -turns  do  or  do  not  meet. 

In  elliptic  space,  in  which  all  straight  lines  are  of  finite  length, 
and  every  two  straight  lines  in  a  plane  meet,  the  distinction  between 
a  translation  and  a  rotation  is  lost,  for  the  following  reason.  The 
lines  drawn  in  a  plane,  perpendicular  to  a  given  line,  all  meet  in 
either  one  common  or  two  common  points,  according  as  the  spao^  is 
single  or  double  elliptic  space ;  and  the  locus  of  these  points  when 
the  perpendiculars  are  drawn  in  all  the  different  planes  through  the 
line  is  a  second  line,  every  point  of  which  is  at  the  same  distance 
from  the  first  line.  The  relation  between  the  two  lines*  is  reciprocal, 
and  it  is  immediately  evident  from  the  above  that  a  rotation  about 
one  of  them  is  equivalent  to  a  translation  along  the  other.  If,  now, 
in  elliptic  space,  the  two  ti'anslations  to  be  compounded  are  along 
axes  not  lying  in  one  plane,  the  lines  a  a  and  6/3  will  both  meet  AB, 

Hence  a  a  and  6/3  will  only  lie  in  a  plane  if  ABah  is  a  plane ;  and 
this  is  contraiy  to  the  supposition  that  the  axes  of  the  two  transla- 
tions are  non-intereecting  lines.  Hence  the  resultant  of  two  trans- 
lations along  non-intersecting  axes  in  elliptic  space  is  never  a 
translation  (or  rotation).  If,  on  the  other  hand,  the  axes  lie  in  one 
plane,  the  resultant  displacement  can  be  represented  indifferently  as 
a  translation  along  some  line  in  that  plane  or  a  rotation  round  the 
conjugate  line. 

II. 

In  a  general  displacement  in  Euclidean  or  hyperbolic  space  one 
line  only  remains  unchanged,  while  in  elliptic  space  two  (conjugate) 
lines  remain  fixed.  This  statement,  which  is  true  of  the  general 
displacement,  is  thei^efore  also  true  of  the  general  infinitesimal  dis- 
placement and  of  the  set  of  displacements  which  result  from 
repeating     an    infinitesimal    displacement     any    (finite    or   infinite) 

*  Two  such  lines  will  be  called  conjugate  lines. 
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number  of  times.  There  are,  however,  in  Euclidean  space  certain 
infinitesimal  displacements,  namely  translations,  which  keep  un- 
changed each  of  a  doubly- infinite  set  of  straight  lines  ;  and  t?he 
question  therefore  arises  whether  there  are,  in  non- Euclidean  space, 
any  sets  of  displacements,  arising  from  the  repetition  of  an  infini- 
tesimal displacement,  for  which  more  than  one  (or  two)  lines  remain 
unchanged. 

It  is  known  from  considerations  of  analysis  that  in  hyperbolic 
space  there  is  no  such  set  of  displacements  ;  but  that  in  elliptic  space, 
when  a  line  is  given,  there  are  two  distinct  sets  of  displacements, 
each  of  which  keeps  a  distinct  doubly-infinite  system  of  straight 
lines,  of  which  the  given  line  forms  one,  unchanged.  The  latter 
result  is  proved  by  Clifford  in  his  paper  on  "  Biquatemions  "  {Proc. 
Lond.  Math,  Sac,  Vol.  iv.,  p.  390)  ;  and  reference  may  also  be  made 
to  a  memoir  by  Sir  R.  Ball,  "  On  the  Theory  of  the  Content "  (Trans. 
BJ.A,,  1889). 

The  preceding  lemmas  and  construction  may  be  applied  to  obtain 
and  amplify  these  results  by  elementary  geometrical  considerations, 
which  are  in  part  at  least  distinct  from  Clifford's. 

If  round  the  axis  of  the  displacement  one  of  its  equidistant 
surfaces  be  described,  no  line  which  cuts  this  surface  can  remain 
unaltered  by  an  infinitesimal  displacement.  For,  if  P,  Q  be  the  points 
where  the  line  meets  the  surface,  then,  since  both  the  surface  and  the 
line  are  changed  into  themselves  by  the  displacement,  the  points 
P,  Q  must  be  either  unaltered  or  interchanged;  and  both  these 
suppositions  are  clearly  impossible.  If  then  a  line  remains  unaltered 
by  a  displacement,  it  must  lie  on  one  of  the  equidistant  surfaces  of 
the  axis  of  the  displacement.  Now  in  hyperbolic  space  the  tangent 
plane  at  any  point  of  an  equidistant  surface  must  lie  wholly  outside 
it,  since  the  common  perpendicular  to  two  lines  is  also  necessarily 
their  only  shortest  distance.  The  equidistant  is  therefore,  in  this 
case,  not  a  ruled  surface,  and  no  such  displacement  as  that  considered 
is  possible. 

That,  in  elliptic  space,  the  equidistant  is  a  ruled  surface,  may  be 
seen  directly  as  follows. 

Let  A  and  B  be  any  two  points  on  a  line  and  its  conjugate  respec- 
tively, and  take  points  ^„  ^„  ...  on  the  line,  and  B^,  B„  ...  on  the 
conjugate  such  that  the  finite  lines  AA^,  A^A^, ...,  BBi,  B^B^^  ...  are 
all  equal.  Join  AB,  A^B^,  A^B^  by  lines  which  will  be  all  of  equal 
length,  and  all  at  right  angles  both  to  AA^A^  ...  and  BB^B^ .... 
Finally,  take  (7,  Oi,  (7„  ...   on  AB,  A^B^,  ...  such  that  AOy  A^Oi, ... 


40  Prof.  W.  Buniside  an  the  [Nov.  8, 

are  all  equal.  Then  C,  C„  G^  ...  all  lie  on  an  equidistant  of  AAi, 
which  is  evidently  at  the  same  time  an  equidistant  of  BBi,  Join 
0(7„  CjC,,  OjCj, ...  by  straight  lines. 

If,  now,  the  figui*e  be  rotated  through  two  right  angles  about 
AiGiB^,  the  points  A,  B  are  brought  into  the  positions  A^  B„  while 
the  lines  AA^^  and  BB^  are  changed  into  themselTes.  The  points  G 
and  C)  are  therefore  interchanged,  and  hence  GGxG^  is  a  straight 
line.  If  the  points  A  be  kept  fixed,  and  the  points  B^  retaining  their 
relative  positions,  be  displaced  continuously  along  the  conjugate 
line,  a  complete  set  of  generators  of  one  system  of  the  equidis- 
tant is  obtained )  and  the  other  set  will  be  obtained  by  taking  the 
points  J?,  J?i,  ...   in  the  opposite  direction  along  the  conjugate  line. 

A  displacement  AA^  along  the  line  AA^  and  a  displacement  BB^ 
along  the  conjugate  now  clearly  displace  GG^  Gf  along  itself,  what- 
ever the  length  A  G  may  be,  and  wherever  B  is  taken  on  the  conju- 
gate line.  Hence  a  translation  along  a  line  and  an  equal  translation 
along  its  conjugate  leave  undisplaced  all  the  generators  of  one 
system  of  all  the  equidistants  of  the  two  lines.  If  the  second  trans- 
lation is  reversed  in  direction,  the  doubly-infinite  set  of  generators  of 
the  other  system  are  undisplaced.  To  these  two  displacements,  or 
rather  to  the  velocity-systems  connected  "with  them,  ClifPord  has 
given  the  names  right-  and  left-vectors.  The  same  words  may  be 
used  here  to  denote  the  corresponding  finite  displacements,  while  the 
two  sets  of  lines  which  remain  undisplaced  by  a  right-  or  a  left- 
vector  may  be  called,  with  Clifford,  a  set  of  right-  or  left-parallels. 
The  above  reasoning  shows  that  any  two  of  a  set  of  parallels,  either 
right  or  left,  are  everywhere  at  the  same  distance  apart.  Moreover, 
if  in  the  above  construction  CCjOj  is  a  right-parallel  of  AA^A^  then 
the  lines  AGB^  A^GiBu  ...  ai'e  left-parallels,  and  conversely.  A 
right-vector  is  therefore  equivalent  to  successive  half-turns  about 
two  left-parallels. 

Suppose,  now,  with  the  previous  notation,  that  the  two  displace- 
ments, of  which  a'Aa,  h'Bh  are  axes,  are  both  right-vectors.  Then 
a*a  and  AB  are  left-parallels,  as  also  are  AB  and  6/3.  The  I'esultant 
displacement,  consisting  of  successive  half-turns  about  a  a  and  6/3, 
which  are  left-parallels,  is  therefore  a  right-vector.  Right-vectors, 
therefore,  form  a  group  of  displacements,  in  the  sense  that  the 
resultant  of  any  two  right- vectors  is  again  a  right- vector ;  and  the 
same  is,  of  course,  true  of  left-vectoi-s.  The  groups  of  displacements 
thus  formed  are  not,  however,  like  the  gix)up  of  translations  in 
Euclidean  space,  composed  of  permutable  operations  ;   viz.,  the  re- 
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snltant  of  two  right-  (or  left-)  vectors  depends  upon  the  order  in 
which  they  are  performed. 

Finally,  it  may  be  shown  that  a  right- vector  and  a  left- vector  are 
always  permutable.  Thus,  let  aAa  be  the  axis  of  a  right- vector,  and 
h'Bh  that  of  a  left- vector,  AB  being  a  common  perpendicular  to  these 
two  lines.  Take  a  a  and  aa  perpendicular  to  aAa  and  such  that  the 
right- vector  is  equivalent  to  successive  half -turns  round  a  a  and  AB^ 
and  also  to  successive  half- turns  round  AB  and  aa ;  and  construct 
Vj^  and  6/3  similarly  for  the  left- vector.  Then  a  a  and  aa  are 
opposite  generators  of  the  same  system  of  an  equidistant  of  AB,  so 
that  any  common  perpendicular  to  them  meets  AB  (necessarily 
at  right  angles).  So  also  6'p'  and  6/3  are  opposite  generators 
of  the  other  system  on  another  equidistant  of  AB.  The  five  lines 
aa\  fe'/3',  AB,  6/3,  aa  thei'efore  have  a  common  perpendicular  a'/3'0/3a, 
and  from  the  construction  of  the  equidistants  it  follows  that  a'/3 
is  equal  to  fi'a,  and  the  angle  between  the  planes  a'afi  and  a'^6 
is  equal  to  that  between  6'/3'a  and  /3'aa.  Hence  successive  half -turns 
round  a'a'  and  6/3  are  equivalent  to  successive  half-turns  round  6'/3' 
and  aa;  or,  in  other  words,  the  displacement  resulting  from  the 
ri^ht-vector  followed  by  the  left-vector  is  identical  with  that 
resulting  from  the  left- vector  followed  by  the  right-vector. 

Any  displacement  in  elliptic  space  is  the  resultant  of  a  right- vector 
and  a  left-vector.  For  it  has  been  seen  that  any  displacement  is 
equivalent  to  a  rotation  0  round  some  line,  and  a  rotation  0'  round 
its  conjugate,  and,  since  these  two  displacements  are  permutable,  they 
are  equivalent  to  rotations  \  (0-J-0')  round  the  line  and  its  conju- 
gate, followed  by  rotations  ^  (0  —  0')  round  the  line  and  —  ^  (0  —  0') 
round  its  conjugate,  that  is,  to  a  right- vector  ^  (0  +  0')  and  a  lef t.- 
vector  \  (0  —  0')  with  the  line  for  their  common  axis.* 

Now,  it  has  been  seen  that  right- vectors  form  a  group  of  motions 
in  the  sense  that  the  resultant  of  any  two  right- vectors  is  again  a 
right-vector,  and  that  the  same  is  true  of  left-vectors,  while  every 
displacement  of  the  one  group  is  permutable  with  every  displacement 
of  the  other.  Hence,  to  determine  completely  the  nature  of  the 
general  group  of  motions  in  elliptic  space,  it  is  only  necessary  to  con- 
sider the  laws  according  to  which  right-  and  left- vectors  separately 
combine. 

Through  any  point  of  spa^e  one,  and  only  one,  of  a  set  of  right- 
parallels  will  pass.     Hence,  when  two  right- vectors  are  given  whose 

♦  Cf,  Clifford  on  "  Biquaternions "  (Proc,  Z<md.  MatK  So«.,^o\.ti.,^.^^^. 
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resultant  is  requii*ed,  intersecting  lines  OA  and  OB  may  be  taken  as 
their  axes ;  these  being  the  two  lines  drawn  through  any  chosen 
point  0  which  belong  i*espectively  to  the  two  sets  of  right-parallelB 
that  are  displaced  into  themselves  by  the  two  right- vectors. 

Through  OA  draw  a  plane  AOC  such  that  the  right- vector  whose 
axis  is  OA  displaces  it  to  AOB ;  and  through  OB  draw  a  plane  008 
such  that  the  plane  A  OB  is  displaced  into  it  by  the  second  right- 
vector.  The  angles  between  the  pairs  of  planes  -40(7,  AOB  and 
BOA,  J500  will  then  measure  the  amplitudes  of  the  two  right- vectors. 
Now  every  plane  contains  one,  and  only  one,  of  a  set  of  right-  (op 
left-)  parallels,  and  therefore  the  plane  AOO  must  contain  ^  line 
which  is  transformed  into  itself  by  the  resultant  displacement ;  but 
the  plane  AOC  is  changed  into  BOO  by  the  resultant  displacement, 
and  therefore  OG  must  be  that  axis  of  the  resultant  right- vector 
which  passes  through  0.  The  amplitude  of  the  resultant  is  the 
angle  between  the  planes  AOC  and  BOG,  since  it  displaces  one  of 
these  planes  into  the  other.  The  axis  and  amplitude  of  the  resultant 
of  any  two  right-  (or  left-)  vectors  is  thus  completely  determined. 
The  result  may  be  stated  as  follows  : — 

Right- vectoi's  combine  according  to  the  same  law  as  finite  rotations 
round  a  point,  the  amplitudes  of  the  rotations  being  twice  those  of 
the  coii-esponding  right- vectoi's.  It  is  also  clear  that  exactly  the 
same  statement  holds  concerning  left-vectors. 

The  group  of  right- vectors  (or  loft- vectors)  is  therefore  isomorphous 
with  the  group  of  ix)tations  i-ouud  a  point ;  and  the  structure  of  the 
general  group*  of  real  motions  in  elliptic  space  is  thus  deduced  from 


♦  It  has  been  Ru^gested  by  one  of  the  referees,  to  both  of  whom  I  owe  my  beat 
thanks  for  the  trouble  they  have  taken  with  thii*  paper,  that  since  there  is  at  present 
no  English  treatiBe  on  the  subject  of  continuous  groups,  it  would  be  advisable  to  give 
such  definitions  and  explanations  of  some  of  the  terms  used  in  the  present  paper  as 
will  suffice  to  make  their  meaning  definite  to  the  reader. 

I  have  attempted  in  the  following  note  to  carry  out  this  suggestion  ;  purposely 
abstaining  from  any  reference  to  the  analytical  form  in  which  Herr  Sophus  ijie,  to 
whom  the  theory  of  continuous  groups  owes  its  origin,  has  presented  it. 

A  set  of  ox)eration8  1,  5,  S\  S^,  ..., 

which  contains  every  possible  combination  of  the  individual  operations,  taken 
either  directly  or  inverHcly,  is  said  to  form  a  group.  When  the  individual  opera- 
tions depend  upon  a  finite  number,  «,  of  quantities,  each  of  which  is  capable  of 
continuous  variation  through  a  range  which  is  not  infinitely  small,  the  group  is 
spoken  of  as  a  "  finite  continuous  group."  Since  each  of  the  n  quantities  on  which 
the  determination  of  a  particular  operation  depends  is  capable  of  an  infinite  number 
of  values,  the  group  contains  in  a  quite  definito  sense  oo"  different  operations. 
To  denote  such  a  group  Lie  uses  the  phrase  **  n-gliedriffe  continuierliche  Oruppe.** 

Such  a  group  necessarily  contains  infinitesimal  operations,  i.«.,  operations  which 
produce  an  infinitesimal  change  in  any  possible  operand.  If  S  and  T  are  two  infini- 
tesimal operations,  the  difference  of  tiie  changes  produced  hj  8T  and  TS  in  any 
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purely  synthetical  considerations.  It  is,  in  fact,  now  seen  to  arise 
from  the  combination  of  two  permntable  and  isomorphons  g^nps  of 
known  type.  The  structure  of  this  group  renders  it  very  simple  to 
enumerate  all  types  of  sub-group  contained  in  it ;  that  is,  all  those 
sets  of  motions  in  elliptic  space  which  have  the  group  property,  and 
at  the  same  time  do  not  include  all  possible  motions.  Thus  any 
sub-group  must  be  formed  by  the  combination  of  the  group  of  right- 
vectors  or  one  of  its  sub-groaps  with  a  sub-group  of  the  group  of 
left- vectors,  or  vice  versa ;  and  the  combination  may  either  be  general 
or  may  be  such  that,  an  isomorphous  correspondence  having  been 
established  between  the  two  sub-groups,  corresponding  operations 
ai*e  combined  together. 

Now  the  group  of  rotations  round  a  point  contains  no  real  sub-g^up 
with  a  doubly-infinite  number  of  operations  ;  its  only  sub-groups,  in 
fact,  being  rotations  round  a  fixed  axis,  which  form  a  singly-infinite 
set. 

Hence  the  general  group  of  motions  in  elliptic  space  which  con- 


operand  is  necessarily  infinitesimal  in  comparison  with  the  changes  produced  by  S 
or  T;  so  that,  when  the  word  "  infinitesimal "  is  used  in  its  ordinary  sense,  two 
infinitesimal  operations  are  necessarily  permutable ;  but  this,  of  course,  does  not 
involve  that  the  corresponding  finite  operations,  which  result  from  repeating  the 
infinitesimal  operations  an  infinite  nimiDer  of  times,  are  permutable. 

The  group  contains  n  independent  infinitesimal  operations,  in  the  sense  that  every 
infinitesimal  operation  of  the  group  can  be  obtained  by  a  finite  combination  of 
them. 

Every  non-infinitesimal  operation  of  the  g^up  can  be  generated  by  an  infinite 
nxmiber  of  repetitions  of  an  infinitesimal  operation,  suitably  chosen,  and  thus  the 
group  is  completely  defined  by  a  set  of  n  independent  infinitesimal  operations. 

On  the  other  hand,  n  arbitrarily  g^ven  infinitesimal  operations  will  not  in  general 
generate  a  finite  continuous  group  of  oo"  operations,  but  an  infinite  continuous 
group,  i.e.y  one  whose  individual  operations  depend  on  an  infinite  niunber  of 
continuously  varying  quantities. 

The  simply- infinite  set  of  operations  obtained  by  repeating  an  infinitesimal 
operation  (and  its  inverse)  form  a  group,  which  is  contained  within  the  origfinal 
group.  It  is  a  group  whose  individual  operations  are  determined  by  a  single  con- 
tinuously varying  parameter  ;  and  is  spoKen  of  by  Lie  as  an  **  ein-gliedrige  Unter- 
gruppe  "  of  the  original  group. 

jn  addition  to  such  simply-infinite  sub-groups,  the  original  group  will  in  general 
contain  other  sub-groups. 

Thus,  it  may  happen  that         1,  2,  2',  X\  ..., 

a  set  of  operations  contained  in  the  orig^inal  group,  possess  among  themselves  the 
g^up- property  defined  in  the  first  paragraph.  If  the  number  of  operations  in  this 
set  is  finite,  the  sub-g^up  formed  by  their  totality  is  necessarily  discontinuous  ;  if 
the  number  is  infinite,  the  sub-group  may  be  either  discontinuous  or  continuous. 
The  latter  will  be  the  case,  when  the  individual  operations  of  the  sub-g^up  are 
determined  by  a  number  r  (necessarily  less  than  n)  of  continuously  varying  quanti- 
ties. The  sub-group  may  then  be  spoken  of  as  a  continuous  sub-group  of 
GO''  operations.  Lies  phrase  is  ^*  r-gliedrige  Untergruppe."  Such  a  Ruh-^g^ra:^ 
ag^ain  necessarily  contains  a  set  of  r  independent  m&mt«ismxBil  Qngiesraii^<at)>&)  ^x^sccl 
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tains  00^  operations  has  no  snb-groap  containing  oo'  operations,  wliile 
the  only  two  types  of  sab-gronps  which  contain  od^  operations  are 
those  arising  fi*om  the  combination  of  the  group  of  right-  (or  left-) 
vectors  with  those  left-  (or  right-)  vectors  which  keep  a  given  set  of 
left-  (or  right-)  parallels  unchanged. 

These  two  g^ups  are  analogous  to,  but  not  isomorphous  with, 
that  group  of  motions  in  Euclidean  space  which  consists  of  all 
possible  screw-motions  about  a  set  of  parallel  axes.  Each  of  the  two 
types  contains  oo'  conjugate  sub-groups. 

Of  sub-groups  containing  oo*  operations,  there  are  three  types. 
Two  of  these  are  the  gix)up8  of  right-vectors  and  left-vectors  which 
ai*e  self -conjugate  in  the  main  group.     The  third  is  the  group   of 


which  it  can  be  g^enerated,  and  the  n  infinitesimal  operations  of  the  original  group 
can  always  be  chosen  so  that  these  r  occur  among  them.  It  is  not,  however, 
generally  the  case  that  any  r  of  the  n  independent  infinitesimal  operations  will 
generate  a  sub-group  of  oo''  operations ;  they  will,  when  r  >  1,  genmUy  generate 
the  original  group  itself. 

If  now  T  is  any  operation  of  the  group,  the  operations  S  and  7*-*  ST  are  called 
conjugate  [(Lie)  gleichberechtigte]  operations,  when  they  are  not  identical,  and  T  is 
said  to  transform  S  into  r-»  ST, 

Similarly,  1,  2,  2',  ... 

and  1,  r-Jjr,  T-i^r, ... 

are  called  conjugate  sub-gfroups  when  they  are  not  identical  with  each  other.  If 
these  two  sub-groups  are  identical,  whatever  operation  of  the  original  g^up  Tmay 
be,  the  sub-group  -,    ^    w 

is  called  a  self -conjugate  sub-group.  Lie  uses  the  phrase  **  invariante  Uhter- 
gruppe^^  to  denote  a  sub-group  wim  this  property,  while  KLein  writes  '*  ai«- 
gezeiehnete  UnUrgruppe.^^  Lie  uses  the  word  ^^  atagezeichfiete^^  only  in 
connexion  with  ^^  ein-gliedrige  Untergntppe**;  an  **  ausgezeiehnets  ein-gliedrige 
Untergruppe^^  being,  in  his  phraseology,  a  simply-infinite  continuous  sub-group, 
each  of  whose  operations  is  permutable  with  all  the  operations  of  the  group. 

If  a  continuous  sub-g^up  /,  containing  oC  operations,  is  contained  as  a  self- 
conjugate  sub-g^up  within  another  more  extensive  continuous  sub-g^up  H, 
containing  oo'  (j  >  r)  operations,  but  is  not  self-conjugate  within  any  continuous 
sub-group  of  the  orig^mal  g^up  G  that  is  more  extensive  than  JJ,  then  /  is  trans- 
formed into  itself  by  all  the  oo«  operations  of  H. 

When  /  is  transformed  by  all  the  oo**  operations  of  G^  there  result  oo"-*  sub- 
g^ups,  all  of  them  conjugate  to  /;  and  then  /is  said  to  form  one  of  a  set  of  oo"-* 
oomug^te  sub-groups  [(Lie)  gleichbereehtigte  Untergruppen"]  within  G. 

When  a  one-to-one  correspondence  can  be  established  between  the  individual 
operations  of  two  continuous  g^ups,  each  of  which  contains  oo"  operations,  in 
such  a  way  that  to  the  product  of  any  two  operations  of  one  g^up  in  a  certain 
order  corresponds  the  product  of  the  two  homologous  operations  of  the  other  group 
in  the  same  order,  the  two  groups  are  said  to  be  holohedrically  isomorphous  [(Lie) 
holoedriteh  itomorph'].  Abstractly  considered,  i.e.y  when  the  laws  of  combination 
of  the  individual  operations  only  are  taken  into  account,  and  not  the  nature  of  the 
operations  themselves  or  of  the  operand,  two  holohedrically  isomorphous  groups  are 
identioaL  Where  the  word  '*  isomorphous  '*  is  used  in  the  present  paper  without 
qualification  it  is  to  be  regarded  as  an  abbreviation  for  **  holohedricedly  isomor- 
phous." 
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rotations  round  a  given  point  (or  the  general  group  of  motions  in  a 
plane),  which  is  isomorphous  with  the  preceding,  but,  nnlike  them, 
forms  one  of  oo*  conjugate  sub-groups.  It  may  be  regarded  as  arising 
from  an  isomorphous  correspondence  between  the  groups  of  right-  and 
left-vectors  established  as  follows.  Through  a  given  point  one  of 
every  set  of  right-parallels  and  one  of  every  set  of  left-parallels  will 
pass.  If,  then,  a  right- vector  and  a  left- vector  correspond  when  their 
amplitudes  are  equal  and  their  axes  which  pass  through  the  given 
point  are  identical,  the  resultant  of  two  right- vectors  will  correspond 
to  the  resultant  of  the  corresponding  two  left- vectors. 

When  therefore  the  group  of  right- vectors  is  combined  with  the 
group  of  left- vectors  by  multiplying  together  corresponding  opera- 
tions in  the  two  groups,  the  new  group  is  isomorphous  with  either  of 
the  groups  from  which  it  is  formed,  while  it  keeps  the  given  point  fixed. 

Of  sub-groups  containing  oo'  operations  there  is  one  type,  namely, 
the  group  of  motions  which  consist  of  arbitrary  rotations  round  any 
pair  of  conjugate  lines,  and  this  type  contains  oo*  conjugate  sub-groups. 
It  would  appear  at  first  sight  that  the  sub-group  arising  from  com- 
bining those  right- vectors  which  keep  an  arbitrarily  chosen  set  of 
right-parallels  unchanged  with  a  similar  group  of  left- vectors  would 
give  rise  to  a  new  type  ;  but  it  is  an  immediate  deduction  from  the 
constructions  in  the  earlier  part  of  this  paper  that  any  set  of  right- 
parallels  and  any  set  of  left-parallels  have  just  two  lines  in  common, 
these  lines  being  conjugate. 

Of  sub-groups  containing  oo^  operations  there  are  three  types.  Of 
these  those  right-  (or  left-)  vectors  which  keep  a  given  set  of  right- 
(or  left-)  parallels  unchanged  form  two  types  each  containing  cx)' 
conjugate  sub-groups,  while  the  third  type  consists  of  screw- 
motions  of  given  pitch  round  a  given  line,  and  contains  oo*  conju- 
gate sub-groups. 

All  discontinuous  groups  of  motions  of  finite  order  in  elliptic 
space,  corresponding  to  which  there  are  divisions  of  the  whole  of 
space  into  a  finite  number  of  congruent  portions,  may  be  derived  in  a 
precisely  similar  manner  from  the  known  finite  discontinuous  groups 
of  rotations  about  a  point,  i.e.,  from  the  groups  of  the  regular  solids. 
Owing  to  the  greater  number  of  types  of  group  involved,  there  is  a 
very  much  greater  variety  of  such  discontinuous  groups  than  of  the 
continuous  groups  that  have  just  been  considered.  They  need  not 
here  be  enumerated,  as  they  have  been  in  effect  completely  classified, 
though  from  a  rather  different  point  of  view,  by  M,  Goursat,  in  a 
memoir  with  the  title,  "  Sur  les  substitutions  orthogonalea  «t  \fi«k 
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divisions  reguli^res  de  I'espace"  {Ann,  de  VEcole  Norm,  8up.^  3^ 
serie,  tome  vi.).  Except  for  the  simplest  of  snch  discontinnoiiB 
groups,  it  is  a  matt-er  of  considerable  difficulty  to  realize  the  nature 
of  the  corresponding  division  of  space  into  congiment  parts  ;  and  in 
the  simplest  case  of  all,  that  namely  in  which  the  group  consists  of  a 
rotation  through  two  light  angles  round  a  line  and  identity,  the 
solution  for  simple  elliptic  space  is  by  no  means  obvious.  Before 
dealing  with  this  particular  case,  take  the  case  of  a  cyclical  group 
generated  by  a  nght- vector,  n  repetitions  of  which  lead  to  identity. 
If  n  planes  be  drawn  through  any  axis  of  the  right- vector,  each  of 

which   makes  angles     -   with  the  planes  on  either  side  of  it,  the 

n 

whole  of  space  is   divided   into  n  congruent   fig^ures    which    may 

be      called    biangles,     the     space     between      any     two     adjacent 

planes    being    easily   seen   to   be   continuous   with    the    vertically 

opposite     space    between    them.       The     right-vector,     consisting 

TT  .  .1 

of  a  rotation  —  round  the  line,  and  a  translation  through  — th  of 

n  n 

its  length,  transforms  any  one  of  these  biangles  successively  into 

each  of  the  others,  and  n  repetitions  of  it,  being  equivalent  to  a 

rotation  n  round  the  line,  and  a  translation  through  its  whole  length, 

which  is  the  same  as  another  rotation  ir,  brings  back  the  original 

biangle  to  coincidence  with  itself,  point  for  point. 

27r 
If  now  n  is  odd,  and  the  generating  operation  a  I'otation  —  round 

n 

the  line,  the  same  construction  will  give  n  congruent  spaces  which 
are  ti'ansformed  into  each  other  by  the  operations  of  the  cyclical 
group,  though  the  correspondence  of  points  is  not  tlie  same  as  in  the 
former  case.  If,  however,  n  is  even,  the  n  congruent  biangles  are 
not  ti'ansformed  into  each  other,  but  the  original  biangle  is  trans- 
formed only  into  —  of  the  biangles,  and  into  each  by  two  opera- 

tions  in  two  different  ways  ;  a  different  division  of  space  is  therefore 
necessary  in  this  case.  When  n  is  2,  it  might  appear  sufficient  at 
first  sight  to  di*aw  a  single  plane  thix)ugh  the  line ;  but  in  simple 
elliptic  space  the  two  sides  of  a  plane  are  continuous  with  each  other, 
so  that  this  would  not  effect  a  division  of  space  into  two  parts. 

The  requisite  division  of  space  into  two  congruent  parts  may, 
however,  be  obtained  as  follows.  Let  A  and  B  be  two  points  taken  one 
on  each  of  two  conjugate  lines  a  and  b,  and  bisect  the  straight  segment 
AB  in  C,     When  A  and  B  take  all  possible  positions  on  a  and  b  respec- 
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tivelj,  the  locns  of  G  is  an  equidistant  of  each  of  these  lines,  whose 
*'  radius  ''  relative  to  each  line  is  the  same,  namely,  one  quarter  of  the 
complete  straight  line.  It  is  easy  to  verify  that  on  this  particular  equi- 
distant the  generators  are  at  right  angles  ;  and,  since  it  is  impossible 
to  draw  a  line  f  i*om  a  point  on  a  to  a  point  on  h  which  does  not  cut  the 
equidistant  once,  it  must  divide  the  whole  of  space  into  two  parts. 
Consider  now  the  motion  which  consists  of  a  rotation  through  two 
right  angles  about  one  of  the  generators  of  this  equidistant.  Every 
such  line  as  A  CB,  used  in  the  construction  just  given,  which  meets 
the  generator  is  brought  into  the  position  BCA,  so  that  the  rotation 
interchanges  the  two  conjugate  lines  a  and  6.  It  must,  therefore, 
since  only  one  such  equidistant  can  be  drawn  with  two  given  conju- 
gate lines,  biing  the  equidistant  again  inte  cong^ence  with  itself, 
while  the  two  parts  into  which  space  is  divided  by  the  equidistant 
are  interchanged.  The  two  parts  into  which  space  is  divided  by  this 
equidistant  are  therefore  congruent  with  each  other,  and  can  be 
interchanged  by  a  rotation  through  two  right  angles  about  any  one 
of  the  generators  of  the  equidistant.  The  construction  for  the  divi- 
sion of  space  into  2»  cong^ent  portions,  any  one  of  which  can  be 
brought  to  coincidence  with  each  of  the  others  by  successive  rotations 

2ir 
through  —  round  a  line,  is  now  almost  obvious.     With  the  given 
Zn 

line  as  a  generator,  such  an  equidistant  as  is  under  consideration  is 

descnbed,  and  from  it  »— 1  more  are  formed  by  i-otating  it  through 

angles  — ,  — ,  .,.      ~"   ^ — round  the  given  line.     The n  equidistants 
fi       fi  n 

so  formed  divide  space  into  2»  parts  with  the  required  properties. 


III. 

Returning  now  to  the  motions  of  hyperbolic  space,  it  is  to  be 
noticed  that  the  construction  that  has  been  given  for  the  resultant  of 
any  two  displacements  fails  in  one  case  to  lead  to  a  definite  result ; 
viz.,  when  the  axes  of  the  two  displacements  meet  at  infinity.  This 
difficulty  may  be  obviated  by  introducing  between  the  two  displace- 
ments whose  resultant  is  required  two  arbitrarily  chosen  equal  and 
opposite  displacements  ;  and  combining,  to  begin  with,  the  first  given 
displacement  with  the  first  of  the  two  thus  inti-oduced,  and  the 
second  of  these  with  the  second  given  displacement.  The  axes  of  the 
two  displacements  thus  obtained  will  not,  unless  the  introduced  dis- 
placements are  specially  chosen,  meet  at  infinity,  and  with  them  the 
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original  constraction  may  be  carried  ont.  The  axis  of  the  resnltant 
displacement  will  necessarily  pass  through  the  same  point  at  infinity 
as  the  axes  of  the  two  given  displacements  ;  for  this  point,  being  un- 
displaced by  each  of  the  given  displacements,  is  undisplaced  by  their 
resultant,  and  must  therefore  be  one  of  the  two  points  at  infinity  on 
the  axis  of  their  resultant.  If  the  two  given  displacements  are 
translations,  the  resultant  is,  as  has  already  been  seen,  since  the  axes 
intersect,  also  a  translation,  and  in  this  case  a  simple  construction 
may  be  given  for  the  axis  and  magnitude  of  the  resulting  translation. 
For  this  purpose  I  first  recall  the  construction  in  the  case  when  the 
axes  intersect  in  a  finite  point.  If  AOA\  BOB'  are  the  intersecting 
axes,  and  if  ^0,  OB'  be  in  direction  and  magnitude  half  the  transla- 
tions, then  AB*  is  the  axis  of  the  resultant  translation,  and  2AB^  its 
magnitude.  Now,  let  AI,  CI  be  the  axes  of  the  two  given  translations 
meeting  in  I  at  infinity.  Then,  if  the  translations  are  equal  in 
magnitude  and  opposite  in  sense  as  regards  I  along  the  two  lines,  the 
construction  just  given  shows  that  the  axis  of  the  resultant  translation 
can  have  no  finite  point  upon  it,  and  therefore  in  this  case  it  is  useless  to 
attempt  to  construct  this  axis.  In  any  other  case,  the  axis  is  a  finite 
line  passing  through  J,  and  therefore  having  a  second  point  at  infinity 
on  it,  say  /.  Draw  a  line  uiC  meeting  the  two  given  lines,  and  not 
passing  through  the  point  /;  and  take  B  such  that  AB  is  half  the 
translation  along  AL  Join  BG  and  produce  it  to  B',  so  that  BC  is 
equal  to  CB',  and  then  join  B*  to  D  on  CI,  where  CD  is  half  the 
translation  along  01.  Then  the  translation  along  A I  is  equivalent 
to  translations  2 AC  and  2GB  along  AC  and  CB  successively,  and  the 
translation  along  CD  is  equivalent  to  translations  2CB'  and  2B'D 
along  CB'  and  B^D  successively. 

Hence  the  two  given  translations  are  equivalent  to  2AC  and  2B'D 
along  these  lines,  and  from  the  construction  it  is  impossible  for  these 
lines  to  meet  at  infinity ;  for,  if  they  did,  the  axis  of  the  resultant 
translation  would  pass  through  the  point  in  which  they  met,  while 
neither  of  the  points  I  and  /  at  infinity  on  this  axis  lies  on  AC. 
Hence  these  two  equivalent  translations  can  be  compounded  in  the 
ordinary  way. 

Returning  now  to  the  case  in  which  the  two  translations  are  equal 
in  magnitude  and  opposite  in  sense,  the  resultant  motion  might  be 
characterized  as  a  translation  whose  axis  is  at  infinity.  This  is  not 
intended  to  imply  that  in  hyperbolic  space  it  is  correct  to  speak 
of  lines  at  infinity,  but  the  phrase  is  used  to  describe  shortly  a 
motion  in  hyperbolic  space  which  has  nothing  completely  analogous 
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to  it  in  Enclidean  or  elliptic  space.  Indeed  this  motion  may  be 
equally  well  described  as  a  rotation  whose  axis  is  at  infinity.  To 
verify  this  statement,  and  to  bring  out  as  clearly  as  possible  the 
natai*e  of  this  motion,  I  give  the  following  construction.  Draw  that 
line  01  meeting  the  axes  AI^  CI  of  the  equal  and  opposite  transla- 
tions at  infinity,  with  respect  to  which  they  are  symmetrically 
situated.  From  0,  let  fall  perpendiculars  0-4,  OC  on  AI^  CI,  and 
take  equal  lengths  AB,  CD  on  AI,  CI,  equal  in  magnitude  to  half  the 
translations,  and  measured  either  both  towards  or  both  from  J, 
according  as  the  translation  along  AI  is  in  the  direction  AI  or  lA. 
From  B  and  D  draw  BP,  DP  in  the  plane  of  the  figure  perpendicu- 
lar to  AI,  Cly  and  meeting  in  P,  which  necessarily  lies  on  01. 
From  P  draw  a  perpendicular  PQ  to  OA,  and  produce  it  to  P*  so  that 
QP'  is  equal  to  PQ ;  then  join  PO,  and  through  P'  draw  a  line  P'K, 
such  that  the  angle  KP^O  is  equal  to  the  angle  DPB,  while  equal 
rotations  which  bring  P'K  to  P'O  and  PD  to  PB  are  in  the  same 
sense.  Now  the  two  translations  are  equivalent  to  successive  half- 
turns  round  OA,  PB,  PD,  00.  Successive  half-turns  round  PB,  PD 
are  equivalent  to  a  rotation  round  Pp,  perpendicular  to  the  plane  of 
the  figure,  through  twice  the  angle  BPD.  The  half -turn  round  OA 
followed  by  this  rotation  is  equivalent  to  an  equal  rotation  in  the 
opposite  sense  round  P'p',  perpendicular  to  the  plane  of  the  figure, 
followed  by  a  half-turn  round  OA.  This  equal  rotation  in  thd  oppo- 
site sense  round  Pj?'  is  equivalent  to  successive  half -turns  round  P^K 
and  P^O;  while,  since  the  angle  AOO  is  equal  to  the  angle  P^OP, 
successive  half-turns  round  OA,  00  are  equivalent  to  successive 
half -turns  round  OP',  OP.  Hence,  finally,  the  two  translations  are 
equivalent  to  successive  half-turns  round  PK  and  OP.  Now  OP 
passes  through  I,  and  the  resultant  displacement  leaves  I  unchanged, 
so  that  P^K  must  also  pass  through  J.  The  motion  under  considera- 
tion is  therefore  equivalent  to  successive  half- turns  about  two  lines  in 
the  same  plane  with  the  two  original  axes,  and  passing  through  the 
same  point  at  infinity  with  them  ;  in  other  words,  it  may  be  regarded 
as  a  rotation  about  an  aids  at  infinity  perpendicular  to  the  plane  of 
the  figure.  By  such  a  motion  every  point  in  the  plane  AIG  is  dis- 
placed along  the  circle  of  infinite  radius  described  through  it  with  I 
as  centre.  This  brings  out  in  a  striking  manner  the  fact  that  in 
hyperbolic  space  a  circle  of  infinite  radius  is  not  the  same  as  a 
straight  line.  If  through  the  lines  AI,  CI,  ...  passing  through  the 
same  point  I  in  the  original  plane,  planes  be  drawn  perpendicular  to 
this  plane,  the  motion  in  question  displaces  each  such  plane  into 
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another  of  the  set ;  and  if  in  these  planes  lines  A' I,  CI,  ...  be  drawn, 
so  that  each  pair  of  lines  such  as  AIj  A'l  or  GI,  (71  is  oongment  with 
each  other  pair,  then  A'l,  CI, ...  lie  in  a  plane,  and  are  displaced 
among  themselves  by  the  motion.  It  is  also  easy  to  see  that  any  two 
motions  which  keep  the  point  I  nnchanged  and  displace  every  finite 
line  passing  through  I  &re  permutable  with  each  other. 

When  the  two  component  displacements  about  axes  intersecting  at 
infinity  are  rotations,  the  axis  of  the  resultant  rotation  may  be  found 
at  once  by  the  same  construction  as  that  used  when  the  axes  intersect 
in  a  finite  point. 

It  is  now  possible  to  analyse  the  general  group  of  real  motions  in 
hyperbolic  space,  so  far  as  concerns  the  complete  enumeration  of  all 
types  of  sub-group  contained  within  it.  Owing  to  the  fact,  which 
will  be  proved  immediately,  that  the  group  contains  no  self -conjugate 
sub-groups,  it  does  not  appear  possible  to  present  the  structure  of  the 
group  itself,  without  the  consideration  of  imaginary  motions,  in  a 
form  in  any  way  analogous  to  that  in  which  the  group  of  motions  in 
elliptic  space  has  been  presented. 

It  has  been  proved  in  the  earlier  part  of  this  paper  that  no  infini- 
tesimal motion  in  hyperbolic  space  transforms  more  than  one  line 
into  itself.  Now  any  continuous  sub-g^up  must  contain  some 
infinitesimal  displacement,  an  infinitesimal  screw-motion  of  given 
pitch,  about  some  line.  If  then  the  sub-group  is  self -conjugate  it 
must  contain  every  conjugate  operation  within  the  main  group,  and 
therefore  must  contain  a  similar  infinitesimal  screw-motion  about 
every  line  in  space.  But  from  such  a  set  of  motions,  infinitesimal 
screw-motions  of  any  pitch  whatever  can  be  constructed,  and  there- 
fore the  g^up  in  question  must  coincide  with  the  main  group  of 
motions. 

Again,  a  continuous  sub-group  which  does  not  coincide  with  the 
main  group,  must  be  such  that  all  of  its  operations  transform  either 
some  one  point,  some  one  line,  or  some  one  plane  into  itself.  For,  if 
not,  the  group  must  contain  infinitesimal  motions  displacing  every 
point  in  three  directions  which  do  not  all  lie  in  a  plane  ;  and  from 
these  may  be  compounded  infinitesimal  motions  displacing  every  point 
in  all  possible  directions,  and  therefore  also  finite  motions  which  will 
displace  eveiy  point  to  every  other  point  of  space.  If,  then,  the  group 
contains  an  infinitesimal  operation  whose  axis  passes  through  some 
chosen  point,  it  must  contain  conjugate  operations  whose  axes  pass 
through  every  other  point  of  space,  and  fi'om  this  property  it  may 
easily  be  seen  to  coincide  with  the  main  gix)up. 


1894.]  Kinematics  of  noruEuclidean  Space.  51 

Now  there  are  od'  points  at  infinitj,  od*  finite  points,  od'  planes, 
and  OD*  lines  in  space.  Hence  there  can  be  no  sub-gronp  containing 
GO*  operations ;  for,  if  there  were  there  would  be  oo^  such  conjugate 
sub-groups,  and  therefore  the  point,  line,  or  plane,  which  is  undis- 
placed by  the  group,  would  have  only  od^  different  positions.  Also 
any  sub-group  containing  oo^  operations  must  keep  a  point  at  infinitj 
fixed.  Now  it  has  been  seen  that  any  two  displacements  whose  axes 
meet  at  infinity  have  for  their  resultant  another  displacement  whose 
axis  passes  also  through  the  same  point  at  infinity.  Hence  the 
totality  of  displacements  whose  axes  meet  in  a  point  at  infinity  do 
actually  form  a  group,  and  since  there  are  oo*  such  axes  and  oo'  dis- 
placements corresponding  to  each  axis,  the  g^up  contains  oo^  opera- 
tions. There  is,  then,  one  type  of  such  sub-group,  and  the  type 
contains  oo'  conjugate  sub-groups. 

In  any  type  of  sub-group  containing  oo'  operations,  there  must  be 
od'  or  00*  conjugate  sub-groups,  and  in  the  former  case  the  sub-group 
must  be  self -con jugate  within  a  sub-g^up  containing  cx)^  operations 
Now  the  sub-group  just  considered  has  been  seen  to  contain  two 
sub-g^ups  with  OD*  operations,  namely,  those  sub-groups  made  up  of 
all  its  translations  and  of  all  its  rotations  respectively ;  and  from 
iheir  nature  these  are  self -con jugate  within  the  larger  sub-group. 
Hence  arise  two  types  of  sub-g^ups  containing  oo*  operations,  one 
consisting  entirely  of  translations,  and  the  other  entirely  of  rotations, 
each  keeping  a  point  at  infinity  fixed,  and  each  forming  one  of  a  set 
of  00*  conjugate  sub-groups.  The  only  other  possible  types  of  sub- 
group containing  oo*  operations  must  contain  oo*  conjugate  sub-groups, 
and  must  therefore  keep  either  a  finite  point  or  a  plane  unchanged. 
Now  the  g^up  of  rotations  round  a  point  does  actually  consist  of  oo* 
operations,  atf  also  does  the  general  group  of  motions  in  a  plane,  so 
that  these  two  types  exist  and  are  completely  accounted  for. 

To  simplify  the  discussion  of  the  remaining  sub-groups  it  may  be 
pointed  out  that  of  the  sub-g^ups  containing  oo*  operations  the  last  two 
types  are  simple  and  contain  no  self -conjugate  sub-gproups,  while  the 
first  two  types  contain  self -con jugate  sub-groups  of  the  same  type,  or 
rather  identical  self -conjugate  sub-groups,  consisting  of  those  motions, 
which,  as  has  been  seen,  may  be  indifferently  regarded  as  transla- 
tions or  rotations,  whose  axes  lie  at  infinity.  These  sub-groups, 
moreover,  are  self-conjugate  within  groups  of  oo*  operations.  Thus 
arises  a  single  type  of  sub-group  containing  oo'  operations,  and  con- 
sisting of  00*  conjugate  sub-gproups.  Every  other  type  of  sub-group 
containing  oo'  operations  must  contain  within  it  oo*  conjugate  sub- 
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gL*0Tip8.  Hence  it  mnst  either  keep  a  line  nnchanged,  or  else  a  point 
at  infinity,  and  a  plane  passing  throngh  it.  Both  of  these  types 
actually  exist,  the  first  consisting  of  all  possible  displacements  with 
a  given  line  for  axis,  and  the  latter  of  translations  in  a  plane  along 
lines  passing  through  the  same  point  at  infinity.  Lastly,  snb-gronps 
containing  od^  operations  mnst  occur  in  conjugate  sets  of  oo*  at  most, 
and  must  therefore  be  contained  self-conjugately  in  the  two  pre- 
ceding types. 

Now  displacements  with  a  given  line  for  axis  are  all  permutable 
with  each  other,  so  that  evexy  sub-group  is  contained  in  such  a 
group  self-conjugately.  The  first  of  the  two  preceding  types,  therefore, 
gives  rise  to  an  infinite  number  of  types  of  simply-infinite  sub-groups, 
each  consisting  of  those  screw-motions  with  a  given  line  for  axis 
which  have  a  given  pitch,  and  including  as  limiting  cases  simply- 
infinite  sets  of  translations  and  rotations  respectively.  The  second 
of  the  two  preceding  types  contains  a  single  self -conjugate  sub-group, 
namely,  the  set  of  motions  which  have  been  spoken  of  as  rotations 
about  an  aids  at  infinity.  This  forms  the  one  other  type  of  simply- 
infinite  sub-group. 

The  only  discontinuous  groups  of  motion  of  finite  order  in  hyper- 
bolic space  &ve  the  known  finite  groups  of  rotations  round  a  point ; 
for  such  a  group  cannot  contain  any  displacement  other  than  a  rota- 
tion, as  otherwise  it  could  not  be  of  finite  order,  and  for  the  same 
reason  it  cannot  contain  rotations  about  non-intersecting  axes.  On 
the  other  hand,  of  discontinuous  groups  of  motion,  whose  orders  are 
not  finite,  there  is  in  hyperbolic  space  an  infinite  variety.  The  truth 
of  this  statement  may  be  made  clear  as  follows,  by  considering  certain 
discontinuous  groups  of  plane  motions.  If  from  a  point  0  three 
equal  lines  OA,  OB,  OG  are  drawn  in  a  plane  and  making  equal 
angles  with  each  other,  and  thi'ough  A,  B,  C  lines  are  drawn  perpen- 
dicular respectively  to  OA,  OB,  OC,  these  lines,  when  OA  is  infinite- 
simal, will  form  an  infinitesimal  equilateral  triangle,  whose  angles  are 

infinitesimally  less  than  — .    As  OA  is  taken  greater  and  greater 

the  angles  of  the  triangle  become  less  and  less,  and  for  a  certain 
length  of  OA  each  pair  of  sides  will  meet  at  infinity,  and  the  angles 
of  the  triangles  will  be  zero.     Hence,  equilateral  triangles  can  be 

constructed  in  hyperbolic  space,  whose  angles  are  — ,  where  n  is  any 
integer  greater  than  3. 

If,  now,  such  a  tiiangle  be  drawn  in  a  plane,  and  on  each  of  its 
sides  an  equal  triangle  be  constructed,  and  if  this  process  be  continued 
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indefinitely,  the  whole  plane  will  be  divided  into  an  infinite  number 
of  such  congruent  equilateral  triangles  without  g^ps  or  overlapping, 
2n  triangles  being  ranged  round  every  angular  point.  When  planes 
are  drawn  through  the  sides  of  the  triangles  perpendicular  to  their 
plane,  the  whole  of  space  is  divided  into  what  may  be  described  as 
equilateral  prisms,  all  of  which    are    congruent  with   each    other. 

Moreover,  by  rotations  -r,  v,  —  about  perpendiculars  to  the  plane  of 

3  n 

the  triangles  through  0,  the  middle  point  of  a  side  and  an  angular 
point  respectively,  this  infinite  set  of  equilateral  prisms  is  brought  to 
congruence  with  itself.  Hence,  of  necessity,  these  three  rotations 
generate  a  discontinuous  group  of  motions. 

Another  very  simple,  but  interesting,  illustration  of  the  division  of 
space  into  congruent  parts,  and  of  the  corresponding  discontinuous 
group  of  motions,  arises  in  connexion  with  the  regular  solids.  Prom 
a  point  0,  perpendicular  to  a  line  07,  draw  n  lines  OOi,  00^  ...  00^^ 
equal  and  equally  inclined  to  each  other ;  and  through  their  extremi- 
ties draw  lines  OxI.^  0^1, ...  to  meet  OJ at  infinity.  By  taking  a  section 
of  the  prismatic  figure  so  formed  at  a  sufficiently  great  distance  from 
0,  the  size  of  the  section  can  be  made  as  small  as  desired,  and,  there- 
fore, the  dihedral  angles  at  the  edges  must  be  the  same  as  for  an 
infinitesimal   figure.     Each  of  these  dihedral  angles  is,   therefore, 

^ Q  r        v       Sir 

x,  which,  for  n  =  3,  4,  6,  gives  -5-,  — ,  -— .     Hence  if  a  regular 

n  o       2i      o 

solid  be  described  with  its  vertices  at  infinity,  the  internal  dihedral 
angle  between  two  adjacent  faces  will  be  ~  for  a  tetrahedron,  cube, 

or  dodecahedron,   -—  for  an  octohedron,  and  — -  for  an  icosahedron. 

2  5 

With  the  exception  of  the  last,  these  angles  are  all  submultiples  of 

four  right  angles ;  and,  therefore,  in  the  first  four  cases,  if  the  original 

solid  is  rotated  about  its  edges,  through  the  dihedral  angle,  the  new 

figures  so  formed  rotated  about  their  edges,  and  so  on  indefinitely,  the 

whole  of  space  will  be  exactly  filled,  without  g^ps,  with  congruent 

£gures.     It  may  be  added  here,  without  proof,  as  the  result  depends 

only  on  certain  simple  inequalities,  that  there  are  only  four*  other  ways 

*  While  these  pages  are  passing  through  the  ^xress,  I  have  become  aoquainted 
with  a  paper  by  Signer  L.  Bianchi :  **  Sulle  divisioni  regolari  dello  spazio  non 
endideo  in  polyedri  regolari ''  {Hmdieonti,  Aeeademiadei  Zinesi,  1893],  in  which  it  is 
fltated  that  there  are  only  two  modes  of  division  of  hyperbolic  space  into  congruent 
iiegular  polyhedra.  It  appears  to  me  that  Signor  Bianchi  has  introduced  an  im- 
neceesary  limitation  into  his  discussion  ;  but  it  is  impossible  to  discuss  this  point 
Adequately  in  a  footnote,  and  I  shall  hope  to  return  to  it  in  a  future  paper. 
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of  dividing  hyperbolic  space  into  equal  and  congment  regular  aolida. 
These  are :  (i)  cubes,  there  being  twenty  oabes  arranged  round  each 
vertex  with  icosahedral  sjmmetrj ;  (ii)  and  (iii)  dodecahedra,  there 
being  either  eight  or  twenty  dodecahedra  arranged  round  eaoh 
vertex  with  octohedral  and  icosahedral  symmetry  respectiYel j ; 
(iv)  icosahedra,  there  being  twelve  ioosahedra  airanged  round  eaoh 
vertex  with  dodecahedral  symmetiy. 

There  is  a  marked  difEerence,  as  regards  discontinuous  groups  of 
motion,  between  hyperbolic  space,  on  the  one  hand,  and  elliptic  and 
Euclidean  space,  on  the  other.  It  has  been  seen  above  that  for  elliptio 
space  there  are  only  a  finite  number  of  types  of  such  groups,  and  in 
Euclidean  space  Herr  SchOnflies  (KrystaUsygteme  und  KrystcLUttmetwr  : 
Teubner,  1891),  among  others,  has  shown  that  there  are  just  65  types. 

IV. 

Betuining  now  again  to  the  motions  of  elliptic  space,  it  is  interest- 
ing to  point  out  that  it  is  only  necessary  to  investigate  some  analytical 
form  of  the  group  of  rotations  round  a  point  (a  problem  of  group- 
theory)  in  order  to  pass  on  from  the  foregoing  purely  synthetical 
considerations  to  the  complete  metrical  system  for  elliptic  space. 

The  most  symmetrical  analytical  form  of  the  group  of  rotations 
round  a  point  is  that  in  which  it  is  regarded  as  that  group  of  homo- 
geneous projective  transformations  of  three  variables  g^,  g„  g,  whidh 
keep  the  foi*m 

unchanged.  Hence,  if  g,,  g,,  q^,  g^,  gj,  q^  are  six  independent  variables, 
the  group  of  motions  in  elliptic  space  can  be  expressed  as  that  group 
of  homogeneous  projective  transformations  of  these  variables  which 
keep  the  two  forms 

!?!+?;+(?:    and    irf+gj+gj 
unchanged. 

If,  now,  new  variables  jpi,  pj,  jp„  jp^,  p^,  p^  are  introduced,  such  that 

Pi  =  3i— 341    Pi  =  3i— 9».    Pi  =  3s— S'a* 

the  group,  exprossed  in  terms  of  the  j^'s,  is  that  homogeneous  projec- 
tive group  which  keeps  unchanged 

PiPi-^-PtPi-^PiPi 
and  P'-^pI-^'PI+pI-^pI+pI 
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Tlie  jp's  may  therefore  be  regarded  as  homogeneoiLB  line-coordinateB 
in  ordinary  space,  and  when  they  are  so  regarded  the  equation 

represents  a  quadric  surface  which  contains  no  real  points.  The 
group  of  motions  in  elliptic  space  is,  therefore,  abstractly  considered, 
identical  with  that  g^up  of  projective  transformations  in  ordinary  space 
which  preserves  unchanged  a  purely  imaginary  quadric ;  and  this  is 
the  starting-point  from  which  the  metrical  relations  of  elliptic  space 
are  actually  derived. 

^Added^  December  TBth, 

Since  the  g^up  of  real  motions  in  hyperbolic  space  is  a  simple 
group,  it  is  not  possible  to  determine  its  analytical  form  by  a  process 
precisely  analogous  to  that  employed  above  for  the  group  of  elliptic 
motions.  On  the  other  hand,  the  g^up  having  been  exhaustively 
analysed,  it  becomes  a  problem  of  pure  group-theory  to  make  this 
determination.  It  will  be  simplified  by  the  following  considerations. 
To  every  motion  of  hyperbolic  space  corresponds  a  transformation  of 
the  points  at  infinity,  and  no  motion  keeps  more  than  two  points  at 
infinity  unchanged.  Hence  between  the  g^up  of  motions  in  hyper- 
bolic space  and  the  group  of  transformations  of  the  points  at  infinity, 
that  they  involve,  there  is  a  one-to-one  correspondence ;  i.e.,  the 
gproups  are,  abstractly  considered,  identical.  Now,  the  points  at 
infinity  form  a  doubly-infinite  set,  and,  therefore,  a  transformation 
gproup  of  the  points  at  infinity  may  be  represented  as  a  transformation- 
group  of  points  in  an  ordinary  plane.  Again,  if  IJ^  I' J '  be  any  two 
lines  of  hyperbolic  space,  and  PK^  YK'  any  other  two  lines  meeting 
the  former  two  respectively  at  right  angles,  a  single  motion  can  be 
found  which  will  bring  7/,  TK  into  the  positions  l'J\  P'K'.  Hence  the 
group  of  transformations  of  the  points  at  infinity,  or  the  correspond- 
ing transformation-group  of  points  in  a  plane,  is  such  that  it  contains 
a  single  transformation  which  will  bring  any  three  arbitrarily  chosen 
points  into  any  other  three  arbitrarily  chosen  positions ;  or,  in  the 
phraseology  of  group-theory,  the  transformation-group  is  triply-transi- 
tive. The  group  of  motions  of  hyperbolic  space  is,  therefore,  capable  of 
being  represented  in  the  form  of  a  triply-transitive  g^up  of  od'  trans- 
formations of  points  in  a  plane.  Now,  it  can  be  shown  that  of  such 
groups  there  is  one  type,  and  one  only — groups  between  which  a  one- 
to-one  correspondence  can  be  established,  being,  of  course,  regarded  as 
identical  (c/.  Lie-Scheffers,  Vorlesungen  uher  continuierliche  Qruppen, 
pp.  356,  356). 
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The  particular  form  of  the  group  which  it  is  most  convenient  to 
consider  here  is  that  group  of  point-transformations  which  arises  from 
an  even  number  of  inversions  at  all  real  circles  of  a  plane.  It  is  easy 
to  see  that  this  group  contains  oo*  transformations,  and  that  it  con- 
tains one,  and  just  one,  transformation  which  will  displace  any  three 
given  points  into  any  other  three.  Moreover,  if  the  equation  to  anj 
circle  be  written  in  the  form 

80  that  the  square  of  its  radius  is 

the  group  in  question,  when  expressed  in  terms  of  the  symbols 
^9  /^9  Yj  ^9  ^<9  easily  found  to  be  that  homogeneous  projective  gronp 
which  keeps 

unchanged,  this  latter  condition  corresponding  to  the  fsucst  that,  by 
inversion  at  real  circles,  a  real  circle  necessarily  remains  a  real 
circle. 

If  now,  finally,  a,  /3,  y,  ^  are  regarded  as  homogeneous  point-coor- 
dinates in  ordinary  space,  the  group  of  hyperbolic  motions  is  seen  to 
be  identical  with  that  projective  group  of  ordinary  space  which 
transforms  a  real  quadric  with  imaginary  generators  into  itself.] 


Thursday,  December  13th,  1894. 

Major  MACMAHON,  R.A.,  F.R.S.,  President,  and  subsequently 
A.  B.  H.  LOVE,  Esq.,  P.R.S.,  Vice-President,  in  the  Chair. 

The  following  gentlemen  were  elected  members  of  the  Society : — 
William  Henry  Young,  M.A.,  formerly  Fellow  of  Peterhouse,  Cam- 
bridge;  William  Montgomery  Coates,  M.A.,  Fellow  and  Assistant 
Tutor  of  Queens'  College,  Cambridge ;  Philip  Herbert  Cowell,  B.A., 
Fellow  of  Trinity  College,  Cambridge ;  Gilbert  Harrison  John  Hurst, 
B.A.,  Scholar  of  King's  College,  Cambridge  ;  Horace  J.  Harris,  B.A., 
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University  College,  London ;  Ernest  William  Brown,  M.A.,  Fellow 
of  Christ's  College,  Cambridge,  and  Professor  of  Mathematics  in 
Haverfoi'd  College,  Pennsylvania. 

The  Treasurer  having  read  the  Auditor's  report,  the  adoption  of 
the  Treasurer's  report  was  moved  by  Mr.  Kempe,  seconded  by  Prof. 
Bogers,  and  carried  unanimously.  A  vote  of  thanks  to  the  Auditor 
for  the  trouble  he  had  taken  was  moved  by  Prof.  Hill,  seconded  by 
Mr.  Walker,  and  carried. 

The  following  communications  were  made : — 

On  Maxwell's  Law  of  Partition  of  Energy :  Mr.  G.  H.  Bryan. 
The  Spherical  Catenary ;   and  The  Transformation  of  Elliptic 

Functions :  Prof.  Greenhill. 
On  certain  Definite  Theta-Function  Litegrals :  Prof.  Bogers. 
Groups    defined    by    Congruences     (second   paper) :    Prof.  W. 

Bumside. 
Vibrations  in  Condensing  Systems  :  Dr.  J.  Larmor. 
On  the  Liteg^tion  of  A116gret's  Integral :  Mr.  A.  E.  Daniels. 
On  the  Complex  Number  formed  by  two  Quaternary  Matrices 

Dr.  G.  G.  Morrice. 

The  Chairmen,  Messrs.  Bryan,  Greenhill,  Bogers,  Larmor,  and 
Walker  took  part  in  the  discussions  on  the  papers. 

The  following  presents  were  received : — 

**  The  Imperial  University  of  Japan  Calendar,"  1893-4. 

**Beiblatter  zu  den  Annalen  der  Physik  nnd  Chemie,"  Bd.  zvnz.,  St.  10,  11 ; 
Leipzig,  1894. 

**  Ftoceedings  of  the  Cambridge  Philosophical  Society,"  Vol.  vm..  Part  3  ;  1894. 

"  Proceedings  of  the  Royal  Society,"  Vol.  lti.,  Nos.  338-339. 

« Memoirs  and  Proceedings  of  the  Manchester  Literary  and  Philosophical 
Society,"  Vol.  vm.,  No.  3  ;  1893-4. 

«  Bulletin  de  la  Sod^t^  Mathdmatique  de  France,"  Tome  zxn.,  No.  8  ;  Paris. 

<(  Bulletin  des  Sciences  Mathdmatiques,"  Tome  zym.,  Oct.,  Nov. ;  1894. 

''ArchiTcs  N^landaises  des  Sciences  Exactes  et  Naturelles,"  Tome  zzvnx., 
Livr.  3  and  4  ;  Harlem,  1894. 

**  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  Vol.  i.,  No.  2. 

**  Journal  of  the  College  of  Science,  Japan,"  Vol.  7m.,  Pt.  1  ;  Tokyo,  1894. 

"Atti  della  Reale  Accademia  dei  Lincei — Bendioonti,"  Vol.  m.,  Fasc.  8-9, 
Sem.  2*  ;  Roma,  1894. 

*'  Educational  Times,"  December,  1894. 

**  Rendioonto  dell'  Accademia  delle  Sdenze  Fisiche  e  Matematiche,"  Seiie  2, 
Vol.  vm.,  Fasc.  8-10 ;  NapoU,  1894. 

**  Observations  made  during  1889  at  the  United  States  Naval  Observatory," 
4to;  Washington,  1893. 
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BalUn,  v.— '^Tratadode  Geometri*  Analitioft,**  8to;  Bneoot  AjM,  1888. 
'*Traiado  de  Estereometaria  Gen^fcioa,"  8vo ;  Bnenoe  Ayrw,  1894.  "ICtedod* 
loB  Gnadrados  Minimoe,"  Svo ;  Bnenoa  Ayrea,  1889.  "  Elepientoa  da  Oaloolo  de 
loe  Cnateniiones,"  Svo ;  Buenoe  Ayrea,  1887.  **  Geometria  Plana  Hbdenia,"  8to  ; 
BnenoB  Ayree,  1894. 

D'Ooagne,  K. — **  Kemoire  snr  lea  Smtee  B^oDrrentee/*  4to  pamphlet. 

«« Axmalee  de  TEcole  Polyteohniqne  de  Ddft,"  Tome  ^m.,  LiTr.  1-2;  Uda, 
1894. 

"Aimales  de  la  Faculty  dee  Soienoea  de  Tomloafle,"  Tome  nn.,  Am.  i; 
Paria,  1894. 

**  Journal  fiir  die  reine  und  angewaadte  Mathiematik,"  Bd.  OKXT.,  Heft  2 ; 
Berlin,  1894. 

"  Tranaaotions  of  the  Royal  Iriah  Academy/'  Vol.  xzz.,  Parta  13  and  14; 
Dublin,  1894. 

**  Indian  Engineering,"  Vol.  xti.,  Nob.  16-20 ;  Oet.  20th-NoT.  ITtli. 


On  a  Class  of  Groups  defined  by  Congruences.  (Second  Paper.) 
By  W.  BuBNsiDE.  Received  December  7th,  1894.  Bead 
December  13th,  1894. 

1.  Introduction* 

In  a  paper  printed  in  Yol.  xxv  of  the  Society's  Proceedings^  1  hav^ 
discnsaed  the  groups  defined  by  a  congruence  of  the  form 

where  p  is  prime,  and  a,  /3,  y,  ^  are  rational  integral  fonotiona  of  the 
roots  of  an  irreducible  congruence  of  the  n^  degree  to  thiB  same  prime 
modxdus. 

This  discussion  was  greatly  facilitated  by  the  fact  that  the  groups 
defined  by  a  congruence  of  the  same  form  in  which  the  coefficients 
are  ordinary  integers  had  been  already  exhaustively  analysed. 

Now  the  corresponding  group  in  two  non-homogeneous  variables, 
namely,  the  group  defined  by  the  congruences 

3,-=    ax  +  Py-^y  .^ga^-h^y-fy  rmodt>^ 

aaj-f/3y-hy  a  aj+p  y+y 

has  not  hitherto  been  the  subject  of  any  similar  discussion.     If  the 
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determinants  of  all  the  sabstitationa  be  onity,  it  is  known  to  be  a 
simple  gronp  of  order 

ip'+p+l)p*(p+lXp-iy    or    h(j^+P  +  l)l^(P+l)ip-l)*> 

according  bb  p  is  congraent  to  —  1  or  1,  mod  3 ;  but  beyond  tbis 
notbing  is  known  of  tbe  type  and  nnmber  of  tbe  cyclical  and  otber 
sub-groaps  contained  in  it. 

Tbe  present  paper  is  intended,  to  some  extent  at  least,  to  fill  tbis 
gap ;  and  it  is  an  almost  necessary  preliminary  to  tbe  discussion, 
wbicb  I  bope  to  undertake  later,  of  tbe  similar  groups  in  wbicb  tbe 
coefficients  are  rational  integral  functions  of  tbe  roots  of  an  irreducible 
congruence. 

Tbe  last  paragrapb  of  tbe  paper  deals  sbortly  witb  tbe  two  excep- 
tional cases  of  j9  =  2  and  jp  =  3.  Passing  over  tbese,  it  is  dear 
tbat,  since  tbe  number  giving  tbe  order  of  tbe  group  in  terms  of  p 
depends  on  wbetber  j9  is  of  tbe  form  3m +1  or  3m— 1,  tbese  two  oases 
require  separate  treatment. 

Tbe  greater  part  of  tbe  paper  is  occupied  witb  a  detailed  discussion 
of  tbe  case  in  wbicb  p  is  of  tbe  form  3m  —  1.  On  passing  on  to  tbe 
case  in  wbicb  p  is  of  tbe  form  3m +  1,  it  is  found  tbat,  tbougb  tbe 
results  are  different  in  form  from  tbose  of  tbe  former  case,  tbey  are 
closely  analogous  to  tbem,  wbile  tbe  process  of  arriving  at  tbem  is 
practically  tbe  same  in  tbe  two  cases.  I  bave,  tberefore,  not  tbougbt 
it  necessary  to  repeat  in  detail  all  tbe  steps  of  tbe  reasoning  in  tbis 
second  case,  wbicb  would  bave  considerably  increased  tbe  lengtb  of 
tbe  paper,  but  bave  simply  pointed  out  tbe  necessary  modifications 
of  tbe  processes  employed,  and  stated  tbe  results. 

A  limitation  on  tbe  generality  of  tbe  results,  wbicb  is  not 
essential,  and  is  more  apparent  tban  real,  as  tbe  subjoined  foot- 
note will  sbow,  bas  been  introduced,  in  tbe  assumption  tbat  p'-)-j9-)-l 
in  tbe  one  case,  and  \  (jp'+i'+l)  in  tbe  otber,  is  tbe  product  of  not 
more  tban  two  prime  factors.* 

5  31  ■■  prime 

11  133  »  7.19 

17  307  »  prime 

23  663  «  7  .  79 

29  871   -  13.67 

41  1723  -  prime 

47  2267  -  37  .  61 

63  2863  «  7 .  409 

69  3681   -  prime 

71  6113  -  prime 

83  6973  -  19.367 

89  8011   »  prime 


p 

Hp'-^p+ 

1)          . 

7 

19 

am  prime 

13 

61 

«  prime 

19 

107 

»  prime 

31 

331 

a  prime 

87 

469 

-  7.67 

43 

631 

«  prime 

61 

1261 

-  13.97 

67 

1619 

-  7».31 

73 

79 

1801 
2107 

«  prime 
-  7».43 

97 

3169 

—  prime 
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The  results  obtained  may  be  smnmarized  as  follows. 

Gase  1.    j3  =  —  1  (mod  3). 

The  orders  of  the  highest  cyclical  sub-groups  are  |j^-h/)+l,  l?^— 1, 
2?*— p,  p,  and  j3— 1,  and  every  substitution  of  the  group  occurs  in 
some  cyclical  sub-group  whose  order  is  one  of  these  numbers. 

The  order  and  type  of  the  sub-groups  within  which  these  cyclical 
sub-groups  are  contained  self-conjugately  is  then  determined.  For 
each  cyclical  sub-group  of  order  |9^-h/)-fl,  this  is  a  group  of  order 
3  Cp'-fl)  +  l)}  and  it  is  shown  that  every  sub-group  containing  sub- 
stitutions whose  orders  are  equal  to  or  dusters  of  p'+j'+l  must  be 
contained  within  a  sub-group  of  order  3  0^+2?+ 1). 

Finally,  every  sub-group  which  contains  no  substitutions  whose 
order  is  equal  to  or  a  factor  of  jf  -j-p  + 1  is  shown  to  be  contained 
either  within  one  of  two  sub-groups  whose  orders  are|?*(|?-h  1)(|?— 1)* 
or  within  a  sub-group  of  order  6  (|}— 1)'.  The  first  two  of  these 
three  general  types  are  both  isomorphous  with  the  general  linear 
homogeneous  group  in  two  variables,  while  the  third  is  isomorphous 
with  the  permutation-group  of  three  symbols.  In  this  third  case, 
the  form  of  the  sub-group  is  limited  to  a  few  easily  recognised  types, 
and  in  the  two  former  the  problem  of  determining  all  possible  types 
is  not  essentially  distinct  from  the  corresponding  problem  for  the 
general  linear  group  in  two  homogeneous  variables. 

Case  2.    j?  =  1  {mod  3). 

The  orders  of  the  highest  cyclical  sub-groups  are  i(l^+l>  +  l)> 
^(^— 1),  iip^—p),  p,  p—h  a^d  i(jp— 1),  and  every  substitution 
of  the  group  occurs  in  some  cyclical  sub-group  whose  order  is  one  of 
these  numbers. 

The  other  results  in  this  case  are  exactly  the  same  as  in  the  former 
case  if  the  orders  of  all  the  sub-groups  there  mentioned  be  divided 
by  3. 

In  the  first  case,  the  non-homogeneous  group  is  holohedrically 
isomorphous  with  the  homogeneous  group  given  by 


z  =a  aj-f-p  y  +  y  zj 


(modp), 


and  advantage  is  taken  of  this  to  avoid  entirely  working  with  the 
non-homogeneous  form.  To  g^ve  completeness  to  the  paper  I  have 
ventured  to  deal  at  length  with  the  i^eduction  of  a  homogeneous  sub- 


1894.]  Class  of  Oroups  defined  by  Congruences.  61 

Btitution  in  three  variables  to  its  canonical  form,  althongH  ^this 
problem  has  been  completely  treated  for  the  general  case  of 
n  yariables  by  M.  C.  Jordan,  in  his  Tratte  des  Substitutions,  It 
wonld,  in  fact,  be  at  least  as  lengthy  to  quote  M.  Jordan's  general 
resnlts  and  apply  them  to  the  particular  case  of  n  =  3,  as  it  is  to 
obtain  the  results  for  the  particular  case  ab  initio.  The  group  which 
is  the  subject  of  investigation  is  referred  to  sometimes  as  the  main 
group,  and  sometimes  as  the  group  G, 


2.  On  the  Representation  of  0  as  a  Fermutation  G-roup. 

Consider  the  j^—l  quantities  Ax-\-By'\'Cz  formed  by  giving 
il,  J?,  C  any  integral  values  from  0  to  jj— 1,  with  the  exception'Jof 
simultaneous  zero  values.  They  may  be  arranged  in  j3*+j3-f- 1  sets  of 
p  —  1  each,  according  to  the  following  scheme 

n  =  1,  2,  ...  jp  — 1 ;     ^,  A;' =  0,  1,  2,  ...  j3— 1. 

Now  any  substitution  of  the  homogeneous  group  which  changes 
Ax-\'By-\-Gz  into  A'x -f-  ffy  +  G*z  also  changes  A;  {Ax + By -H  Oz)  into 
lc{A'x'{'B^y-\-0'z),  Hence,  if  one  member  of  anyone  of  the  above 
j3^-f|?4-l  sets  is  changed  by  the  substitution  into  a  member  of  a 
second  set,  then  all  the  members  of  the  first  are  changed  into  the 
various  members  of  the  second  set.  If,  then,  each  set  is  regarded  as 
a  single  entity,  and  is  represented  by  the  symbol  {ilaj-f-By-f(7z],  the 
group  is  isomorphous  with  a  permutation  group   of  the  j3*+jp-|-l 

k,  A;'  =  0,  1,2,  ...jp-1. 

Now  from  the  enumeration  of  all  possible  types  of  substitution  given 
'in  the  succeeding  section,  it  follows  that  no  substitution  can  keep 
more  than  jp+2  of  these  symbols  unchanged,  this  maximum  number 
occurring  in  the  case  of  substitutions  of  the  type 

X  =  ax,     y  =  ay,     z  =  fiz, 

which  leaves  unchanged  the  symbols 

{x},     {y  +  fcr},     {z},       fc  =  0,  1,  2,  ...i>-l. 

Hence  the  permutation-group  of  the  j3*+j3+l  symbols  is  holo- 
hedrically  isomorphous,  i.e.,  abstractly  considered,  identical  with  the- 
group  defined  by  the  congruences. 
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If  now  Ax+By-^Gzj  A^x+B^y-^OiZ  are  any  two  linear  functions, 
one  of  which  is  not  a  multiple  of  the  other,  and  if  il'«-|-l^y+C7'«, 
Alx+B'iy-^'Olz  are  any  other  pair  satisfying  the  same  condition,  the 
coefficients  being,  as  is  always  supposed,  unless  otherwise  stated,  real 
integers,  it  is  easy  to  see  that  six  other  constants  P,  Q,  JB^  P',  Q*,  B' 
may  be  determined  in  a  variety  of  ways,  so  that  the  congruences 

P'x+Q'y  +E'/  =  P«  +  Qy  +E», 

g^ye,  on  solution  for  x\  y\  /,  a  substitution  of  determinant  unity. 
Hence  the  permutation-group  is  doubly-transitive,  and  therefore  its 
order  must  be  (l>*-l-p  +  l)CP*+l>)  *»,  where  m  is  the  order  of  the  sub- 
group obtained  by  keeping  any  two  symbols  unchanged.  The  type 
of  this  sub-group  may  be  obtained  at  once,  for,  if  {y}  and  [z]  are 
the  two  unchanged  symbols,  two  of  the  defining  congruences  of  every 
one  of  its  substitutions  must  be  of  the  form 

y  =  /3y,     sf  =  yz. 

The  most  general  substitution  satisfying  this  condition  is 

a;'  =  aaj -f- ay  +  a'z,     y '  =  fiy,     z  ^  yz, 

where  o/Sy  =  1, 

and  conversely  the  totality  of  substitutions  of  this  type  form  a  group. 

Now  the  congruence  a/Jy  =  1 

has  (jj—  1)'  distinct  solutions ;  for  to  a  and  /3  any  values  from  1  to 
jj— 1  may  be  assigned,  and  then  y  is  determinate;  while  a  and  a" 
may  each  have  any  value  from  0  to  jj— 1. 

The  number  of  distinct  sets  of  defining  congruences  of  the  above 
type  is  therefore  jp*  (|?  — 1)'.     If  now  the  congruence 

has  no  real  solution  except  unity,  that  is  jp  =  —  1  (mod  3),  each  set 
of  defining  congruences  gives  a  different  substitution,  and  the  order 
of  the  sub-g^up  is  2?*  (2?  —  !)*. 

If,  however,  /— I  s  0 

has  three  different  real  roots,  1,  e,  e*,  or  if  ^  =  1  (mod  3),  the  three 
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sets  of  oongraences 

a;' ^  coaj+ea'y  +  ea'*,        y' ^  efiy,        jc' =  ey«, 
x'  =  ^ax+f^ay  +  ^a'z,    y  =  e*/3y,       z  =  e'yz 
give    the  same    substitution,    and   the    order  of  the  sub-group    is 

Hence,  when  j>  is  an  odd  prime  greater  than  3,  the  order  of  the 
main  group  is 

(|''+l)+l)0''+i>)l>'(j>-l)'    or    i(l)'+l)  +  l)(i»'+l>)i>'(l>-l)', 

aooording  asp  is  of  the  form  3m  —  1  or  3m  +  l.  When  jp  is  2  or  3, 
the  order  of  the  group  is  given  by  the  former  of  these  two  expressions. 
These  two  special  cases  are,  however,  exceptional,  and  will  be  con- 
sidered later. 

When  the  characteristic  congruence,  as  defined  in  the  next  section, 
is  irreducible,  no  linear  function  of  a;,  y,  z  with  real  coefficients  is 
altered  into  a  multiple  of  itself ;  and  when  it  is  the  product  of  a 
linear  factor  and  an  irreducible  quadratic  factor  there  is  one  snch 
function.  An  inspection  of  the  other  types  of  substitution,  which  are 
given  explicitly  in  the  next  section,  shows  that  in  other  cases 
there  may  be  3,  j9  +  l  or  j7  +  2  linear  functions  which  are  changed  into 
multiples  of  themselves.  The  substitutions  of  the  group,  therefore, 
when  expressed  as  a  doubly- transitive  permutation  group  of  ji^-fl'+l 
symbols,  must  either  permute  all  the  symbols  or  must  keep  1,  3,|>-|-1 
orp+2  symbols  unchanged. 


Case  I.    p  =  —  1  (mod  3). 
3.  On  the  Typical  Forms  of  the  SuhstUuiions  of  O, 


Let 


z  = 


y  = 


Z 


ax  '^hy  ■\'CZ 
ax  -^rh'y  '\'c'z 
a  flj-ho  y-\-o  z^ 


(modp). 


be  any  substitution  8^  of  determinant  unity.     Then 

Ad^By'^-Gz 
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Hence  Ax-^By-^Gzis  transformed  into  a  multiple  X,  of  itself,. if 

A(a-\)+  Ba'  +  Oa"  =0, 
Ah  +B(6'-X)+  OV'  =0, 
Ac      +      Bo      +O(c''-X)  =  0, 

so  that  X  is  given  by 


a— X,        a, 
6,        6'-X, 
c,  c, 


a 
c"-X 


5  0. 


This  oongmence  is  known  as  the  Gharacteristic  congmenoe  of  the 
substitution,  and  it  is  well  known  that  if  T  is  any  other  substitution 
of  the  same  form  as  8^  then  T"^  8T  has  the  same  characteristio  con- 
gruence as  /S  ;*  which  is  the  same  as  saying  that  all  conjugate 
substitutions  within  the  group  have  the  same  characteristic  con- 
gruences.    The  converse  of  this  theorem  is  not  generally  true. 

If,  however,  the  characteristic  congruence  has  three  unequal  roots, 
whether  real  or  imaginary,  then  all  substitutions  which  have  such  a 
common  characteristic  congruence  are  conjugate  substitutions.  This 
theorem  is  of  so  great  importance  for  what  follows  that  I  give j  a 
formal  proof  of  it. 

Suppose,  then,  that  Xj,  X„  X,  are  the  three  unequal  roots  of  the 

above  congruence.     Corresponding  to  X|,  the  ratios  A  :  B  :  C  are 

g^ven  by 

Ai  '•  Si  I  Gi 

::  Xj-Xi  (6'4.c")  +  br-feV  :  feXiH-t'c-fec" :  cXi+fec'-6'c. 

If,  then,    4  =  a", 

(  =  (fe'c"-6V)  x+  (cW'-c'W)  y  -f  (a^"-a"6')  z, 
the  substitution  8  may  be  written  in  the  form 

x!f +Xj„'+r  =  X,  (xjf +Xii,-hO, 

xjr+x,i7'-hr  =  X,  (xjiH.x,i,+o, 
xjf +x,i,'-hr  =  X,  (x;f  H-x,i,+o, 


*  Jordaii,|irrai^  da  SubaUtutioM,  p.  98. 
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while  every  other  substitution  with  the  same  characteristic  equation 
can  be  represented  in  this  form  when  f,  ?y,  (  are  replaced  by  three 
other  independent  linear  functions  of  a*,  y,  z  with  real  integral  co- 
efficients. In  particular,  the  above  form,  when  f ,  »/,  f  are  replaced  by 
as,  y,  z,  may  be  taken  as  the  type  of  all  substitutions  whose  charac- 
teristic congruences  have  the  three  unequal  roots  Aj,  \„  Xj. 

If,  now,  in  this  form  a?,  y,  z  be  replaced  by 

^  -^Py  +y^y 

ax  -^fi'y  -^-yz, 
a  x-\-(i  yA-y  z, 

and  a  corresponding  change   be  made   in  the  accented  symbols,  the 

resulting  substitution  is   that  repi'esented  by  TST~\  whei'e  T  is  the 

substitution 

X  =ux  -f/3y  +yz, 

y  =  ax-\-py  -\ry  z, 
j5  =  a  x-^-p  y  +  y  z. 

This  will  not  generally  be  a  substitution  of  detenninant  unity,  so 
that  TST'^  is  not  necessanly  conjugate  to  8  within  the  group  con- 
sidered. It  remains  to  be  shown  that  T  can  be  expressed  in  the 
form  T,  r„  where  T,  is  a  substitution  of  determinant  unity,  where  T, 
is  permutable  with  8.  Wnting  the  substitution  8^  for  a  moment,  in 
the  abbreviated  form 

Jl   =  Aj  JCf      Y  ^E  Aj  x,     j6  ^=  Aj jiy 
it  is  evidently  pennutable  with  every  substitution  of  the  form 

X'  =  ic^x,   r  =  K, r,   z'  =  V, z, 

and  this  latter  will  certainly  be  a  substitution  with  real  coefficients  if 

'fl=/(^i)»      »^i=f(K)y      «'l=/(^3)i 

where  /  (A)  is  any  rational  function  of  A  with  real  coefficients.  The 
determinant  of  this  substitution  is  /  (Aj)  /  (X,)  /  (A,),  which  may  be 
g^ven  any  value  from  1  tojp  — 1,  by  suitably  choosing  /(A).  Hence, 
whatever  the  determinant  n  of  T  may  be,  a  substitution  of  deter- 
minant n  may  be  found  which  is  permutable  with  8 ;  and,  since  the 
complete  set  of  substitutions  of  determinant  n  arise  by  combining  any 
one  of  them  with  the  group  of  substitutions  of  determinant  unity,  it 
follows  that  T  can  be  expressed  in  the  required  form  T,  T^. 

It  may  be  pointed  out  that  the  theorem  thus  proved,  and  the  proof 
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itself,  hold  eqnally  well  whatever  the  number  of  variables  involved 
may  be. 

The  characteristic  congmence  may  be  (i)  irreducible,  (ii)  the 
product  of  an  irreducible  quadratic  factor  and  a  linear  factor,  or 
(iii)  the  product  of  three  linear  factors ;  and  it  is  clearly  only  in  the 
last  case  that  it  can  have  equal  roots.  A  typical  form  of  any  substi- 
tution for  which  the  three  roots  are  all  unequal  has  already  been 
found. 

Suppose,  now,  that  the  congruence  has  two  equal  roots,  so  that  the 
roots  may  be  taken  as  a,  /3,  /3 ;  these  being  real  numbers.  Exactly 
as  before,  two  independent  linear  functions  of  «,  y,  z  may  be  found 
(hei-e  necessarily  with  real  coefficients)  which  the  substitution 
multiplies  by  a  and  /3,  so  that  taking  these  to  replace  x  and  y,  the 
substitution  may  be  written 

Hence         z  +  Pf '  +  Q„'  =  fh  +  (a"  +  Pa)  f  +  (/3"  +  Qft)  r/. 

If  .  /5"  =  0, 

and  P  is  chosen  so  that       P  (^— n)  ^  n\ 
then  ->i>f +  Q,,'  =  ft(z  +  ri^Qfi)  ; 

KG  that,  writing  f  =  x;-fPf -|-  Qi;, 

the  substitution  takes  the  form 

f '  =  »i, 

n  =  /3ij, 

C  =  P(. 

If,  however,  ft"  ^  0,  it  is  impossible  to  reduce  the  substitution 
to  this  form.     In  this  case,  if 

P05-a)=a", 

and  (=2  + Pi, 

the  substitution  may  be  written 
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and  if,  further,  tf  be  written  for  — 17,  the  fonn  will  be 

Every  snbstitntion  whose  characteristic  congruence  has  two  equal 
roots  must  come  under  one  of  these  two  types,  but  it  is  immediately 
evident  that  a  substitution  of  the  one  type  cannot  be  conjugate  to 
one  of  the  other  type.  On  the  other  hand,  a  repetition  of  the  pre- 
vious reasoning  will  show  that  all  substitutions  of  the  first  of  these 
two  types  with  a  common  characteristic  conginience  are  conjugate. 

If  the  characteristic  conginience  has  three  equal  roots,  each  must 
be  unity.  In  this  case  one  linear  function  of  x,  y,  z  with  real 
coefficients  can  be  found  which  is  unaltered  by  the  substitution,  and, 
if  this  be  denoted  by  {,  the  substitution  can  be  expressed  in  the  form 

z'  =  a  f -h/i  y-hy  z, 


where 


13' -X         y' 


=  (1-X)'. 


Now,  Py'+  Qz'  =  (P|8'+  0/3")  y  +  (Py'+  Qy")  s+  {ra'-\.  Qa")  i, 

and  the  congruences  P^Pff+Qp,", 

Q  =  Py'+Q,y" 

are,'  from  the  above  equation  of  condition,  equivalent  to  each  other. 
Hence,  if  P  and  Q  are  determined  from 

P(/J'-l)  +  Q/3"  =  0, 

Pa  +Qa"  =  l, 

then  Py'+  Qs  =  Py  +  Qz+£; 

and,  -when  n  is  written  for  Py  +  Qz,  the  substitution  takes  the  form 

i'   =  i, 


Here  again 


z'  =  a'i  +  6"i|  +  z. 
F   2 
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and  if  La"+N  s  0, 

U"        s  1, 

hence,  writing  {  =  Xjb + M( + JVif, 

the  substitution  becomes  ^  =  ^9 

It  has  been  assumed  that  h"  is  different  from  zero ;    if,  however,  h" 
were  zero,  the  corresponding  tjpical  form  would  be 

SO  that  again,  when  the  characteristic  equation  has  three  equal  roots, 
there  are  two  distinct  types. 


4.  On  the  Orders  of  the  Snhstitutions  of  (r,  and  on  their  Distribution  in 

Cyclical  Suh- Groups. 

When  the  charactenstic  congruence 

X'-aX--f/3X-l  =0 

of  a  substitution  is  in^educible,  the  roots  are,  according  to  Galois' 
theory,  of  the  fonn  A,  X**,  X''',  where 

Now,  if  the  real  form  of  the  substitution  is 

.t'  ^  ax  +by  -\-rz^ 
y  ^  ax  +oy  -\-cz^ 
z  ^  a  x-^b  y  +  c  z, 

then  n  ^  a'\'b'-\-c\ 

fy  ^  h  c  —be  -{-en  — c  a  +  ao  — (70, 

and  a  and  /3  can  evidently,  by  suitably  choosing  the  substitution, 
take  all  possible  values.  Hence  all  cubic  congruences  in  which  the 
coefficient  of  the  leading  tenn  is  unity,  while  the  constant  term  is 
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negative  nnitj,  must  occnr  among  the  characteristic  congmences. 
Among  those  that  are  irreducible  must  therefore  occnr  congmences 
satisfied  by  a  primitive  root  of 

If  Z'  =  XX,     r  =  XT,     Z'  =  X.^Z 

is  a  substitution  in  its  typical  form  corresponding  to  such  a  con- 
gruence, its  order  m  is  the  least  integer  which  satisfies 

V 

and,  since  in  the  case  considered  p  —  1  has  no  factor  in  common  with 
p*+p  -H 1,  this  least  value  of  m  is  jj*  +p  -H 1. 

Moreover,  the  roots  of  any  other  irreducible  characteristic  con- 
gruence can  be  clearly  expressed  in  the  form  X*",  X''',  X*^,  i  so  that  ^he 
corresponding  substitutions  are  r^  powers  of  substitutions  of  orders 
j3^+p+l.  The  orders  of  all  substitutions,  therefore,  whose  charac- 
teristic congruences  are  irreducible  are  either  j^'+p+l  or  a  factor  of 
this  number. 

When  the  characteristic  congruence  is  resolvable  into  a  linear 
factor  and  an  irreducible  quadratic  factor,  so  that 

\»-aX«+/3X-l  =  (x-.n)(X«-a'X  +  /5'), 

where  n,  a',  /3'  are  real,  the  quadratic  congruence 

X«-a'X+/3'  =  0 

may  be  any  whatever,  since  a  and  /3  can  take  all  possible  values,  and 

among  such  congmences  must  occur  those  satisfied  by  a  primitive 

root  ^  of 

^•-1-1  =  0. 

The  typical  form  of  the  corresponding  substitution  is 

and  its  order,  which  is  the  least  integer  m  satisfying 

f*    —  f*      —  r  > 

isj?'— 1.  The  roots  of  every  other  irreducible  quadratic  congruence 
can  be  expressed  in  the  form  /u*",  /i'',  where  r  is  not  a  multiple  of 
jj  -h  1 ;  and  therefore  the  order  of  every  substitution  whose  charac- 
teristic congruence  has  an  irreducible  quadratic  factor  is  either  2>'—l 
or  some  factor  of  this  number  which  is  not  at  the  same  time  a  factor 
of  J3— 1. 
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It  has  been  seen  that  all  other  Babstitntions  can  be  reduced,  with- 
out the  use  of  imaginaiies,  to  one  of  the  fiye  following  typical 
f oi*ms : — 

(i)  X  =  ojr,     y'  =  fly,  z  =  yz,  a/3y  5  1 

(ii)aj'  =  ar,     y' = /3y,  z  ^^z,  a/?  =  1 

(iii)  x'  =  ar,     y  =  jSy,  z'  =  /3  («+y),   a/P  =  1 

(iv)  x=v,       y=y+s,       z'  =  z; 

(v)  X  =  ar,       y  =  y+«,       r'  =  «+y. 

The  ordei*s  of  these  types  can  be  determined  by  inspection.  For  (i) 
or  (ii)  the  order  is  j?— 1,  or  a  factor  of  jj— 1 ;  for  (iii)  it  is  J9  (|?—  1), 
or  a  factor  of  this  number  which  itself  contains  p  as  a  ^ustor ;  for 
(iv)  and  (v)  the  oi-der  is  p. 

The  result  of  this  discussion  is  to  show  that  the  main  group  con- 
tains cyclical  sub-gixjups  whose  oi'ders  are  jp*-hjp-f-l,  j?'— 1,  J^^p^ 
|>—l,p,  or  factors  of  these  numbers,  and  that  every  substitution  of 
the  group,  except  identity,  is  contained  in  some  such  sub-group. 

I  go  on  next  to  discuss  the  number  of  cyclical  sub-groups  of  each 
type,  and  their  distribution  into  conjugate  sets. 

Order  2>'+p  +  l.  The  type  of  substitution  iS^  which  will  generate 
a  cyclical  sub-group  of  order /?' -hp -h  1  is 

X'  =  \X,     r  =  XT,     Z'  =  X''Z, 

whei-e  X  =  X*aj  -|-Xy   -f-z, 

r=X^aj+X'y-h2r, 

Z  =  \^x-\-\'^y^z. 

If  a  substitution  T  is  permutable  with  S,  it  must  keep  the  same  three 
(imaginary)  elements  unchanged,  and  must  therefore  be  of  the  form 


If,  now. 


X'  =  K,  X,   r  =  If, r,   z'  =  K,z. 

K-,=/(\),   .-,  =  /(x'),   ic,=/(xo, 


this  is  a  I'eal  substitution,  since  when  expressed  in  terms  of  z,  y^  z 
the  coeflficients  are  symmetric  functions  of  X,  X',  X'*,  and  therefore 
real.  But,  if  the  c's  are  not  of  the  above  form,  the  coefficients  are 
unsymmetric  functions  of  X,  X'*,  X'''  are  therefore  necessarily  imaginary. 
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Now,  any  rational  function  of  X*with  real  coefiicients  is  some  power 
of  X|,  a  primitive  root  of 

xr-i  =  o 

and  if  \\  =/(X), 

Xr  =  [/(X)]'=/(X'), 

and  X7's/(X0. 

The  determinant  of 

x'=/(x)x.   r=/(x')r,  z'^jiy^z 

is  then  only  unity  when 

x;^''"'"^^-i  =  o, 

or  when  r  is  a  multiple  of  p— 1. 

But  in  this  case  /  (X)  =  Xl^"'^  =  X-, 

and  therefore  the  only  substitutions  with  which  S  is  permutable  are 
its  own  powers. 

The  substitution  S.  therefore,  forms  one  of  a  set  of  -r r  con- 

p'4-jp4-l 

jugate  substitutions,  the  symbol  'N  denoting  the  order  of  the  main 
group.  Now,  the  only  powers  of  S  which  have  the  same  multipliers 
(t.e.,  the  same  characteiistic  congruence)  as  S  are  clearly  S'  and  8^^ 
and  to  each  set  of  three  substitutions  such  as  S^^  S'',  S'^  contained 
in  the  cyclical  sub-group  generated  by  8^  which  belong  to  the  same 

characteristic  congruence,  there  corresponds  such  a  set  of  -z =■ 

p  +l>-hl 

N 
conjugate  substitutions.   There  are,  therefore,  in  all  \  (p*  -f-J?)  -= 

substitutions  whose  orders  ai*e  p'+p  +  l  or  one  of  its  factors,  and 

N 
these    form    \  — conjugate    cyclical    sub-groups    of  order 

P  +JP+1 
p^-^p  +  l,  each  of  which  must  therefore  be  contained  self-conjugately 
in  a  sub-group  of  order  3  (p'-f-jj-f-l). 

Order  p*—l.     The  type  of  substitution  8  which  will  generate  a 
cyclical  sub-gix>up  of  oi^erp'—  1  is 
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wliere  /i  is  a  primitive  root  of 

^i^-i-l  =0. 

By  reasoning  almost  identical  with  that  used  in  the  previouB  case, 
it  maj  be  shown  that  this  substitution  is  permutable  only  with  its 

N 
own  powers,  so  that  S  is  one  of  a  set  of  -5 — -  conjugate  substitu- 
tions. ^  " 

The  only  power  of  8  which  has  the  same  multipliers  as  fif  is  S', 

N 
and  therefore  this  set  of  conjugate  substitutions  consists  of  j^-= — =-9 

no  one  of  which  is  a  power  of  any  other,  and  their  p^  powers.     These 

1  -j — --  substitutions  generate  as  many  conjugate  cyclical  sub-groups 

of  order  p'—l,  each  of  which  is  therefore  contained  self-conjugately 
in  a  sub-group  of  order  2  (p*— 1). 

That  the  substitutions  contained  in  these  cyclical  sub-groups, 
whose  orders  are  not  p— 1  or  a  factor  of  p— 1,  are  all  different,  may 
be  verified  by  noticing  that  they  form  |  (p*— p)  different  sets,  each 
set  having  the    same    multipliers;     while  each  set    with    common 

N_ 

The  total  number  of  substitutions  contained  in  the  main  group,  then, 
whose  orders  are  equal  to  or  factors  of  p'—  1,  without  being  equal  to 

or  factors  of  p— 1,  is  i  — ^. 
^  "p-hl 

Order  p*— p.  The  type  of  substitution  which  generates  a  cyclical 
sub-group  of  oixierp' — p  is 

X  =a(X'\-y),     y'  =  ay,     z  =  q-'z, 

where  a  is  a  pnmitive  root,  mod.  p. 

Considered  as  an  operation  of  the  permutation  group,  this  is  an 
operation  belonging  to  the  sub-group  which  keeps  the  two  symbols 
{y}  and  \z\  fixed.     The  general  type  of  such  sub-group  is 

X  =  aaj-f  a'y-f  a"z,     y  ^  /3y,     z   =  yz,     a/3y  =  1, 

and,  since   the   permutation  group   is  doubly  transitive,  there   are 

2  (jp'+i'  +  l)(jp'+p)  such  sub-groups  all  conjugate  to  each  other.  I 
shall  then  first  consider  the  number  of  cyclical  sub-groups  of  order 
p*— p  contained  in  the  sub-group  that  keeps  [y]  and  \z\  fixed,  and 


jV 

multipliers  are  shown  above  to  contain  -^ — -  conjugate  •substitutions. 
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their  relation  to  each  other.     It  will  then  be  easy  to  extend  the  re- 
sults to  the  totality  of  such  cyclical  sub-groups. 

The  necessary  and  sufficient  conditions  that  the  typical  substitution 
of  the  sub-group,  above  written,  should  be  of  order  jp  (p—l)  are  that 
(i)  a  should  be  a  primitive  root,  mod.  p  ;  (ii)  either  )3  ^  a  and  a'  ^  0, 
or  y  =  a  and  a"  ^  0.  Taking  first  /3  =  a  and  a'  ^  0,  the  n*^  power 
of  the  substitution 

ifl  a:'  =  a"aj-hwaV-^y-h«aV-^;5,     y^oTy,     z^a'^z. 

Hence  neither  of  the  substitutions 

x'  ^ax-^y'\-Az,     y' =  at/,     z' =  a'^z, 

x'  ^  cuJc-^-y-^rBzy     y  ^  ay^     z'^a'^z, 

can  be  a  power  of  the  other,  when  A  and  B  are  different ;  and  there- 
fore the  p  substitutions  obtained  from  either  of  these  by  writing  for 
A  or  B  all  values  from  0  to  p— 1  generate  p  different  cyclical  sub- 
groups of  order  p^^p-  Moi^eover,  every  substitution  of  the  sub- 
group that  keeps  [y]  and  ^z]  fixed,  whose  order  is  a  factor  of  p^—p 
without  at  the  same  time  beings?  or  a  factor  of  j>— 1,  and  for  which 
'  a  ^  /3,  is  contained  in  one  of  these  cyclical  sub-groups.     For  let 

X  =aa;+ay+a  z,     y  =  a't/,     z  ^p  "z 

be  such  a  substitution. 

The   [5+a:(p— l)]^^  powerof 

X  ^  ax-^y-^Azy     y  =  ay,     z*  ^  oT^z 

is  x  =  a'x+  [s  +  K  (p-1)]  a-»y-h[«+v(l>-l)]  Aa^'^z, 

y  =  a'y,     «  =  a  ^'z, 

and  «:,  A  can  be  chosen  in  one  way  so  that  this  is  the  same  as  the 
given  substitution. 

There  are,  therefore,  within  the  sub-group  which  keeps  (y}  and 
[z]  fixed,  p  cyclical  sub-groups  of  order  p^^p  for  which  a  =  j3,  and 
there  are  therefore  p  more  for  which  a  ^  y.  Moreover,  these  cyclical 
sub-groups  are  all  conjugate  with  the  larger  sub-group  considered. 
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For  it  may  be  verified  by  actual  oalcalation  that  the  substitution 


V-"  «-'-«*' *'^/ 

tranRforms 

(ax-^y+Az,  ay,  a**  5) 

into 

(ax+y-^-Bz,  ay,  a'*z)  \ 

while 

(«,  — z,  y) 

transforms 

• 

(cuj+y,  ay,  fiz) 

into 

(ax-\-z,  Py,  az). 

The  sub-gLX)up  which  keeps  {y}  and  {5}  fixed  contains,  then,  2p  con- 
jugate cyclical  sub-groups  of  order  p^^p,  and  the  substitutions  ^of 
these  cyclical  groups  whose  orders  are  not  p  or  factors  of  p— 1  are  all 
difEerent. 

The  2  (i'*+i'  +  l)(jp'+/^)  conjugate  sub-groups  each  of  which 
keeps  two  symbols  fixed  contain  in  all  (l^+i>+l)(l^+l>)p  conjugate 
cyclical    sub-groups    of    order   p^—p.     This    number    is    equal  to 

N 
— r^ ,  and  therefore  each  such  cyclical  sub-group  is  contained 

self-conjugately  in  a  group  of  order  l?(j?— 1)'.  The  type  of  this 
group  is  given  by 

X  =  aaj +a  y,     y  =  )8y,     z  =  yz,     a/3y  =  1. 

Each  of  the  cyclical  sub-groups  contains  (p— l)(p— 2)  substitutions, 
whose  orders  are  neither  p  nor  jp— 1  or  one  of  its  factors,  and  the 

main  group  therefore  contains      }^~"  /  substitutions  whose  orders 

are  factors  of  j?'— p,  which  are  different  from  p  and  from  j3— 1  and 
its  factors. 

Order  p.  There  are  two  types  of  sub-group  of  order  p,  and  of  these 
I  first  consider  those  of  the  form 

(a;+5f,  y,  z). 


*  Where  tliiere  ie  no  tisk  of  oomfciBion,  Uie  subetitation 
will  in  future  be  written  in  the  abbreviated  form 
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The  sub-group  which  keeps  {y}  and  {z}  fixed  contains  |7*— 1  sub- 
stitutions of  this  type,  which  are  given  generally  by 

{x^-ay-k-pz,  y,  z), 

where  a  and  /3  take  all  possible  values.     Now,  the  substitution 

(cue,  hy,  cz) 

will  ti*ansform  (x-k-ay  -{-fiz,    y,  z) 

into  («  +  ay+/3y,  y,  z), 

if  aa  =  ha\     a/3  =  c/S'. 

Since  abc  =  1, 


these  congruences  give  a  =  —=- , 

ap 

which,  when  a,  /3,  a',  /3'  are  finite,  always  has  a  real  solution,  in  the 

case  2>  =  —  1  (mod.  3),  which  is  under  consideration.     On  the  other 

hand,  ,  ^ 

(«,  ss,  — y) 

transforms  (*~y>  y>  ^) 

into  (x+z,  y,  5?), 

and  therefore  the  whole  set  of  p'— 1  substitutions  are  conjugate  within 
the  main  group.  Thep'  substitutions  give  jj  +  l  cyclical  sub-groups 
contained  in  the  sub-group  which  keeps  {y]  and  [<]  fixed.  Every  sub- 
group keeping  two  symbols  fixed  similarly  contains  ^+1  such  cyclical 
sub-groups ;  but  these  are  not  all  distinct,  for  the  cyclical  sub-groups 
occurring  in  the  groups  keeping  any  two  of  the  p  +  l  symbols  [y}, 
{^}»  {y+w*}*  »  =  1,  2,  ...  jp— 1,  are  evidently  all  the  same.     Hence 

the  main  group   contains    g  'P  7"?      Z;^ — 2Z(«-|-1)  such  cyclical 

sub-groups,  which  are  all  conjugate  to  each  other,  as  also  are  all 

N 
their  substitutions.     This  number,  expressed  as  before,  is  -7-; r-rr , 

p*(p-iy 
so  that  each  such  sub-group  is  contained  self-conjugately  in  a  sub- 
group of  order  p^  (p  —  1)'.     Thus  the  cyclical  sub-group  generated  by 

(aj,  y+a;,  z) 

is  self -con  jugate  within  the  group  given  by 

(ax-^hy-^-cz,  Vy-\-cz^  cz)^     a6V  =  1. 
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The  total  number  of  snbstitutionfl  of  order  p  and  of  this  first  type 
contained  in  the  main  gronp  is    -^-p -^ . 

The  second  type  of  substitution  of  order  p  is 

The  n^  power  of  this  substitution  is 

(a;-fwt/-hin(n— 1)«,  y+tw,  z), 

and  the  conditions  that  the  substitution  should  be  transformed  into 
its  n^  power  by 

{ax  +  hy-^-cz,  a'x+h'y+c%  a^x-^-yy+cTz) 
are  easily  found  to  be 

a^a^^V^O,    an  =  h\     hn^c%    c' =  6»+lan  (n-1). 
These  give 

a  =  — ,     &'=1,     c'=zn,     c'  =  fcn-hi(n-l). 
n 

Hence  the  sub-group  given  by  all  substitutions  of  the  form 
^  —  x  +  hy-¥cz,    y-h[fe»+i(n— 1)]^?,    nzj 

is  the  sub-group  of  greatest  order  which  contains  the  cyclical  sub- 
group generated  by 

(«+t/,   y+z,  z) 

self-conjugately.     Since  &,  c  may  take  all  possible  values,  and  n  all 

values  except  zero,  the  order  of  this  sub-group  is  (p— 1)  jj*.     Hence 

N 
the  cyclical  sub-group  is  one  of  a  conjugate  set  of r^-^  contained 

in  the  main  group.  ^       ^-^ 

By  transforming  (aj-l-y,  y-Vz^  z)  with  a  substitution  which  keeps 
^z]  fixed,  it  may  be  seen  at  once  that  all  possible  sub-groups  of  the 
type  considered  may  be  obtained  for  which  {2;}  is  unchanged;  and 
hence  the  conjugate  set  of  sub-groups  just  obtained  contains  all  sub- 
groups of  the  order  p  and  of  the  second  type. 

The  substitutions  of  these  groups  are  necessarily  all  different,  and 
all  conjugate  with  each  other ;  and  the  number  of  such  substitutions 

N 
contained  in  the  main  group  is  —  . 
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Order  p—l.  The  cyclical  sub-groups  of  order  p  — 1,  unlike  the 
sub-groups  of  other  orders,  do  not  form  a  single  conjugate  set.  If  a 
is  any  primitive  root,  mod.  p,  a',  a*,  a"^''"*"'^  will  be  the  multipliers  of  a 
substitution  of  order  jp  —1,  if  and  only  if  the  greatest  common  factor 
of  r  and  a  is  prime  relatively  to  jp— 1.  The  cyclical  sub-group 
generated  by  (a%  a'yy  a~^^*'''z)  will  contain  ^  (i?— 1)  substitutions  of 
order  p  —  1,  where  0  (n)  is  the  symbol  used  in  the  theory  of  numbers 
for  the  number  of  integers  less  than  and  prime  to  n.  Two  of  these 
substitutions  will  have  the  same  multipliers  if  the  set  of  quantities 
^mr^  ^m»^  ^ -«('•+«)  ^g  identical  with  the  set  a',  a',  a"*"*'^  for  some  value 
of  m  different  from  unity ;  and  it  may  be  at  once  verified  that  the 
only  values  of  r,  «,  and  m  for  which  this  can  be  the  case  are  given  by 

r-f«  =  0,     m=jp— 2     (mod.  j3— 1). 

Hence  in  a  cyclical  substitution  arising  from  a  substitution  with  the 
multipliers,  a,  a~\  1,  the  sets  of  multipliers  of  the  substitutions  of 
order  jp—1  are  the  same  in  pairs,  and  the  sub-group  contains  only 
20  (P""!)  such  sets  of  multipliers;  whereas  in  every  cyclical  sub- 
group of  order  jp  —  1  which  arises  from  a  substitution  with  multipliers 
no  one  of  which  is  unity  the  sets  of  multipliers  of  the  ^  (jp— 1)  sub- 
stitutions of  order  j>—l  are  all  different. 

Now,  the  number  of  ways  in  which  two  distinct  symbols  r,  «,  less 
than  p — 1,  may  be  chosen  so  that  their  highest  common  factor  is 
prime  relatively  top— 1,  excluding  simultaneous  zero  values,  is 

where  >//  (p-1)  =  (p-1)  (l-h  —)(l+  —)  ..., 

9i»  5j»  •••  being  the  different  prime  factors  of  p—1. 

If  r,  8,  —  (r-h«),  the  indices  of  a  set  of  multipliers  of  a  substitution 
of  order  jp—1,  are  all  different,  then 

r,  5  ;     r,  — (r+5)  ;     «,  — (r-h«)  ; 

s,r;     —(!•  +  «),  r;     —  (r-h«)»« 

will  appear  in  the  above  solution  as  six  distinct  ways  of  choosing 
r  and  s,  which,  however,  all  lead  to  the  same  set  of  multipliers. 

If,  on  the  other  hand,  r,  r,  —27-  are  the  multipliers  of  a  substitution 
of  order  2>—l,  then 

r,r;     r,  — 2r ;     — 2r,  r 

*  Cf.  Jordan,  TraiU  dcs  Substitutions ^  p.  96. 
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will  appear  as  three  distinct  ways  of  choosing  r  and  «,  which  again 
all  lead  to  the  same  set  of  mnltipliers. 

In  this  latter  case,  r  must  he  prime  to  p— 1,  and  may  therefore 
have  ^  (p  —  1)  values.  There  are,  then,  3^  (p— 1)  snch  solutions  of 
the  prohlem  of  choosing  r  and  «,  leading  to  ^  (p—  1)  sets  of  mnltipliers. 
Subtracting  these  3^  (p—1)  solutions  from  the  total  number,  there 
remain 

solutions,  leading  to    J^  (p — 1)  [^  (i?  —  1)  —3  ] 

further  sets   of  multipliers ;    and  the  number   of  distinct   sets  of 
multipliers  is  therefore  in  all 

J^(p-l)[^(p-l)+3]. 

Of  these  sets  of  multipliers  i^Cp  — 1)  occur  in  a  cyclical  sub- 
group arising  from  a  substitution  whose  multipliers  are  a,  a*\  1 ; 
while  it  has  been  seen  that  the  sets  of  multipliers  of  the  substitutions 
of  order  p—1  in  any  other  cyclical  sub-group  of  this  order  are  all 
distinct.  Hence  there  are  i^P  (p—l)  further  types  of  cyclical  sub- 
group of  order  jp — 1,  each  type  containing  an  entirely  distinct  collec- 
tion of  sets  of  multipliers  of  the  substitutions  of  order  jp— 1  from  all 
the  others.  The  total  number  of  types  of  cyclical  sub-group  of  order 
2>— 1  is  therefore  \^  (p— 1)  + 1- 

The  cyclical  sub-group  ai*ising  fi'om  the  substitution 

(ax,  a-^y,  z) 

is  transformed  into  itself  by  an  opei'ation  wliich  transfoi*ms  the 
substitution  itself  into  its  (/>— 2)'**  power,  tliat  is,  into 

(a-^ar,  ay,  z). 

The  general  form  of  an  operation  which  will  effect  this  transforma- 
tion is 

(ay,  hx,  cz)     abc  ^  —  1, 

and  the  group  that  arises  by  combining  together  these  substitutions 
in  all  possible  ways,  containing  all  substitutions  of  the  above  forms 
together  with  those  of  the  form 

(ax,  h'y,  cz)      ah'c  =  1, 
is  of  order  2  (p— !)•.     Hence  this  type  of  cyclical  sub-gixjup  of  order 
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p— 1  is  self-conjugate  in  a  group  of  order  2(jp— 1)*,  and  therefore 

N 
forms  one  of  a  set  of  — r^  conjugate  sub-groups.    The  remaining 

types  contain  no  substitutions  which  can  be  transformed  into  powers 
of  themselves,  and  hence,  to  find  the  sub-groups  within  which  they 
are  self -conjugate,  it  is  only  necessary  to  find  the  substitutions  per- 
mutable  with  them.  When  the  multipliers  of  the  generating 
substitution  (a'aj,  a'y,  a'^'^*'^^?),  so  that  r±«^0,  it  is  seen  at  once 
that  the  only  substitutions  with  which  the  cyclical  sub-group  is 
permutable  are  those  of  the  form 

{axy  by,  cz)     a6c  =  l, 

forming  a  group  of  order  (p— 1)'.  Each  of  the  -y^  (j?— 1)— 1  types, 
coming  under  this  head,  is  therefore  self -con jugate  in  a  group  of 

N 
order  (p— 1)*,  and  each  forms  one  of  a  set  of —^  conjugate  sub- 
groups.                                                                     ^^       ^ 

The  remaining  type  of  cyclical  sub-group  arises  from  a  substitution 

of  the  form 

(cm;,  ay,  a^^z). 

The  conditions  that  this  substitution  should  be  permutable  with 

{ax-\-by-\-cz^     ax  +  b'y  +  c'z,     a'x+b'^y-^'c'z) 

are  c  =  Cr=:a    =0     =v/, 

and  the  order  of  the  sub-group  so  defined  is  p  (i>+l)Cp— !)*•     This 

N 
remaining  type  therefore  forms  one  of  a  set  of  — r— ^ —^  con- 
jugate sub-groups.                                                     ^^^       ^^^       ' 

It  would  not  be  easy  to  determine,  from  the  above  enumeration  of 
the  sets  of  conjugate  gi*oups  of  oixier  p— 1,  the  total  number  of 
substitutions  contained  in  the  main  group  whose  orders  are  equal  to 
or  factors  of  p—l,  but  the  number  in  question  may  be  obtained 
independently  in  the  following  manner. 

The  sub-group  of  order  (/>— 1)'  whose  type  is 

(oar,  6y,  cz)       abc  =  1 

is  self-conjugate  within  a  group  of  order  6  Cp— 1)'  obtained  by  com- 
bining the  group  itself  with  all  those  substitutions  which  permute 
{^}'    {y}'>    {^)    ^^^^    themselves.       It    forms    therefore   one   of 
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N 
^-——p-|  conjugate  sub-gronps.  Any  one  of  the  (/>  —  !)•  substitu- 
tions belonging  to  the  original  group  which  keeps  three  symbols 
only  fixed  appears  in  that  group  only ;  but  a  substitution  of  the 
form  (ax,  ay,  cz)  appears  in  each  of  the  g  (p  +  l)^  conjugate  groups 
which  keeps  [z]  and  any  pair  of  the  symbols  [«],  [y},  {«-hry}, 
ic  =  1,  2,  ...  p  — 1  fixed.  Now,  of  the  (p— !)•— 1  substitutions  in  the 
original  group,  other  than  identity,  3  (p— 2)  keep  p+2  symbols 
fixed.  Hence  the  total  number  of  substitutions  in  the  main  group 
whose  ordera  are  equal  to  or  factors  of  p  —  1  is 

^       \(v    D'    1    3(p    2)1   3(P-2)1 


or 


^.(P^2)ro^_6_-l 


^:4  [-^- 


6(p-l)'L^  P(1»+1)J' 


As  a  partial  verification  of  the  accuracy  of  the  enumeration  that  has 
now  been  completed  of  tlie  number  of  substitutions  of  each  different 
order  that  are  contained  in  the  main  group,  it  may  be  observed  that 
the  sum  of 

— -  j^- — ^-  ■ ,     the  number  of  substitutions  whose  orders  are 
\P  "tP       J  equal  to  or  factoi'S  oi  p^+p  +  1, 

+  "      ,       the  number  whose  oi'ders  ai*e  equal  to  or  factors 

^^       ^  of  /?'—  1,  without  being  factors  of  p  —  1, 

+        ^°""  ^ ,       the  number  whose  orders  ai*e  equal  to  or  factors 
^^^       '  oi  p*^p,  while  diffei-ent  from  p,  p  —  1,  or   its 

factors, 

N 
+     -Y7 iT»       *'^®  number  whose  orders  are  p,  and  which  are 

P  ^P       ^  of  the  type  (x+z,  y,  r). 


N 


the  number  whose  orders  are  p,  and  which  are 


^  of  the  type  (x-\-y,  y+z,  z), 


+  2r7^ — r4    P— 3H ; ,  the  number  whose  orders  are  equal 

eiF^^L  p(p^l)}        to  or  factors  of  p-l, 


+  1,     the  identical  substitution, 
is    N,     as  it  should  be. 
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5.  On  the  Suh-Groups  of  G  which  contain  Substitutions  of  Order  p: 

Before  going  on  to  a  general  discussion  of  the  various  types  of 
sub-group  contained  in  the  group  of  substitutions  considered,  it  will 
be  convenient  to  begin  by  obtaining  certain  results  relative  to  sub- 
groups whose  order  is  divisible  by  p,  as  these  will  materially  shorten 
certain  portions  of  the  subsequent  discussion. 

Suppose  first  that  a  sub-group  g  of  order  m  contains  a  substitu- 
tion of  the  tvpe  /    ,  ,         \ 

If  g  contains  the  cyclical  sub-group  arising  from  this  substitution 
self-conjugately,  m  must  be  equal  to  or  a  factor  of  (p— 1)2)'.  If  this 
is  not  the  case,  and  if  at  the  same  time  m  is  not  divisible  by  p*,  g 

must  contain  either  —  or p-—  conjugate  sub-groups  of  order  p. 

In  the  latter  case,  each   will   be  self -conjugate  within  a  sub-group 
formed  by  all  substitutions  of  the  type  (p.  76) 

l—x+by,  y-h[&n-l-|(n-l)]2;,    nzi, 

and  no  two  sub-groups  of  this   type   have  a  common  substitution 

except  identity.     Hence,  in  this  case,  g  will  contain  only —— 

{p-l)p 

substitutions  other  than  those  contained  in  the =-r—  sub-groups 

(j)-l)p 

of  order  (p  —  l)  p;  while  in  the  former  case  g  contains  only  —  sub- 

P 
stitutions  whose  orders   are  dilEerent  from  p.      It  follows  that  in 

either  case  g  can  contain  no  substitutions  whose  orders  are  factors  of 

p^  •\'P  +  1  or  p  -h  1 ;  and  therefore  that  m  is  a  factor  of  (p — l)'l>.     But 

from  this  it  is  easily  seen  that  g  must  contain  the  sub-group  of  order 

p  self-conjugately.     Hence,  when  the  sub-group  of  order  p  is  not 

contained  self-conjugately  in  g,  m  must  be  divisible  by  p\ 

Suppose  next  that  the  sub-group  contains  a  substitution  of  the  type 

(i»4-y,  y,  z). 

If  the  cyclical  sub-group  arising  fix)m  this  substitution  is  contained 
self-conjugately  in  g,  then  m  must  be  equal  to  or  a  factor  of  p*  (jo— 1)*. 
If  this  is  not  the  case,  g  contains  substitutions  conjugate  to  the  given 
one.  Any  such  substitution  has  among  the  p  + 1  symbols  unchanged 
by  it  at  least  one  in  common  with  those  unchanged  by  the  given  sub- 
stitution ;  for,  if 

^ax  +  by-^-cz]     and     [ax-^-b'y-^cz^ 
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are  t^u  of  the  nncliaxiged  symbolB,  then 

[ (ah  —  ab')  y  +  (o'c— ac') «} 

is  unohanged  by  both  cyclical  sub-groups. 

If  now  the  notation  be  changed  so  that  {s\  is  a  common  unohanged 
symbol  for  the  two  groups,  while  the  first  is  generated  by 

which  involves  no  loss  of  generality,  three  different  cases  may  occur. 

Firstly,  allp  +  1  unchanged  symbols  may  be  the  same  for  the  two 
groups,  so  that  the  second  is  generated  by 

{x-^A'y\-Bz,  y,  z). 

The  two  then  generate  a  group  of  order  |7*,  given  by  all  substitutions 

which  are  of  the  type 

(a;+ay-h/J«,  y,  z)  ; 

and  this,  moreover,  interchanges  j3*  symbols  transitively. 

When  this  is  not  the  case,  the  second  cyclical  sub-group  must  be 
generated  by  a  substitution  of  the  form 


z'  =  z. 


aj'-h/3y  =a5+/3y  +  2:, 
or  by  one  of  the  form  z'  =  2, 

aj'  +  ay' =  aj-hay, 

aj' + /3y' =  a? -f /3y -h  «  4- ay. 

In  the  first  of  these  alternative  cases,  the  second  substitution  may 
be  written  in  the  form 

(«4-y«,  y+^-8,  z), 

where  0^— a)  y  =  —  a,     (/3— o)  ^  =  1. 

The  two  substitutions  then  generate  a  sub-group  of  order  jp*  or  jj', 
according  as  ^  is  or  is  not  zero. 

In  the  second  alternative  case,  the  second  substitution  is 

(ax-^hy,     cx+dyy     z), 

where       a  =  %^,     h  =  ^,    c  ^  JL. ,    d=    ^ 


fi^a'  ,3^a'  /5-a'  /3-a' 

so  that  a+(2  =  2. 
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The  two  substitutions    (x-^Ay-^-Bz^  y,  z) 

and  (flUB  +  fcy,   caj+ciy,   z),        a-f-d  =  2,     ad—hc^l, 

then  generate  either  the  general  linear  group  in  two  homogeneous 
variables  of  determinant  unity,  or  a  group  within  which  it  is  contained. 

Hence,  again,  in  this  case,  with  a  single  exception,  the  order  m  of 
the  sub-group  must  be  divisible  by  p^ ;  while,  in  the  exceptional  case, 
the  sub-group  g  must  itself  contain,  as  a  sub-group,  a  group  of  order 
jp(j?'— 1),  isomorphous  with  the  general  linear  group  in  two  homo- 
geneous variables.  This  latter  sub-g^up,  keeping  one  symbol  fixed, 
interchanges  the  remainder  in  two  transitive  sets  of  j?^— 1  and^+1. 

Returning  now  to  the  first  case,  and  putting  on  one  side  those 
groups  which  contain  a  sub-group  of  order  p  self-conjugately,  it  has 
been  seen  that  the  order  m  of  a  group  ^,  containing  a  substitution 
of  the  type 

that  is,  a  substitution  of  order  p  that  keeps  only  one  symbol  fixed, 
must  be  divisible  by  p*.  The  sub-group  of  order  p*  contained  in  g  is 
of  the  type  that  contains 

(aJ-h y,  y+«,  z) 

self-conjugately ;  and  this  is  given  by  all  substitutions  of  the  form 

(x  +  ay-^fiz,   y-haz,    z). 

The  group  therefore  contains  substitutions  of  the  type 

(ic+z,    y,   z), 

and,  unless  the  cyclical  sub-group  arising  from  this  is  contained  self- 
conjugately  (which  cannot  be  the  case  when  a  factor  of  jp'-hjp  +  l  or 
an  odd  factor  of  jp-fl  divides  m),  the  preceding  investigation  again 
applies  here. 

It  follows,  therefore,  that  if  a  sub-group  contains,  not  self-conju- 
gately, a  sub-group  of  order  p  which  keeps  only  one  symbol  fixed,  its 
order  must  be  divisible  either  by  p^  or  by  i>'(2>'— 1)  ;  for  either  it 
must  contain  two  distinct  types  of  sub-group  of  order  p',  or  it  must 
contain  sub-groups  of  orders  p^  and  p  (p* — 1). 

Suppose  now  that  the  sub-group  g  contains  operations  displacing 
all  the  symbols.     Then,  (i)  if  it  contain  a  sub-group  of  type 

(x-^-ay-^-Pz,    y,    z) 

which  displaces  the  symbols  in  two  ti'ansitive  sets  of  |>*  and  p  +  1,  it 
must  contain  a  sub-group  conjugate  to  this,  displacing  the  symbols 

0  2 
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in  two  other  sets.  Hence  g  mnst  be  transitivo  in  the  p"+2>+l 
symbols.  Also  the  conjugate  snb-gronp  of  order  p*  mnst  have  one 
undisplaced  symbol  in  common  with  the  given  snb-groap  of  order  jf^ 
and,  if,  again  changing  the  notation,  this  be  taken  for  z,  the  two  sub- 
groups are  of  the  forms 

(aj+ay-hiS*,   y,   ') 

and  z'  =  z, 

aj'+B/  =«+J?y  +  a  (z+Ay)+fiz. 

The  latter  contains  the  operation 

(«-«,   y+z,  z), 

and  this,  taken  with  the  former  sub-group,  generates  a  sub-group  of 
order  p^. 

Again,  (ii)  if  g  contain  a  sub-group,  order  p',  of  the  type 

(x-^azj    y+0z,    z), 

it  will  contain  a  conjugate  sub-group  with  a  different  undisplaced 
symbol.     Now,  the  given  sub-group  may  be  written  in  the  form 

«aj'  +fey'  -he/  =  oar  +%  +C0  4-a';j, 

ax'  -h  h'y'  -f-  cz'  =  ax  -f-  Vy + cz  -f-  f^'z, 

z'  =  z; 

and,  therefore,  the  conjugate  sub-group  may  be  taken  without  loss 
of  generality  in  the  form 

(x,   y  +  ax,  z-^-fix). 

The  two  conjugate  sub-groups  therefore  contain  the  two  substitutions 

(oj+z,     y,        z    ), 

(    X,       y,     z-^-x), 

which,  as  has  been  seen,  generate  a  sub-group  of  order  p  (p*— 1),  and 
also  the  two  substitutions 

(x-^z,       y,       z), 

(    a?,       y-f-a:,    z), 
which  generate  a  sub-group,  order  jj',  of  different  type  from 

(aj-f-az,     y+fiz,    z). 
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Hence  g,  containing  two  sub-groaps  of  order  p^  of  different  types, 
most  contain  sub-gronps  of  order  p*,  and  its  order  must  be  divisible 
by  ^  (p'— 1).  It  is  also  again  necessarily  transitive  in  the  /?'  -h  p+ 1 
symbols. 

Lastly,  (iii)  if  g  contain  the  snb-g^up  of  order  p  (p*— 1)  arising 
from 


and 


(   «,      x+y,     z). 


which  displaces  the  symbols  in  two  ti'ansitive  sets  of />'— 1  and/>  +  l, 
keeping  one  fixed,  it  contains  a  conjugate  sub-group,  displacing  the 
symbols  in  two  other  sets,  and  it  is  therefore  transitive  in  all  the 
symbols.  i 

The  order  of  the  group  is  therefore  at  least  (j?*4-p-hl)l>  Cp'— 1). 
Now,  no  operation  displacing  all  the  symbols  is  permutable  with  an 
operation  of  order  p,  and  hence  the  sub-group  g  would  contain  at 
least  (p*+2>4-l)(/3+l)  conjugate  sub-groups  of  order  p.  But  the 
sub-group  aiising  from 

(a;+y,     y,     «), 

(    X,     y+x,    z) 

contains  only  />  + 1  sub-groups  of  order  jp,  and  each  of  these  is  common 
to  2?  + 1  of  the  p^  -^p  + 1  such  conjugate  sub-groups.  Hence  each  sub- 
group of  g  which  keeps  one  symbol  fixed  must  contain  further  sub- 
stitutions of  order  jp,  beyond  those  contained  in  the  sub-group  of 
order  j3  (p*— 1)  of  the  above  type.  Among  the  substitutions  keeping 
{z]  fixed,  there  must  therefore  be,  besides  the  simultaneous  types 

(aj-hy,       y,       z), 

(    ar,      a;+t/,    z), 

simultaneous  types  either  of  the  form 

(«+y,     y,     Si), 
(ar+z,     y,     «), 

or  of  the  form  (aj-f-y*      y»      «)» 

(   X,      y+z,    z). 

In  either  case  the  order  of  the  sub-group  must  be  divisible  by  j^ ; 
since,  as  in  former  cases,  there  will  be  two  distinct  types  of  sub-group 
of  order  jp*. 
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The  final  resnlt  of  this  discussion,  of  sab-groups  containing  opera- 
tions of  order  p  may  be  stated  as  follows : — 

If  a  snb-gronp  contains  substitutions  displacing  all  the  symbols 
(i.e.,  substitutions  whose  orders  divide  2^ -|-j9+l),  and  if  it  also  con- 
tain substitutions  of  order  jp,  the  sub-group  must  be  transitive  in  all 
the  jp'-hp-l- 1  symbols,  and  its  order  must  be  divisible  by  |/. 

In  the  proof  of  this  i*esult  it  is  first  shown  that,  if  the  sub-group  g 
contain  a  cyclical  sub-group  of  order  j9,  not  self -conjugate,  it  must 
contain  sub-groups  of  one  of  the  three  types, 

(i)   (a;  +  ayH-^«,       y,       «), 

(ii)  {x-^-az,  y+^«,   «), 


U  «»    «+y»  ')j 


Now,  if  the  substitutions  of  g  do  not  all  keep  {z^  fixed,  there  must, 
when  the  sub-group  contained  in  ^  is  of  types  (ii)  and  (iii),  be  con- 
jugate sub-groups,  and  then  the  reasoning  already  given  shows  that 
g  must  be  ti'ansitive,  and  of  order  divisible  by  jp',  independently  of 
the  additional  supposition  that  it  contains  substitutions  displacing 
all  the  symbols. 

The  same  is  ti*ue  when  g  contains  a  sub-group  of  type  (i),  unless 
the  symbols  [y],  [z],  {y+ic^},  c  =  1,  2,  ...jp— 1,  form  a  single 
transitive  set  of  symbols  for  the  group  g. 

Hence  the  result  may  also  be  stated  in  the  following  form : — 

If  the  substitutions  of  a  sub-group  g  do  not  all  keep  some  one 
symbol  fixed,  and  if  the  order  of  g  is  divisible  by  jp,  then  g  must  be 
transitive  in  the  complete  set  of  p*  -^p  -h  1  symbols,  and  its  order  must 
be  divisible  by  j?',  unless  it  interchanges  the  symbols  in  two  transitive 
sets  of  jp'  and  _p-|- 1. 

The  most  general  group  of  this  latter  type  is  evidently  one  of 
order  JP*  (jo— 1)*  (p  +  1),  whose  substitutions  are  of  the  type 

(a«-h6y+cz,     6y+cz,     V'y^c"z), 

a(6V'-6"cO  =  l, 
which  contains  as  a  self-conjugate  sub-group 

(ajH-ay-h/Jjc,     y,     t). 

6.  On  the  Transitive  Suh-Oroups  of  O. 

I  go  on  now  to  consider  the  sub-groups  which  contain  cyclical  sub- 
groups of  order  ^  -k-p + 1.     Such  sub-groups  are  necessarily  transitive. 
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Let  g  denote  one  of  them,  and  let  (p*+^+l)  m  be  its  order.  Then, 
if  the  cyclical  sub-group  of  order  |j*-|-jp+l  is  contained  self- 
conjugately  in  g,  it  has  been  seen  that  m  must  be  3. 

If  not,  g  contains  either  (jf  +jp)  m  or  (jp*  +jp)  —  operations  dis- 

*j 

placing  all  the  sjmbols.  In  the  former  case  there  are  only  m  sub- 
stitutions left  over,  and  therefore  the  sub-group  of  order  m  keeping 
one  symbol  fixed  is  contained  self-conjugately  in  g^  and  must 
consist  of  the  identical  substitution  only,  so  that  m  is  1. 

If  m  is  not  unity,  it  must  be  divisible  by  3,  and  the  number  of 
substitutions  in  g  which  do  not  displace  all  the  symbols  is 

(p'+l?  +  l)  w-ijp  (p-f  1)  w. 

Now,  with  the  exception  of  identity,  no  substitution  is  permutable 
with  a  substitution  of  order  p^-^p-^-l,  so  that  each  of  the  remaining 
operations,  except  identity,  forms  one  of  a  conjugate  set,  whose 
number  is  a  multiple  of  jP*+2>+ 1.     It  follows  that 

^=1     (mod,  p'+p +  11 

or  m  =  3[l  +  X(i>*+jp-|-l)], 

where  X  is  an  integer. 

Now,  m  is  a  factor  of  p*  (p—iy  (p  +  1),  and  it  has  been  seen  that, 
if  m  contains  j?  as  a  factor,  it  must  contain  jp'. 

Hence  (i),  if  m  is  not  a  multiple  of  jp, 

is  a  factor  of  (p-^iy  (jp+1), 

».e.,of  3[l-|.£=^(l>«+p+l)]; 

and  therefore  of  3  f ^^ X j, 

which  is  impossible  unless  this  last  expression  is  zero. 


In  this  case,  then,  X  =  -2 


-2 


3    ' 
and  m=(p— l)»(jp+l). 

If  (ii)  m  is  a  multiple  of  jp',  it  follows  at  once  that 

X  =  i>-1, 
and  m  =  3p^. 
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Hence  the  only  possible  orders  for  groups  containing  sabstitutions 
of  order  jp'+|)+l,  not  self-conjngatelj,  are 

and  (l^+i>+l)3p^. 

It  is  immediately  obvious  that  no  sub-group  of  the  latter  order  can 
exist.  For  its  sub-groups  that  keep  one  symbol  fixed  would  be  of 
order  3p*,  and  these  would  necessarily  contain  groups  of  order  jf  as 
self-conjugate  sub-groups.  But  a  group  of  order  p*  is  self -conjugate, 
only  within  one  of  order  p*  (i?— !)*»  and  3  is  not  a  factor  of  p—  1. 

If  a  transitive  sub-group  of  order  (l>*-fl>+l)(l>— 1)*  (i>-f  1)  exists, 
its  sub-group  keeping  one  symbol  fixed  is  of  order  (i>— l)*(p+l). 

Suppose  that  this  sub-group  contains  m,,  tn,,  rn^^s  substitutions 
keeping  respectively  just  1,  3,  and  |>+2  symbols  fixed.  Now, 
each  substitution  keeping  r  symbols  fixed  belongs  to  r  different 
sub-groups  keeping  one  symbol  fixed.  Hence  the  total  number  of 
different  substitutions  belonging  to  the  ij'+p-fl  conjugate  sub-groups 
which  each  keep  one  symbol  fixed  is 


l  +  (l>'+i>+l)(m,.h^4-|^). 


P 
Neither  3  nor  p-|-2  can  be  a  factor  of  jp'+^  +  l,  and  therefore 

~  and  ^^•*''   must  be  integers.     Writing  n,  and  n^^,  for  them,  and 
o  ^  +  2 

n,  for  mj, 

0)-l)'(jp+l)  =  l+n,-|-3n,-h(i>+2)n^^„ 

=  l  +  (y+i9  +  l)(n,-|-«,-hn^^,)» 
the    two    sides   of  the    latter  equation  representing  two  ways  of 
counting  all  the  substitutions  in  the  sub-groups  which  do  not  dis- 
place all  the  symbols.     Combining  these  equations,  there  results 

2n,+  0>  +  l)  n^^,  =  ip(p-hl)(i>-2), 
whence  Q?— l)n,=  (P'k-l)\_(p'-l)(W+P)—'^]y 

Now,  it  is,  on  the  other  hand,  easy  to  show  that  the  sub-group  can 
contain  no  substitution  that  keeps  p+2  symbols  fixed. 
For  any  such  substitution 

S,     or     (ax,  ay,  pz), 
cannot  be  contained  self-coujugately,  and  a  substitution  S  conjugate 
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to  8  and  keeping  {2;]  fixed  is  necessarilj  of  the  form 

(ax  +  yz,     ay-^y'z,     fiz), 

80  that  iSS'*  would  be  of  order  ^,  contrary  to  supposition. 

Hence  n^^,  =  0 ; 

and  therefore  n^  =  ijo^  (p— 1). 

But,  if  the  greatest  cyclical  sub-group,  whose  order  is  a  factor  of 
I?*— 1,     contained     in     the     sub-group     considered,     is     of     order 

^ —  "^— — ,  where  ^^     is  the  greatest  factor  of  «— 1  dividincr  this 

number,  it  contains  f  ^ 1 J  *"    substitutions  that  keep  only  one 

symbol  fixed,  and,  together  with  its  conjugate  sub-groups,  it  must 
contain  eQ?— 1)' (p-hl  — 9,)  such  substitutions,  where  c  is  1  or  f . 
The  total  number  of  such  substitutions  contained  in  the  sub-group  is 
the  sum  of  a  number  of  such  terms  as  this,  and  is  therefore  divisible 
by  I  (p—iy.  Hence  the  above  found  value  for  n^  is  impossible,  and 
a  sub-group  of  the  type  supposed  does  not  exist.  The  only  sub- 
groups, therefore,  which  contain  substitutions  of  order  jj'-j-jj-t-l  are 
those  already  found  of  order  3  (p^+p+l). 

Before  going  on  to  the  inti'ansitive  sub-groups,  there  is  one  other 
type  of  transitive  sub-group,  the  possibility  of  which  it  is  necessary 
to  consider.  There  might  be  a  sub-group  g,  of  order  (j9'-f-p  +  l)m 
containing  no  substitutions  of  order  p*-f-j3+l.  Here,  and  in  dealing 
with  the  intransitive  sub-groups,  I  make  the  limitation,  already 
referred  to  in  the  introduction,  that  p'+p-^-l  is  the  product  of  not 
more  than  two  prime  factors,  which  will  be  represented  by  p^  and  p^. 
If,  now,  g  contains  no  substitutions  of  order  ^jp,,  it  must  contain  ep,m 
and  e'piin  conjugate  sub-groups  of  orders  p^  and  p^  respectively,  where 
e,  c'  ai'e  either  1  or  \.  If  they  are  not  both  -J,  there  would  be  a 
number  of  substitutions  in  ^,  displacing  all  the  symbols,  greater  than 
the  order  of  the  group,  and  this  is  impossible. 

Hence,  since  all  the  substitutions  of  these  [sub-groups  are  distinct, 
the  group  contains    ^  (j>,^l)p^m-\-\  (l>,-l)i>im 

substitutions  displacing  all  the  symbols,  leaving  over 
substitutions.  ^  (PiPt-^Pi  +l>s) 

Suppose,  now,  first  that  m  is  not  divisible  by  p ;  and,  if  possible,  let 
the  sub-group  contain  a  substitution  S  of  the  type 

If  iS  is  transformed  into  8'  by  any  substitution  which  keeps  [z] 
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unchanged,  8*8'^  would  be  a  substitatiou  of  order  p.  Hence  the 
8ub-gix)up  either  contains  no  substitutions  of  this  tjpe,  or  else  such  a 
substitution  must  be  permutable  with  all  the  substitutions  of  the 
sub-group  which  keep  [z]  unchanged.  Now,  it  is  substitutions  of 
the  type  >S^  which  transform  substitutions  of  order  2?*— 1  into  their 
own  jp***  powers. 

Hence,  g  must  contain  at  least  iPiPtm  substitutions  that  keep  one 
symbol  only  fixed,  or  else  that  sub-gix)up  of  g  which  keeps  [z]  un- 
changed must  contain  a  substitution  of  type  8  self-conjugately.  On 
the  former  supposition  the  number  of  substitutions  of  g  which  keep 
either  one  or  no  symbols  unchanged  would  exceed  the  order  of  g ; 
and  this  is  impossible.  Passing  to  the  latter  supposition,  the 
general  type  of  substitution  which  is  permutable  with  8  is 

(ax  +  by,   ax -f  h'y,   c'z) ,         (ah' — a'h)  c*'  =  1, 

and  that  sub-group  of  g  which  keeps  [z]  unchanged  must  be  con- 
tained within  this  group.  Now,  this  group  is  identical  with  the 
general  linear  group  in  the  homogeneous  variables,  and  therefore 
any  sub-group  of  it  which  contains  distinct  cyclical  sub-groups  whose 
orders  are  factora  of  jp-f  1  must  also  contain  substitutions  of  order  p. 
Hence  that  sub-group  of  g  which  keeps  one  symbol  unchanged  must 
contain  a  substitution  of  order  3  self-conjugately.  It  will,  therefore, 
be  a  sub-group  of  dihedral  type,  and  m  will  be  of  the  form 

Of    the    substitutions    of    this    sub-group    exclusive    of    identity, 

(■^ 1 )  *  ""    keep  one  symbol  unchanged,  and  ( ^ hi)  ^ 1 
qi       /   qi                                           ^  qi       ^  qt 

keep  p-{-l  symbols  unchanged. 

Hence  the  pi  jp,  conjugate  sub-groups  contain 

\  gi       y    qt      i?+lVL  5i        J    g,       y 

distinct  substitutions. 

Now,  if  -^^    is  greater  than  3,  this  quantity  is  greater  than 

qi 

and,  if  ^±^  is  equal  to3,  -i- f  [£±1  + 1]  £Zll « 1  \  cannot  bean 

qi  p  +  l\l  qi         J    9i  .... 

integer,  and  therefore  in  any  case  the  second  supposition  is  in- 
admissible. 
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If,  now,  ^  is  a  factor  of  m,  then  3p'  must  be  a  factor  of  m,  and  the 
snb-gronp  of  g  that  keeps  one  symbol  unchanged  cannot  contain  the 
group  of  order  p*  self-conjugately.  It  must  therefore  contain  at  least 
2)  + 1  conjugate  sub-groups  of  order  ;^'.  But  this  is  the  number  that 
is  contained  in  the  most  general  sub-group  that  keeps  one  symbol 
unchanged,  and  it  is  easy  to  see  that  any  sub-group  containing  these 
p  +  l  groups  of  order  p'  is  at  least  as  extensive  as  this  most  general 
sub-group.  The  sub-group  g  would  therefore,  in  this  case,  coincide 
with  the  main  group. 

Hence,  finally,  no  transitive  sub-group  of  the  type  in  question  can 
exist. 


7.  On  the  Intransitive  Suh-Oroups  of  0. 

Among  the  intransitive  sub-groups  contained  in  the  main  group 
there  are  two  classes  the  discussion  of  which  is  practically  involved 
in  the  known  results  obtained  by  former  writers  in  connexion  with 
the  general  homogeneous  integral  group  in  two  variables.  These  are 
(i)  the  sub-groups  contained  in  the  sub-group  of  order 

which  keeps  one  symbol  fixed,  and  (ii)  the  sub-group  contained  in 
the  group  of  the  same  order  which  interchanges  the  symbols  in  two 
transitive  sets  of  p*  andjp-hl. 

It  has  ah^ady  been  seen  incidentally  that  there  is  an  intransitive 
sub-group  of  order  6  (p— 1)',  namely,  (iii)  the  group  of  type 

(-y>    X,    z) 

^(  ax,   hy,  cz), 

which  either  leaves  the  three  symbols  {«},  {y},  {«}  unchanged  or 
interchanges  them  among  themselves. 

I  shall  first  show  that  any  intransitive  sub-group  not  belonging  to 
the  first  two  classes  is  necessarily  either  contained  in  a  sub-group  of 
the  type  just  given,  or  is  a  sub-group  of  the  transitive  group  of  order 

Suppose  that  N  is  the  order  of  such  a  sub-group  g,  and  n  the  order 
of    the  highest  sub-group   contained  at   once   in  g  and  in  one  of 

class  (iii).    Then  g  must  contain  — conjugate  sub-groups  of  order  n. 

n 

Now,  two  such  conjugate  sub-groups  can  only  have  substitutions 


ahc  =  1, 
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in  common  if  the  symbols  which  thej  interchange  are  of  the  forms 

and  {x-k-Ay],     {x-hBy},     {z} ; 

so  that  the  sub-groups  contain  conjugate  substitutions 

(oar,    /Jy,     yz) 
and        aj'-|-^y'=a(a'  +  ^y),     ar'+By'= /J  (ai+By),     sf=yz. 

Moreover,  the  multipliers  a  and  /3  cannot  be  equal  for  all  the  substi- 
tutions of  the  two  sub-groups,  as  in  that  case  the  sub-groups  would^ 
not  be  distinct.     But,  if  a  and  fl  are  unequal,  it  is  easy  to  verify  that 
the  two  substitutions  just  written  will  generate  the  sub-group  formed 
by  all  substitutions  of  the  type 

(cw;-h6y,     ax+h'y,     yz),         (a6'— aT»)  y  =  1, 

and  the  order  of  this  sub-group  is  equal  to  or  a  multiple  of  p  (p*— 1). 
Now,  by  supposition,  the  substitutions  of  g  do  not  all  keep  {z]  un- 
changed. Hence  (p.  86,  bottom)  the  group,  if  not  transitive  in  all  the 
jp'+jp+l  symbols,  must  interchange  the  symbols  in  two  transitive 
sets  oip^  and^j-fl.     But,  by  supposition,  the  latter  is  not  the  case, 

and  therefore,  finally,  the         conjugate  sub-groups  of  order  n  con- 

n 

tained  in  g  have   no    common  substitutions  except  identity.     The 

^  (l j  distinct  substitutions  thus  accounted  for  must  contain  all 

the  substitutions  of  g  whose  orders  are  equal  to  or  factors  of  p  — 1,  as 
otherwise  there  would  be  a  second  set  of  ^  [  1 r  )  substitutions, 

which  with  the  previous  set  would  give  a  number  greater  than  the 
order  of  the  group.  The  remaining  substitutions  of  the  sub-group, 
if  any,  must  either  displace  all  the  symbols  or  must  keep  one  symbol 
unchanged;  and  in  the  latter  case  their  orders  must  divide  p'  — 1, 
since  the  group  can  contain  no  substitutions  of  order  p.  If  there  are 
substitutions    displacing    all  the    symbols,    their  number   must  be 

eN(l j,  where  jp,  is  a  factor  of  p^-fp  +  l,  and  c  is  either  1  or  \. 

If  there  are  substitutions  which  keep  one  symbol  unchanged,  and  if 
*- "^ is  the  highest  order  of  any  such  substitution,  there  will  be 

a  set  of  fiNll 2!_J  substitutions,  conjugate  to  this  substitution, 
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'  and  to  those  of  its  powers  whieli  keep  only  one  sjmbol  unchanged, 
where  17  is  1  or  | ;  and,  if  this  does  not  exhaust  all  the  substitutions 
of  the  group,  there  must  be  further  sets  similar  to  the  last.  Hence, 
finally, 

where  e  is  0,  1,  or  ^,  and  each  //  is  0,  1,  or  ^.  This  equation  cannot 
clearly  be  satisfied  if  e  is  unity.  If  e  =  ^,  there  cannot  be  more  than 
one  term  under  the  sign  of  summation,  and,  if  there  is  such  a  term, 
fl  must  be  ^,  so  that  either 

2.  =  l+^(l-A)+i2.(l-J-)+ii.(l--S^) 


or 


N=l+N(l-L)^iN{l-j-). 


The  least  possible  values  of  1 ,  1 ,  and  1 2i_  arei,  f, 

w  Pi  jP+1 

and  f ,  and  therefore  the  first  equation  is  impossible.     The  second 

equation  gives 


n 


N      3p, 

and  can  only  be  satisfied  by 

N  =  3pp     n  =  3. 

Corresponding  to  this  solution  there  are  the  intransitive  sub-groups 
of  the  sub-groups  of  order  3  (2>*+j?+l). 

Finally,  if  e  =  0,  so  that 

2^=  1+2^(1-1-) +2,2^(1-^). 

there   can  be  only  one   term  again  under  the  sign  of  summation 
( the  least  value  of  1 ^  is  f )  >  ^^'^  ^  must  be  ^.     Hence 


or 


i4-^  =  -i  + 


2 


iL 


N       n       2(^  +  1)' 
and  the  only  solution  of  this  equation  is 

3i 
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The  corresponding  type  of  snb-gronp  belongs  to  the  first  class,  all  of 
its  substitutions  keeping  one  symbol  nnchanged. 

The  only  other  possibility  is  represented  by  the  equation 


n  =  i+n(i-1). 


SO  that  n  =  N, 

and  the  sub-group  g  is  contained  within  the  above  considered  sub- 
group of  order  6  d?—!)*. 

The  intransitive  sub-groups  of  the  sub-group  of  order  3  (l^'+lJ  +  l), 
which  exist  when  p*  -^-p  -h  1  is  not  a  prime,  are  of  simple  type  and 
need  not  be  explicitly  dealt  with,  so  that  it  is  now  only  necessary  to 
consider  the  various  sub-groups  of  the  three  general  types  of  in- 
transitive sub-groups  specified  at  the  beginning  of  this  section. 
The  first  two  types,  though  obviously  not  conjugate  to  each  other 
within  the  main  group,  are  holohedrically  isomorphous,  and  therefore, 
when  the  various  types  of  sub-group  contained  in  the  one  have  been 
investigated,  those  contained  in  the  other  may  be  immediately 
written  down.  This  isomorphism  may  be  established  in  the  following 
manner : — 

Type  (ii)  contains  the  group  of  order  p^, 

self-conjugately,  and  is  generated  by  combining  this  group  with  the 

gi-oup  generated  by 

(x,     y-k-z,        z      ), 

(x,       y,        y-^z    ), 
(ax,      a'y,     a'^^^'^z), 

a  a  primitive  root  mod.  p. 

If  these  three  substitutions  are  denoted  by  A,  B,  G,  and  if  the 

substitution 

(aj+ay-h6z,   y,   z) 

is  denoted  by  8a,  t  a  simple  calculation  gives 
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Type  (i)  contains  the  snb-gronp  of  which  S'a^t  or 

(xi-az,   y-^bz,   z) 

is  the  type  self-conjugately ;  and  is  generated  by  combining  this 
group  with  the  gronp  arising  from 

A'  or  («— y,        y,  z   ), 

B'  or  (   X,        y— ar,       z   ), 

ff  or  (a-'a;,     oT^^y,     a'^z)  ; 

moreover,  A'S^.b^'''^  =  S«,«+6t 

B'8a,bB^'^  =  S^«+6,a> 

Now,  except  as  regards  the  symbols  in  terms  of  which  they  are 
written,  A\  B\  G'  are  identical  with  the  inverses  of  A,  B,  C;  and  it 
is  well  known  that,  among  the  various  ways  in  which  a  group  can  be 
isomorphously  connected  with  itself,  that  in  which  two  inverse 
operations  are  taken  as  corresponding  operations  always  occurs. 
Hence  an  isomorphous  correspondence  is  established  between  the  two 
types  by  taking  A,  B,  C,  /S«,  &  as  corresponding  substitutions  to 
A\  B\  0'  and  Sa,b'  It  is,  therefore,  only  necessary  to  deal  in  detail 
with  one  of  the  two  types,  and  the  first  will  be  chosen,  as  lending 
itself  rather  more  readily  to  calculation.  This  may,  for  shortness,  be 
referred  to  as  the  sub-group  H, 

The  order  of  the  gi'eatest  possible  sub-group  of  H  which  contains 

no  substitutions  whose  orders  ai*e  factors  of  ^4-1  is  p*  {p—iy.     Such 

a  sub-group,  if  it  exists,  must,  by  Sylow's  theorem,  contain  either  a 

single  self -conjugate  sub-group  of  order  j?',  or  (jp— 1)'  conjugate  sub- 

gi'oups  of  this  order,   since  (p  —  1)' contains  no  factor  of  the  form 

icp  -h  1  except  itself  and  unity.     Now,  every  group  of  order  p^  is  of  the 

type 

(aj+ay-f/32;,   yk-yz,    z), 

and  is  obviously  self -conjugate  within  the  group  of  type 

{ax-^-by-k-cz,    Vy-\-cz,   c'z)y 

whose  order  is  ^*(p— 1)'.  Hence  H  only  contains  p-f-l  conjugate 
sub-groups  of  order  jp*,  and  therefore  the  supposition  that  a  sub-group 
of  H  of  order  j?'(p— 1)'  contains  (jp— 1)*  conjugate  sub-groups  of 
order  p*  is  impossible. 

Hence  any  sub-group  of  H  which  contains  no  substitutions  whose 
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orders  are  p+ 1  or  one  of  its  factors  must  be  contained  as  a  snb-gronp 
within  a  group  of  the  type 

Consider  now  sub-groups  of  JT  which  contain  substitutions  whose 
orders  are  factors  oi'p-\-\.    If  such  a  sub-group  contains  the  operation 

it  must  contain  a  conjugate  substitution  in  which  {y}  is  not  an  un- 
changed symbol,  and  it  must  therefore  contain  the  whole  of  the 
self-conjugate  sub-group 

(a;-|-aj5,  y-f/S^;,    z). 

Every  sub-group  of  Jl  containing  substitutions  whose  orders  are 
factors  of  j7  + 1  must  thei*ef ore  either  contain  this  self -conjugate  sub- 
group of  order  'j^^  or,  containing  none  of  the  operations  of  this 
sub-group,  it  must  be  a  sub-group  of  one  of  the  ^  sub-groups  of 
J3"  whose  type  is 

(    »i        iT-l-y, 


a-^-^y, 


Moreover,  if  it  contains  the  sub-group  of  order  jp*,  it  must  be 
merihedrically  isomorphous  with  some  sub-group  of  the  group  of 
type  just  written,  and,  therefore,  must  be  generated  by  some  sub- 
group of  the  group  just  written,  combined  with  the  group  of  order 

jp*  given  by 

{x-\-QZ,  y'\-^z,  z). 

Again,  every  sub-gi'oup  of  the  gix)up  given  by 


(   X. 


y»   a^) 


contains  as  a  self -conjugate  sub-group  those  substitutions  which 
multiply  z  by  unity  ;  and  any  such  sub-group  is  a  sub-group  of  the 
group 

1(  «.      «+y,    z)  ] 

of  which  all  possible  types  of  sub-group  are  known. 
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Hence,  by  starting  from  the  known  snb-groups  of  this  last  snb- 
gronp,  all  the  snb-groups  of  H  which  contain  substitutions  that  keep 
only  one  symbol  fixed  may  be  constructed.  They  will  consiut 
(i)  of  these  sub-groups  themselves,  (ii)  of  those  obtained  by  com- 
bining them  with  substitutions  of  the  form 

(ox,   ^,    yz), 

and  (iii)  of  those  obtained  by  combining  the  sub-groups  of  type  (ii) 
with  the  group 

(aj+oj?,   y+hz,  z). 

To  every  type  of  sub-group  of  H  thus  obtained  will  correspond  an 
isomorphous  sub-group  of 

(x-^by-hcz,     b'y-hczy     Vy-Vc^z), 

which  may  or  may  not  be  conjugate  within  the  main  group  to  the 
sub-group  of  H  with  which  it  corresponds. 

The  other  intransitive  sub-groups  that  require  consideration  are, 
as  has  been  seen,  the  sub-groups  of  a  group  J,  of  type 

( y^  ^»  «) 
(-y,  «,  «) 
( cue,     by,    cz) 

and  they  must  contain  substitutions  of  order  3,  since  the  sub-group 

(-y,    «,     «) 


\{ax,     by,     cz)  3 


is  contained  within  H, 
Now  the  sub-group  {ax,     by,     cz),     ahc  =  1, 

is  contained  self-conjugately  within  I,  and  is  generated  by  the  two 
permutable  operations  of  order  jj—l, 

(a-*ar,    ay,    z)     and     {a'^x,    y,    az). 

Every  possible  sub-group  of  this  Abelian  group  may  now  be  written 
down,  and  combined  either  with 

(  y.      2^,    «), 

(— y,   «,    z), 

or  with  the  former  of  these  two  substitutions  alone. 
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The  Bub-gronps  thus  obtained  will  evidently  not  be  all  distinct 
from  I;  but  in  this  way  all  possible  sub-groups  of  J  are  obtained. 

The  actual  enumeration  of  all  possible  types  of  intransitive  sub- 
group would  be  excessively  laborious,  and  it  is  doubtful  whether  it 
would  serve  any  useful  purpose ;  but  the  preceding  analysis  supplies 
the  means  for  determining  directly  whether  a  sub-group  of  any  given 
type  actually  exists  or  not. 


8.  Oase  IL    p^l  (mod.  3). 

I  now  go  on  to  the  case  in  which  p^l  (mod.  3),  in  which  the 

congruence 

je*  =  1     (mod.  jp) 

will    have   three   different  real  roots.      These  will  be  denoted    by 

1,  e,  9. 

The  homogeneous  group  of  determinant  unity 

{ax  -h  6y  -h  c;5,     ax + Vy + c'z,     a!'x  -|-  6"y + c"«) 

is  no  longer  holohedrically  isomorphous  to  the  non-homogeneous  group 


a  ic  +  o  y+c 


//» 


/        a'x-\-})'U'\-c' 

y^ \ — aLJ — 
a  «+6  y+5? 


^/> 


for  the  three  different  homogeneous  substitutions 

[^(flUB-l-fcy-l-cz),    ^(a'ic-|-6V+c's),    tf*^  (a''aj-|-6'V  +  <^"«)]»    »•  =  1,2,3, 

correspond  to  one  and  the  same  non-homogeneous  substitution. 


The  sub-group 


(6'a;,   ry,    ^z),         r  =  1,  2,  3, 


of  the  homogeneous  group,  being  permutable  with  every  one  of  its 
substitutions,  is  a  self-conjugate  sub-group,  and  the  homogeneous 
group  is  menhedrically  isomorphous  to  the  non-homogeneous  gix)up, 
in  such  a  way  that  to  the  identical  substitution  of  the  latter  corre- 
sponds .the  above  self -conjugate  sub-group  of  order  3  of  the  former. 
The  homogeneous  group,  moreover,  contains  no  sub-group  which  is 
holohedrically  isomorphous  to  the  non-homogeneous  group.  For,  if 
it  did,  of  the  three  substitutions 

( «,      ^,     »z\ 

(ftp,     9y,      z), 

{Ox,     y,       fo), 
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one  onlj  wonld  belong  to  the  sub-group;  but  the  two  latter  are 
obtained  from  the  former  by  transforming  it  by  (y,  z,  x)  and  (js,  «,  y). 
It  would,  however,  be  most  inconvenient  to  use  the  non-homo- 
geneous forms  throughout  the  following  discussions,  and  there  will 
be  no  difficulty  or  confusion  in  still  using  the  homogeneous  form  with 
the  understanding  that  the  substitutions 

\Gr  (jax-^-hy^cz),   e^  (ax-^Vy  +  cz),   6' (a 'xi-b'^y -he" z)],  r^  1,2,  S, 

are  not  to  be  regarded  as  distinct. 

This  is  the  same  as  regarding  the  three  sets  of  multipliers 

as  equivalent ;  or,  in  other  words,  the  three  characteristic  oongraences 

/(A)=0,    /(eX)=0,    /(fl'A)=0 
as  equivalent. 

It  may  be  shown  at  once,  precisely  as  in  the  former  case,  that  any 
two  substitutions  which  have  equivalent  characteristic  congruences 
with  unequal  roots  are  conjugate  to  each  other,  and  the  reduction  of 
any  substitution  to  a  typical  form  may  be  carried  out  exactly  as  in 
the  former  case. 

If,  now,  the  characteristic  congruence  has  for  its  roots  X,  X**,  X*^, 
where  X  is  a  primitive  root  of 

which  again  will  always  be  the  case  for  some  suitably  chosen  substi- 
tution, this  substitution  in  its  typical  form  will  be 

rsx{,  n'sx',,  rsx'^f, 

and  its  order  m  will  be  the  least  integer  for  which 

X"»  =  X""  =  X""'. 

In  this  case  3  is  the  only  common  factor  of  jj— 1  and  p'-f-j?  +  I,  and 
therefore  the  order  of  this  substitution  is  \  Cp'+1>+1).  The  order, 
then,  of  every  substitution  whose  characteristic  congruence  is  irre- 
ducible is  \  (jp'+jp  +  l)  or  a  factor  of  this  number. 

If,  again,  ft  is  a  primitive  root  of  the  congruence 

;*''-'-l  =1  0, 
H  2 
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there  must  be  substitutions,  whose  characteristic  congruences  have 
an  irreducible  quadratic  factor,  of  the  type 

The  order  n  of  such  a  substitution  is  the  least  integer  for  which 

« 

and  this  is  \  (p*  — 1).  Every  substitution,  then,  whose  characteristic 
congruence  contains  an  irreducible  quadratic  factor  has  for  its  order 
^  (2?'  — 1)  or  a  factor  of  this  number. 

Of  the  remaining  types 

(i)  x'  =  cur,  y'  =  a''y,  z'  =  a'^'^^^js, 

(ii)  x'  ^  ax,  y'  =  ay,  z'  =  a~*jp, 

(iii)  X  =  a-^x,  y  =  ay,  z'^a  (y+z), 

(iY)x'  =  x,  j/^y-hz,  z'  =  z, 

(y)x=x,  y=y-\-x,  z' =  z+y, 

where  the  coefficients  are  real,  the  orders  may  be  determined  at  once 
by  inspection.  Thus  in  (i)  the  order  is  equal  to  or  a  factor  of  p— 1 ; 
in  (ii)  equal  to  or  a  factor  of  ^  (j9— 1)  ;  in  (iii)  equal  to  or  a  factor 
of  ^p  (p—1)  ;  in  (iv)  and  (v)  equal  to  p. 

Hence  the  order  of  every  substitution  contained  in  the  group  must 
be  equal  to  or  a  factor  of  one  of  the  numbers  \  (p^+i^  +  l),  \  (p'— 1), 
^(j9— 1),  p,  p— 1,  while,  on  the  other  hand,  the  group  contains 
substitutions  whose  orders  are  actually  equal  to  each  one  of  these 
numbers.  Also  every  substitution  whose  oi*der  is  a  factor  of 
■|(p'-hjp  +  l)  must  be  a  power  of  a  substitution  whose  order  is 
^(p*+jp  +  l),  and  a  similar  property  holds  for  a  substitution  whose 
order  is  a  factor  of  \  (p*— 1)  other  than  p — 1  or  its  factors. 

The  number  of  cyclical  sub-groups  of  each  type  and  their  distri- 
bution in  conjugate  sets  may  now  be  investigated. 

Order  \  (p'H-pH-l).  Exactly  as  in  the  cori-esponding  order  of  the 
former  case,  it  may  be  shown  that  a  substitution  S  of  order 
T  Cp'+P  +  l)  ^  pennutable  only  with  its  own  powers,  and  therefoi'e 

N 
forms  one  of  a  set  of  — —  conjugate  substitutions,  whei'e  N 

iCr+i^  +  l) 
is  the  order  of  the  main  group. 
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Now,  the  only  powers  of  8  which  have  equivalent  multipliers  with 

8  are  S"*  and  8^,  and  hence  to  each  set  of  substitutions  such  as 

N 
8%  8"^ J  8''^,  there    corresponds    such  another  set  of ^^-- 

conjugate  substitutions. 

There  are,  therefore,  in  all  t  \p  ■rp-r  J ^  such  substitutions, 

y+;?  +  l 

whose  ordera  are  ^  (p'+i?  +  l)  or  one  of  its  factors,  and  these  form 
-■J conjugate  cyclical  sub-groups  of  order  \  (p'+i?  +  l)i  each  of 

which  must  therefore  be  contained  self-conjugately  in  a  sub-group  of 
order^j^+jp  +  l. 

Order  ^(p'^l).     Exactly   as  in  the    corresponding  order  of  the 
previous  case,  it  may  again  be  shown  here  that  there  are         ^ — r-r 

conjugate  cyclical  sub-groups  of  order  i(p*— 1),  each  being  self- 
conjugate  in  a  group  of  order  f  (p*  — 1)  ;  and  that  these  sub-groups 

contain  in  all  ^  ,   *  ^^  different  substitutions  whose  orders  are  equal 

2(^+1)  ^ 

to  or  factors  of  ^  (j?*  — 1)  without  at  the  same  time  being  factors  of 

i  (j'-i). 

Order  -J  (jf-^p)*     By  similar  reasoning  to  that  used  in  the  former 

N 
case,  it  may  be  shown  that  there  are  — ^ r-ri  conjugate  cyclical 

ip{p—l) 
sub-groups  of  order  \  (p^^p),  so  that  each  is  contained  self-conju- 
gately in  a  sub-group  of  oi-der  ip  (i?— 1)*;  also  that  these  sub-groups 

contain  — ^ ^  ^  different  substitutions,  whose  orders  are  neither 

P(J>-1) 

p  nor  ^  (jp— 1)  nor  one  of  its  factors. 

Order  p.     For  cyclical  sub-groups  of  order  p  arising  from  a  sub- 
stitution of  the  form 

(aj  +  z,  y,  fi), 

it  may  be  shown  by  a  slight  modification  of  the  former  method  of 

proof'  that    the    main  group  contains    a   single    conjugate    set  of 

N 
— ^  ,  sub-groups,  so  that  each  such  sub-group  is  self -conjugate 

in  a  group  of  order  \  Cp— 1)' j/.     These  conjugate  cyclical  sub-groups 

SN 

contain  in  all  tt rr^  different  substitutions  of  order  p. 
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For  cyclical  snb-groups  arising  from  a  substitution  of  the  form 

it  will  be  found  again,  as  before,  tbat  there  is  a  single  oonjugate  set 

SN         .  .  ' 

of r-r-j    in    the  main    group,  so  that  each   is   self-conjugate 

in  a  sub-group  of  order  i(p— l)i^9  while  the  whole  set  contain 

SN 

—5-  different  substitutions  of  order  o. 

P 

Order  p—l.  It  is  no  longer  the  case  here  that  every  substitution 
whose  order  is  a  factor  of  jp— 1  is  the  power  of  substitution  whose 
order  is  p^l.  If,  a  being  a  pnmitive  root  mod.  p,  o**,  o*,  a"*^*  are  the 
multipliers  of  a  substitution,  it  is  still  a  necessary  condition  in  order 
that  the  order  of  the  substitution  may  be  p— 1  that  the  highest 
common  factor  of  r  and  s  should  be  relatively  prime  to  p — I.  But 
this  condition  is  not  now  sufficient,  for,  if  the  difference  of  r  and  s  is 

11—1 

a  multiple  of  3,  the  order  of  the  substitution  is  only  ^       ,  and  it  is 

o 

easy  to  see  that  the  substitution  is  not  the  third  power  of  a  substita- 

tion  of  order  p — 1 . 

It  is  not  difficult  to  modify  the  result  of  the  previous  case  for  the 

number  of  conjugate  sets  of  cyclical  sub-groups  of  order  p—1,  so  as 

to  obtain  the  numbers  of  conjugate  sets  in  this  case  of  cyclical  sub- 

p— 1 
gix)up8of  orders  p  —  1  and  -^       ,  but  the  result  is  rather  complicated, 

and  it  will  be  replaced  hei'e  by  a  determination  of  the  number  of 
conjugate  sets  of  substitutions,  and  the  number  in  each  set. 

For  this  purpose,  consider  the  congruence 

apy  =  1       (mod.  p). 

It  has  (p—1)'  different  solutions ;  in  three  of  which  a,  /3,  y  are  equal 
to  each  other,  while  in  3  (p  — 4)  of  the  remainder  two  only  of  the 
three  quantities  a,  /3,  y  are  equal.     There  are,  thei'efoi'e, 

(2>-l)'-3(i,-4)-3 

solutions  in  which  the  three  quantities  are  unequal,  and  therefoi^e, 
allowing  for  the  six  permutations  of  a,  /?,  y  among  themselves,  there 

"^  (p-l)'-3(p-4)-3 

6 


l- 
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distinct  sets  of  unequal  multipliers  of  substitutions  whose  orders  are 
factors  of  p—l  in  the  homogeneous  group.  Of  these  the  set  1,  0,0*  is 
the  only  one  which  is  equivalent  to  itself ;  a,  j3,  y ;  9a,  Ofi,  9y ;  9'a,  O'/J, 
OV)  heing,  as  before  defined,  three  equivalent  sets  of  multipliers.  The 
number  of  equivalent  sets  of  unequal  multipliers,  i.e.,  the  number 
of  sets  of  unequal  multipliers,  in  the  non-homogeneous  group  is 
therefore  * 

l^^((F-l)'-3(p-4)-3_i), 

Xo 

Allowing  for  permutations  among  a,  0,  y,  the  3  Cp^4)  solutions  of 
the  above  congruence  in  which  two  of  the  three  quantities  are  equal 

give  I?—  4  sets  of  multipliers  in  the  homogeneous  gpx)up,  and  "^-q- 

sets  of  multipliers  in  the  non-homogeueous  group.  To  each  of  these 
sets  of  multipliers  corresponds  a  single  conjugate  set  of  substitutions. 
Now,  a  substitution 

is  permutable  with  the  group  arising  from 

( oar,     &y,     cz),        ahc  =  1, 

(  y,      ^,      «), 
(-y,     ar,      «), 

which  generate  in  the  homogeueous  group  a  sub-group  of  order 
6Q?  — 1)',  to  which  corresponds  a  sub-group  of  order  2  (jj— 1)' in 
the  non-homogeneous  gpx)up.     There  is,  therefore,  a  conjugate  set  of 

-^ Y^  substitutions  with  multipliers  1,  tf,  tf*.  Every  other  sub- 
stitution with  3  unequal  multipliers  is  permutable  only  with  the  gpx)up 

{ax,    by,    cz),         ahc  =  1 ; 

N 
and  therefore  gives  rise  to  a  conjugate  set  of  — —  substitutions 

in  the  non-homogeneous  group.  ^  ^^       ' 

Finally,  a  substitution     (oa?,    ay,    a"'«) 

is  permutable  in  the  homogeneous  gpx)up,  as  in  the  former  case,  with 
a  sub-group  of  order  'p  (i'  +  l)(jp— 1)',  and  is  therefore  ycl  \?£iA  TiaTv.- 


104  Prof.  W.  Bumside  on  a  [Dec.  18, 

N 
homogeneous  group  one  of  a  set  of  - — rr-p r-rr  substitutions. 

iyCP  +  l)(l>— 1) 
Hence  the  total  number  of  substitutions  in  the  group  whose  orders 
are  equal  to  or  factors  of  j?— 1  is 

X(p-i)' "^  6  (p-i)  ^p(p+i)(p-iy' 

On  adding  together  the  numbers  of  substitutions  of  the  different 
types  that  have  thus  been  obtained  with  an  additional  unity  for  the 
identical  substitution  the  sum  will  be  found  to  be  ^,  as  it  should  be. 

It  is  not  necessary  to  go  again  through  the  discussion  of  sub-groups 
containing  substitutions  of  order  p. 

The  result,  exactly  as  in  the  former  case,  is  that  a  sub-group,  con- 
taining operations  of  order  p,  and  neither  contained  in  the  sub-group 
of  order  ^p*  (p— l)'(p-|-l)  which  keeps  one  symbol  fixed,  nor  in  the 
isomorphous  sub-group  which  interchanges  the  p*  -f-p  + 1  symbols  in 
two  transitive  sets  of  p^  and  p  + 1,  must  be  transitive,  while  its  order 
must  be  divisible  by  p*. 

Now,  it  has  been  seen  that  every  cyclical  sub-group  of  order 
Kp'-hp-hl)  is  contained  self-conjugately  in  a  sub-group  of  order 
p--hp  +  l.  This  sub-group  is  not,  however,  transitive  in  all  the 
symbols,  but  interchanges  them  transitively  in  sets  of  \  (p'+p  +  l) 
each.  Suppose  now  that  a  transitive  sub-group  g  exists  of  order 
i  (p'+p  +  l)  ^^,  containing  cyclical  sub-groups  of  order  |  (p'-hp  +  l). 
Since  the  sub-group  is  transitive,  m  must  be  divisible  by  3,  and  the 
group  must  contain  either 

UCp'+i'  +  l)-!}^    or     {|(pHp  +  l)-l}> 

substitutions  displacing  all  the  symbols,  leaving  over  either  m  or 
m  [f  (p'+l>+l)+i}  substitutions. 

The  first  supposition  is  clearly  impossible,  and  the  latter  gives,  as 
in  the  former  case. 


in 


-^  =  1,        mod.i(p'+i,  +  l). 

This  again  leads,  according  as  m  is  or  is  not  divisible  by  jp,  either  to 

m  =  3p» 

or  m=  (p— l)»(jp-|-l), 

and  it  may  be  again  shown  here  that  neither  of  the  corresponding 
types  of  group  exists. 
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'  The  former  reasoning  may  also  be  repeated  to  show  that  there  can 
be  no  transitive  snb-group  which  contains  substitutions  of  the  orders 
Pi  and  |?„  where  p^,  p^  are  the  two  different  prime  factors  of 
•J^(|}'+j9-f  1),  this  number  being  supposed  not  to  be  a  prime,  without 
containing  substitutions  of  the  order  pi  p^ ;  so  that,  finally,  the  group 
contains  in  this  case  no  transitive  sub-groups.  The  possibility  occurs 
in  this  case  of  an  intransitive  sub-group  containing  substitutions  of 
order  i(i>'+p+l),  but  a  consideration  of  the  sets  in  which  such  a 
substitution  would  displace  the  symbols  immediately  shows  that  no 
8uch  type  can  exist  with  the  exception  of  the  above  mentioned  sub- 
groups of  order  p*  -j-p  -h  1.  The  previous  reasoning  applies  to  all  other 
types  of  intransitive  sub-group  without  modification,  and  leads  to  the 
same  result,  viz.,  that  every  intransitive  sub-group,  other  than  those 
whose  orders  are  equal  to  or  factors  of  ^'-fp-l-1,  is  contained  either 
in  the  sub-group  of  order  \p* (p  —  l)'(p-l-l)  that  keeps  one  symbol 
fixed,  or  in  the  isomorphous  group  that  displaces  the  symbols  in  two 
transitive  sets  oip*  and  j?-f  1,  or,  finally,  in  the  sub-group  of  order 
2  (p— 1)',  arising  from 

[(yi  ^,  a?)i     (—yi  a;,  z),     (ax,  hy,  cz)]. 

It  may  be  noticed  that  the  intransitive  sub-group  of  the  homo- 
^neous  group  which  keeps  one  symbol  fixed  contains  a  sub-group 
of  order  \p^  (j?— 1)'  (p  +  1),  viz., 

(ax-\-by-\-cz,  ax-i-b'y-^-cZj  c'z),     (ab'^ab)  c"  =  1,     c"*^"*^  =  1, 

which  is  holohedrically  isomorphous  with  the  corresponding  sub- 
igroup  of  the  non-homogeneous  group. 

9.  On  the  Group  G  for  p  =  2  and  |9  =  3. 

When  jp  =  2,  the  order  of  the  main  group  is  168.  The  only 
simple  group  of  this  order  is  the  known  group  of  the  modular  equation 
for  transformation  of  the  seventh  order  of  elliptic  functions ;  so  that 
this  case  does  not  require  separate  discussion. 

It  may  be  noticed  that  the  sub-group  of  order  p'  or  8  in  this  case 
contains  substitutions  of  order  p'  or  4,  whereas  in  all  other  cases  the 
:8ubstitutions  of  the  sub-groups  of  order  p*  are  all  of  order  p. 

When  p  =  3,  the  order  of  the  main  group  is  5616  or  13 .  3*.  2*.  A 
consideration  of  the  multipliers  of  a  substitution  of  order  13  shows, 
.as  before,  that  every  cyclical  sub-group  of  this  order  is  contained 
■self-conjugately  in  a  sub-group  of  order  39.     If,  now^  there  ^ex^  wi^ 
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other  sub-groups  containing  substitations  of  order  13,  and  thereforo 


m 


of  order  13m,  either  m  or  —-  mnst,  bj  Sjlow's  theorem,  be  eongment 

o 

to  unity  mod.  13.     But  the  only  factors  of  3* .  2*  which  are  congruent 

to  unity  mod.  13  are  3*  and  3' .  2*.     Now  sub-groups  of  orders  13 .  3* 

and  13. 3' .  2^,  if  they  existed,  would  be  transitive  in  13  symbols,  and 

would  at  the  same  time  contain  12 .  3*  and  12 . 3" .  2*  substitutions 

respectively  of  order  13 ;  but  this  is  impossible.     The  only  transitive 

sub-groups,  therefore,  are  those  of  orders  13  and  39. 

The  intitkusitive    sub-groups,   finally,  will  come  under  the  same 

three  heads  as  in  the  two  general  cases  already  discussed. 


Thursday,  January  \Oth,  1895. 
Major  MACMAHON,  R.A.,  P.R.S.,  President,  in  the  Chair. 

Mr.  Ernest  Frederick  John  Love,  M.A.,  Queen's  College,  Carlton,. 
Melbourne,  Victoria,  was  elected  a  member,  and  Mr.  J.  H.  Hooker 
was  admitted  into  the  Society. 

The  Chairman  gave  a  8hoi*t  obituary  account  of  Mr.  A.  Cowper 
Ranyard's  work  and  connexion  with  the  Society. 

The  following  communications  were  made : — 

On  Fundamental  Systems  for  Algebraic  Functions :   Mr.  H.  F. 

Baker. 
On  the  Expansion  of  Functions  :  Mr.  E.  T.  Dixon. 
Some  Propei^ties    of    a    Generalized    Brocard   Circle:    Mr.  J* 

Griffiths. 
Electrical  Distribution  on  Two  Intersecting  Spheres  :  Mr.  H.  M. 

Macdonald. 
The  Dynamics  of  a  Top  :  Prof.  Greenhill. 

The  following  presents  were  received : — 

**  Calendar  of  Queen's  College,  Cork,*'  1894-5;  Cork,  1894. 

«« Journal  of  the  Institute  of  Actuaries,"  VoL  zzxi.,  Ft.  5  ;  October,  1894. 

«  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  Vol.  i..  No.  3  ; 
New  York,  1894. 

Issaly,  M.  TAbbc. — "  Optique  G6omctrique,"  pamphlet,  8vo ;  Bordeaux. 

''  Berichte  iiber  die  Yerhandlungren  der  Koniglich  Sachsischen  Gesellschaft  der 
Wissenschaften  zu  Leipzig,"  n.,  1894. 
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' '  Memoin  and  Prooeedings  of  the  HanoheBter  litenuy  sod  Fhiloeophioal  Society,  "* 
Vol.  vni.,  No.  4. 

'*  Biilletin  dee  Sciences  Mathdmatiques,"  Tome  xvni.,  December,  1894  ;  PariB. 

**  Bulletin  de  la  Soci6t6  Mathdmatique  de  France,'*  Tome  xzn.,  No.  9. 

**ItendioontidelCircolo  Matematioo  di  Palermo/*  Tomo  vin.,  Fasc.  6  ;  Nov.- 
Dec.,  1894. 

'*  Atti  della  Beale  Aocademia  dei  Linoei — ^Bendioonti,"  2  Sem.,  Vol.  m.,  Fasc. 
10 ;  Boma,  1894. 

**  Educational  Times,**  January,  1895. 

*<  Annals  of  Hathematios,**  VoL  ix..  No.  1 ;  November,  1894,  Virg^ima. 

♦*  Indian  Engineering,**  Vol.  xvi.,  Nos.  21-24  ;  Nov.  24-Deo.  15,  1894. 

A  bound  volume  of  letters  from  Prof.  De  Morgan  and  his  son  G.  C.  De  Morgan, 
to  A.  C.  Banyard,  bearing  upon  the  foundation  of  The  London  Mathematical 
Society,  and  a  letter  from  Mrs.  De  Morgan. 

Tracts  by  Professor  De  Morgan : — 

].  *'  On  the  Mode  of  using  the  Signs  +  and  —  in  Plane  G^eometry.** 
ii.  (i.  eontinued)  **  and  on  the  Interpretation  of  the  Equation  of  a  Curve.** 
iii.  **  On  the  word  *Apt$fi6t.^* 

iv.  **  On  a  Property  of  Mr.  Gompertz*s  Law  of  Mortality.** 
V.  <*  Bemark  on  Homer*s  Method  of  Solving  Equations.** 
vi.  *<  Contents  of  the  Correspondence  of  Scientific  Men  of  the  Seventeenth 

Century.** 
vii.  '<  On  Ancient  and  Modem  Usagpe  in  Beckoning.*' 
viii.  '*  On  the  Difficulty  of  Correct  Description  of  Books.** 
iz.  **  On  the  Progress  of  the  Doctrine  of  the  Earth*s  Motion,  between  the 

times  of  Copernicus  and  GaUleo.*^ 
X.  **  On  the  Early  History  of  Infinitesimals  in  England.** 

These  two  volumes  were  left  by  will,  by  Mr.  Bahyard,  for  the  acceptance  of  the 
Coimcil. 


On  Fundamental  Systems  for  Algebraic  Functions.  By  H.  F^ 
Bakbb.  Read  January  lOth^  1895.  Beceived^  in  abbreviated 
form,  18tli  February,  1895. 

In  a  note  which  has  appeared  in  the  Math.  Annal.,  Vol.  XLV.,  p.  118, 
it  is  verified  that  certain  forms  for  Riemann's  integrals,  given  by 
Herr  Hensel  for  integrals  of  the  first  kind,  and  dednced  by  him 
algebraically  from  quite  fundamental  considerations,  can  be  very 
briefly  obtained  on  the  basis  of  Riemann's  theory.  But  a  desii-e  to 
dispense  with  the  homogeneous  variables  used  by  Herr  Ke\^&^V\^3b& 
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led  me  to  nnder-estimate  the  necessity  for  formallj  establishing  one 
particularity  implied  in  that  representation.  The  assumption  is 
made  (see  p.  121,  bottom)  that  a  set  of  fundamental  integral  func- 
tions, such  as  those  of  which  general  forms  are  given  by  Kronecker, 
can  be  taken  so  that  in  the  expression  of  an  integral  function  by 
them  no  redundant  terms,  or  terms  of  higher  infinity  than  that  of 
the  function,  need  be  employed.  It  is  obvious,  of  course,  that  not  all 
fundamental  sets  have  this  property — ^for  instance,  when  |9  =:  2  and 
X  is  great  enough  (1,  ^+a^)  is  a  fundamental  set  not  having  it  (as 
suggested  to  me  by  Herr  L.  Baur).  But  it  is  easy,  nevertheless,  to 
specify  such  a  system  (having,  in  common  with  all  fundamental 
systems,  the  property  of  not  being  connected  by  any  integral  relation) 
— as  in  §  2  below.  This  forms  the  main  object  of  the  present  note. 
The  following  paragraphs  are  intended  to  prove,  what  would  seem  to 
be  nearly  obvious,  how  a  fundamental  system  for  homogeneous  forms 
may  be  thence  deduced.  The  actual  algebraic  determination  of  a 
fundamental  system  for  an  arbitrary  algebraic  equation,  which  gives 
such  interest  to  Herr  Hensel's  papers,  is  not  considered  here. 

I  wish  to  add  that  the  matrix  O,  occurring  page  123  of  my  note, 
may  not  without  pi*oof  be  assumed  to  have  all  the  elements  on  the 
right  of  the  diagonal  zero,  or  gr,  to  have  the  simple  form  there 
indicated — an  unessential  modification — nor  is  there  need,  as  stated 
on  p.  129,  to  take  (  =  0  to  be  a  place  where  F'  (ly)  is  not  zero.  §  6 
below  is  added  to  explain  the  solution  given  on  that  page  (c/.  Hensel, 
Math,  Annal.^  XLV.,  598). 

I  hope  I  shall  be  allowed  to  supply  in  this  connexion  the  reference 
— Christoffel,  "  Ueber  die  canonische  Form  der  Biemannschen 
Integrale  erster  Gattung,"  Annali  di  Mat.^  2"*  serie,  Tom  ix.,  1878- 
1879. 

[The  remarks  included  in  square  brackets  were  added  since  the 
paper  was  submitted  to  the  referees.] 

1.  Suppose  that  for  rational  functions  whose  only  infinities  are  at 
the  (n  or  less)  places  x  =^  a  of  a  Riemann*s  surface  we  can  constinict 
■a  set  ^, ...  ^N_i  of  functions,  also  only  infinite  at  these  places,  such 
that  every  function  whose  only  infinities  are  at  these  places  can  be 
expressed  in  the  form 

\     aj— o/x      \     «— a/x,         \     X'^alxt 
in  such  a  way  thai  the  lowest  integral  power  of  x—a,  say  («— o)^,  for 
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which  (x--a)^  F  is  finite  at  all  places  ;e  =  a,  is  sufficient,  used  as  a 
multiplier,  to  muke  every  term,  on  the  right  finite  at  x  =^  a. 

Let  Tj-f  1, ...  Th-i  +  I  be  the  lowest  integers  such  that 

is  finite  at  all  the  places  x  ^^  a.  Then  gi  will  be  an  integral  function 
on  the  surface,  and  in  the  sense  employed  in  the  note  referred  to 
{Math.  Annal.,  XLV.,  119)  will  be  of  rank  r,.  We  shall  also  speak  of 
it  as  of  dimension*  r,  +  l  (see  below,  §  4).  D  is  the  dimension  of  the 
integi*al  function  (a?— a)^jP  and  D— 1  its  rank. 

Let,  now,  /  be  any  integral  function  of  rank  t,  so  that  (oj-  a)"^'**^/ 
is  only  infinite  at  the  places  x  =  a,  while  one  at  least  of  the  values  of 
(x  —  a)~^f  at  00  will  be  oo.     By  the  assumption  we  can  write 

\      a?  — a/x      \      X — a 'a, 
and  the  D  used  in  stating  the  assumption  is  r  +  1,  while 

is  finite  at  a;  =  a ;  thus 

r-fl^X,  +  r.-fl. 

Hence  we  can  write 
/=  (x-a,  1),  (ir-a)'*»-*+...  +  (a;-a,  l)Ai  (a;-a)^+^-^»-(^*+^>  gf.-h..., 

namely,  (1,  gi,  g^  ...  gr„.i)  are  a  fundamental  system  for  all  integral 
functions/,  such  that  in  using  them  no  terms  occur  on  the  right 
whose  rank  is  greater  than  that  of  the  function  to  be  expressed. 

2.  Consider,  then,  the  construction  of  such  a  system  as  h^  h^,  ...  /i„.i. 
We  may  assume  that  the  places  x=^  a  are  none  of  them  branch  points 
— that  is,  there  are  n  places,  and  that  in  each  sheet  x^a  is  zero  of 
the  first  order — and  may  write 

1 


aj— a  = 


{ ' 


and  afterwards  £  =  a?,  and  so  are  reduced  to  finding  a  fundamental 

*  Though  the  dimension  thus  defined  will  depend  on  the  values  of  the  coefficients 
in  the  expression  of  the  function  as  well  as  on  the  algebraic  form. 
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system  for  integral  functions  when  the  places  a;  =  oo  are  distinct. 
We  may  f ui*tHer  assnme  that  the  deriyed  function  F  (i|)  does  not 
vanish. 

The  orders  of  infinity  of  all  integral  functions  in  the  various  sheets 
will  therefore  he  all  expressible  by  integral  powers  of  x. 

Any  integral  function  maybe  represented  by  (i^,E|, ...  !(«),  where 
Biy  ...,  ffnt  which  we  shall  call  the  suffixes,  are  the  orders  of  infinity 
in  the  various  sheets.  By  subtracting  a  suitable  polynomial  in  x  of 
degree  E^,  we  may  express  the  function  in  the  form 

(E„  E,,  ...  Bn)  =  («,  l)ju+(i8i,  flf„  ...  S«.„  0)  (L). 

Consider,  then,  all  integral  functions  of  which  the  n^  suffix  is  zero. 
It  is  possible  to  construct  such  a  one  with  given  suffixes,  provided 
the  sum  of  the  suffixes  be  jp  +  1 ;  otherwise  it  is  possible  with  a  sum 
less  than  jp  +  1  [as  follows  immediately  from  the  Biemann  theory]. 
Stajiiing  with  a  set  of  suffixes  (jp-f  1,  0,  0,  ...  0),  consider  how  far 
the  first  suffix  can  be  reduced  by  increasing  the  2,  3,  ...  (n— 1)*^ 
suffixes.  In  constructing  the  successive  functions  with  smaller  fii*st 
suffix,  it  will  be  necessary  in  the  most  general  case  to  increase  some 
of  the  other  2"*,  3"*,  ...  (»— 1)**^  suffixes,  and  there  will  be  a  certain 
arbiti*ariness  as  to  the  way  in  which  this  shall  be  done.  But,  if  we 
consider  only  those  functions  of  which  the  sum  of  the  suffixes  is  less 
than  j3  +  2,  there  will  be  only  a  finite  number  possible  for  which  the 
tii"st  suffix  has  a  given  value.  There  will,  therefore,  only  be  a  finite 
number  of  functions  of  the  kind  considered  for  which  the  further 
condition  is  satisfied  that  the  first  suffix  is  the  least  possible  such  that  it 
is  not  less  than  any  of  the  others.  Let  this  least  value  be  r,,  and 
suppose  there  are  A;,  functions  satisfying  this  condition.  Call  them 
the  reduced  functions  of  the  first  class,  and  in  general  let  any  func- 
tion whose  n^  suffix  is  zero  be  said  to  be  of  the  first  class  when  its 
first  suffix  is  greater  or  not  less  than  its  other  suffixes.  In  the  same 
way  reckon  as  functions  of  the  second  class  all  those  (with  n^^  sufiix 
zero)  whose  second  suffix  is  greater  than  the  first  suffix,  and  greater 
than  or  equal  to  the  following  suffixes.  Let  the  functions  whose 
second  suffix  has  the  least  value  consistently  with  this  condition  be 
called  the  reduced  functions  of  the  second  class,  A;,  in  number  suppose, 
the  value  of  their  second  suffix  being  r,.  Then  r,  is  the  least 
dimension  occurring  among  functions  of  the  second  class.  In  general, 
reckon  to  the  i^  class  (i^'<n)  all  those  functions,  with  n^^  suffix  zei*o, 
whose  1^  suffix  is  greater  than  the  preceding  suffixes  and  not  less 
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than  the  succeeding  suffixes ;  let  these  be  ki  reduced  functions  of  this 
class  with  (^  suffix  equal  to  r^.     Clearly  none  of  r,,  ...  r„_i  is  zero. 

Let  now  (8^ ...  St^iBtSi^i ...  iS„_i,  0)  be  any  function  of  the  t* 
•class  other  than  a  reduced  function  of  this  class, 

and  let  («i ...  «i.irj«,>i,  ...  «H-h  0)  be  a  selected  one  of  the  reduced 
functions  of  the  i^  class 

Any  one  of  the  ki  reduced  functions  may  be  chosen.  Then,  by  choice 
of  a  proper  constant  coefficient  X,  we  can  write 

(S,iSf, ...  Si^iBiSi^i ...  Sn^i, 0)  — Aaj^'-*''  («i«, ...  «<_ir<«<^, ...  ««.„0) 

=  (Ti ...  r,_i,  Bij  Ti^i,  ...  T„_i,  JBi— r|)   Oi-)i 

where  EJ  <  Bi, 

Ti  may  be  as  great  as  the  greater  of  S,,  iiJ<— (r,— «,),  but  is 
certainly  less  than  E^,  and,  similarly,  T|,  ...  T<_i  are  <iertainly  less 
than  Bi, 

Ti^i  may  be  as  great  'as  the  greater  of  S.+i,  E<— (r<--»i^i),  and  is 
therefore  not  greater  than  £<,  and,  similarly,  Ti^^y  •••  ^n-i  a*ro  certainly 
not  greater  than  i^,. 

Further,  if  («,  l)jBi-r<  ^©  a  suitable  polynomial  of  order  Bi—ri^ 
we  can  write 

(Ti ...  r,.iE< ...  r„«i,  E,— r<)  — (a;,  l)j2^-r< 

=  (iS( ...  Si'.i  Bi  SJ+i ...  Si.i,  0) (iii.)> 

where  B'/  may  be  as  great  as  the  greater  of  E^,  E,— r,-,  and  is 
certainly  less  than  E.. 

8{  may  be  as  great  as  the  greater  of  2\,  Bi—ti,  and  is  certainly  less 
than  Ej,  and  so  for  Si  •••  iSt-i  • 

£fj4.i  may  be  as  great  as  the  greater  of  T^^.!,  Bi'^rt^  and  is  certainly 
not  greater  than  E,-,  and  so  for  Sl^t  •••  Sn^i, 

Now,  there  are  two  possibilities  : 

Either  (S{ ...  8i.iB'/SUi ...  SLi,  0)  is  still  of  the  i^  class,  namely, 

Er>  s„ ...  >  s,'_i  ^s<Vi  •..  ^si-i> 

and  in  this  case  it  is  of  lower  dimension  (Ef ')  than 

(Si  ••«  Si-iBi  Si^i  •••  Sa-i,  0). 
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Or  it  ifl  a  f anction  of  another  class,  of  dimension  possiblj  as  great 
aH  before  (though  not  greater),  but  snch  that  the  nnmber  of  sufELxes 
whoHO  value  is  this  dimension  is  at  least  one  less  than  before. 

[And,  8o  far  as  these  are  essential  to  the  remainder  of  the  argument, 
these  possibilities  can  be  stated  in  the  simpler  forms : 

(1)  Either  (8[ ...  SI-i  El'S^i  ..•  S^.i,  0)  is  of  lower  dimensions 
than  (^,  ...  8i.i  RiSi^i  ...  iS>«.i,  0)  ; 

(2)  Or  it  is  of  the  same  dimension,  and  then  belongs  to  a 
more  advanced  class  {that  is  to  the  (t+A;)^  class,  where 
A:>0].] 

In  the  same  way,  if  (^i ...  ^«.ir<^<^i ..«  ^..i,  0)  be  a  reduced  function 
of  the  i^^  class  other  than  (si ...  »<-ir<»|+i ...  *m^i,.0),  we  can,.bj  choice 
of  a  suitable  coefficient  /i,  write 

(^l   ...   ii^lfi^i^l   ...   ^n-lj  0)— fl(*|   ...  *<-lf|«<+i   ...  *i»«l,  0) 

=  Oi  ...  dWCi  ...  K-u  0) (iv.), 

where  rl  <  r<,  fj,  ...  t'i^i  may  be  respectively  as  great  as  the  greater  of 
the  pairs  (^i,  «i)  ...  (^.i,  «i-i),  but  are  each  certainly  less  than  Tj, 
while,  similarly,  none  of  tl^i,  ...  t^^i  is  greater  than  r^. 

The  function  (^J...  ^i-iW^^^i  ...  ^^.i,  0)  cannot  be  of  the  t^  class, 
since  no  function  of  the  i^  class  has  it43  suffix  less  than  r,-,  and,  what- 
ever class  it  belongs  to,  though  its  dimensions  may  be  as  great  as 
before,  the  number  of  suffixes  having  a  value  equal  to  this  dimension 
is  at  least  one  less  than  before. 

IIenc4i,  selecting  »— 1  reduced  functions,  one  from  each  class,  say 
fl^i*  fl^i>  ••••fl^»-i»  ^^2/  fimction  whatever,  of  dimension  i^„  can  be  ex- 
pi*essed  as  a  sum  of 

(1)  Poweraofa;;  (2)  one  of  gr^ ...  grn.i  multiplied  by  powers 
of  X  \  (3)  a  function  which  is  either  of  lower  dimension,  or,  if  of 
the  same  dimension,  has  not  as  many  suffixes  reaching  the 
dimension  as  the  function  expressed. 

In  none  of  the  equations  (ii.)„.(iii.),  (iv.)  does  there  occur  any  term 
of  dimension  greater  than  J2<  j  and  in  equation  (i.)  no  term  on  the 
right  is  of  higher  dimension  than  the  left. 

^>  •  •  •  •  •  • 

Sence  any  function  can  be  expressed  in  the  form 

/  =  («,  l)x+*(j-*l)^sri  +  ...+*(a?,  l).flr,_i  +  F, 

where  JP  is  a  function  of  lower  dimension  than  that  of  /,  and  no 
terms  occur  of  high^^  din^pn^n  t^an  that  pf/. 
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Hence  any  function  can  be  expi^essed 

where  ^i  is  one  of  the  k^'{'..,+Je^^i  rednced  functions,  and  hence  in 
the  form 

where  JP,  is  a  reduced  function  of  the  lowest  dimension  occurring, 
and  thence,  since  there  are  no  functions  of  dimension  less  than  those 
of  the  lowest  reduced  function,  can  be  exprassed  in  the  form 

/=  (x,  l)i.+  («,  l)jf^, +  ...  +  («,  l)ifg^.u 

and  none  of  the  terms  on  the  right  are  of  higher  dimension  than 
that  of  /. 

[it  is  easy  to  see  that  the  resulting  system  of  fundamental  func- 
tions is  practically  independent  of  the  order  in  which  the  sheets  are 
arranged.  Moreover,  the  theorem  can  be  stated  more  generally, 
having  regard  to  functions  infinite  in  all  but  one  of  the  (simple) 
poles  of  any  algebraic  function  of  the  surface.  ] 

3.  As  an  example  we  may  give  (see  next  page)  the  specifications 
of  the  reduced  functions  for  a  surface  of  four  sheets  in  the  case  in 
which  no  integral  function  exists  of  aggregate  order  less  than  jp  + 1. 

Taking  the  standard  reduced  functions  to  be  those  which  are  here 
first  written  (at  random),  we  may  exemplify  the  way  in  which  others 
are  expressible  by  them,  in  two  cases : 

(a)  When  J9  +  1  =  31f, 

(If,  Jf+1,  lf-1,  0)-X  (If- 2,  If -1-1,  if -hi,  0)  =  {Af,  M,  If -hi,  0], 

the  right  hand  denoting  a  function  whose  infinity  orders  are  at  least 
not  higher  than  those  marked  — ,  while 

{If,  Af,  Af+1,  0}-\i  (if-1,  If,  if -hi,  0) 

=  {if,  if,  if,  0}  =  ^  (if,  if,  if,  0)+B 

(since  a  function  of  jp-hl  poles  has  two  constants,  as  here).  Hence 
we  have  the  expression 

(if,  if -hi,  if-1,  0)  =  Xgr.  +  Xi^i  +  ^^i-h^. 

(6)  When  |>-hl  =  3P  +  1,  we  obtain 

(P-hl,  P  +  1,  P-  1,  0)  =  Xg,-\-A  (P,  P+  1,  P,  0) -hP 
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[The  specification   of   all  reduced  forms  of  given  class  for  any 

number  of  sheets  is  clearly  an  easy  arithmetical  problem.     A  set  of 

reduced  forms  when 

|,  +  1  =  (n-l)A;-r, 

where  r<n— 1,  is  clearly  given  by 

=  (A;— 1,  ...  A;-l,  A;  +  l,  ^,  ...  A;,0)(A;-1, ...  A;-l,fc,fc-f  1,  ^, ...  fc,0)... 

wherein  in  the  first  row  there  are  r  numbers  k — 1  in  each  symbol, 
and  in  the  second  row  there  are  r+1  numbers  fc— 1  in  each  symbol ; 
in  each  case  k,  ...  k  denotes  a  set  of  numbers  k,  and  k — 1,  ...  k — 1 
denotes  a  set  of  numbers  ^— 1.  The  ranks  of  the  functions  g,  ...gr^i 
are  each  X;— 1,  and  of  the  symbols  ^,.^s, ...  ^^.i  are  each  k ;  their  sum  is 

(r-fl)(A;_l)4.(n-r-2)ik=  (n-1)  fc-r-1  =jp.] 


4.  Passing  from  the  theory  of  fundamental  systems,  I  proceed  to 
consider  the  connexion  between  the  dimension  of  an  integral  function, 
as  hitherto  defined,  and  the  dimension  of  an  integral  form^  as  defined 
by  Herr  Hensel. 

Let  an  integral  algebraic  function  satisfy  the  equation 
Put  /  =  xPKy  giving 

z.+...+2r-(lp^'(i,l)*'+...  =  o. 

Let  D  be  taken  to  be  the  least  positive  integer,  such  that  K  is 
finite  at  all  the  places  a;  =  oo  ,  so  that  D— 1  is  the  rank  of/.  Then 
D  is  the  integer  actually,  and  just   less  than  the  greatest  of  the 


quantities  -7-  + 1. 


1 2 
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Putting  X  =  «/f,  C^f  =  F,  we  have  the  equation 

The  effect  of  writing  here  ^,  t(  for  m,  (  is  to  maltiplj  F  by  ^. 
Hence  we  may  speak  of  F  as  a  homogeneous  form  of  dimension  D ; 
integral  in  the  sense  that  it  does  not  become  infinite  for  finite  values 
of  tit  and  (,  It  appeal's,  tlien,  that  D  is  what  Herr  Hensel  calls  the 
dimension  of  the  foi*m  F  (see  Crelle^  cix.,  pp.  7  and  9 ;  M<Uh,  Ann.^ 
Lxv.,  599). 

5.  We  can  show  now  how  to  form  a  fundamental  system  for  the 
expression  of  homogeneous  integral  forms. 

Let  /jr„  ...  g^_x  he  integral  functions  for  the  surface 

y"+ ...+jr'' (*»!)/<+...  =0, 

such  that  every  integral  function  can  be  written  in  the  form 

/=(a^,l),  +  (a-,  1)^.  +  ..., 

the  right  hand  containing  no  terms  of  higher  rank  than  that  of  /. 
Namely,  if  J)  be  the  dimension  of/,  r,  +  l  that  of  gr,,  D  ^t,  f  1. 

Let  F  be  any  integral  form  which  in  Hensel's  sense  is  of  dimen- 
sion J)  ;  that  is,  a  foi-m  satisfying  an  equation  of  the  form 

^'-f-...+F'-'(«,  i).D+...  =0, 

wherein  the  coefficient  oi  F"*  is  homogeneous  in  id,  f  of  degree  iD, 
so  that  the  form  F  is  changed  to  t^F^  when  m,  f  are  changed  to  ^w, 
/f .     We  consider  how  far  the  pix)cess  of  §  4  can  be  inverted.     Let 

K  0.D = r^-^'  (<-,  Ox,. 

the  genei'al  case  being  when 

X.  =  iD. 

Then  y'^F^  which  we  denote  by  /,  satisfies  an  equation 

y+'.+f-C^,  l)^,.-f■...  =  0. 

If  no  one  of  X,-  be  so  small  as  iD— t,  the  integer  just  less  than  the 

greatest   of  the  quantities   -~  + 1  will  be  as  great  as  JD,  and  will 

t 

therefore  be  D,  since  A<  ^  iD,     If,  however,  every  one  of  X,-  is  as 

small  as  t<i— n,  say 

X.=t(D-r)-Z,, 
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BO  that  Li  is  zero  or  a  greater  integer,  but  every  value  of  Li  is  not  as 
great  as  t,  the  greatest  of  the  quantities 


^+l  =  D-r+(l-^) 


is  greater  than  D—r^  and  less  than  or  equal  to  D— r  +  1.  Hence  the 
rank  of/is  D— r+1.     In  this  case,  however,   G^CF  satisfies  an 

equation  (?'  +  ...  +  6-' {^«  («,  Oa,+  ...  =  0, 

and  is  an  integral  form  of  dimension  D—r,  So  that,  though  an 
integral  function/  of  rank  D— 1  necessarily  leads  to  an  integral  form 
of  dimension  D,  i^f,  an  integral  form  F  of  dimension  I)  will  lead  to 
an  integral  function  /  =  f"^F,  whose  rank  is  D— r  — 1,  r  being  the 
greatest  integer  such  that  (~^F  is  an  integral  form. 

Since/  is  of  rank  D— r— 1,  it  can  be  written 

where  D-r-  (/«<  +  r<  + 1)  >  0. 

Therefore  O  =  {^'*'/  can  be  written 

where  y,-  ±=  f '  "*■  ^  gr^  is  an  integral  form  of  dimension  r,  + 1. 

Therefore  every  integral  form  jP(=  CO)   can  be  written  in  terms 
of  the  fundamental  system  y,  in  the  form 

F=  ...  +  (w,  0**ri-i---.i 

where  hi  =  D— (r,  +  l)  is  positive. 

Conversely,  every  expression  of  this  form  is  an  integral  form  of 
dimension  D. 

Hence  1,  r"' "^  ^  ?„  iT'*^  9t,  •.•  C"'*^  g.-i 

form  a  basis  for  the  i*epresentation  of  integral  forms. 

6.  If,  for  a  sui'faoe 

we  are  given  a  fundamental  system  of  integral  forms  yi,  y,.  ...  (such 
as  found  in  §  5),  we  can  determine  their  dimensions  by  expressing 
them  in  terms  of  the  variables  w,  ^,  17,  where  (D— 1  being  the  rank 
of  y),  yrsf'-'^ij,  a;  =  w/{;  or  by  forming  the  equations  satisfied  b'^ 
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them.  If,  however,  we  do  not  lue  homogeneoufl  Tuiables  and  are 
given  a  fandamental  system  of  integral  fanctions  </|,  </!,...,  and 
require  to  determine  the  ranks  of  them,  we  may  either  consider  their 
orders  of  infinity  at  ;r  =  oo ,  or  form  the  equation  satisfied  by  them 
(using  then  §  4).  But,  in  a  certain  case,  we  can  more  simply  use  the 
remark  "  When  the  functions  g^y  gtt  •'•  ^^^^  ^  the  form 


which  is  a  common  case,  or,  more  generally,  of  the  form 

ol^  (x,  1)"* 

wherein  i?„  ...  Hi  are  such  polynomials  in  x  that,  by  the  substitution 
y  =1  ('^tj,  x^=-  1/C,  the  numei-ator  becomes  changed  to 

r'^[»i'+»i'-'iS,+...+s,], 

wherein  5j,  ...  Si  ai*e  integral  polynomials  in  (,  and  the  equation  is 
such  tliat  ^  ^ 

F'M  =^P  (i,  0  =  f  [C"f  W-",  i-')] 

does  not  vanish  at  any  place  ^  =  0,  then  the  effect  of  substituting  in 
gi  for  y,  x  respectively  y  =  i;{"^,  x  =  1/i  is  of  the  form 

^^^^       — (ir?);^-' 

wherein  Qj,  ,.,Qi  are  integral  polynomials  in  f.  Wamely,  the  rule  for 
the  rank  (r^)  of  an  integral  function  g^i  whose  expression  is  given  is 
to  notice  the  power  rj-f-l  of  {  which  disengages  itself  under  the 
specified  substitution." 

In  fact,  this  equation  shows  (1)  that  C^*"*"    gi  is  finite  when  f  =  0 

(since  ij  is  finite  when  f  =  0),  and  (2)  that  C'^^"*  g  («  a  positive 
integer),  wliich  is  equal  to 


(1,0 


"i 


cannot  be  finite  at  every  place  ^  =  0,  unless  i?'  +  i?*"^  Q«+  ...  vanish  at 
every  such  place.  But,  since  F*  {*{)  does  not  vanish,  there  are 
n  distinct  values  of  17  at  {  =  0,  and  this  polynomial,  of  order  less 
than  n,  cannot  vanish  for  every  one  of  them. 
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*  When  F'  (i|)  is  zero  at  {^  =  0,  and  there  are  only  h  distinot  valaes 
of  i|  there,  we  can  still  use  this  remark  to  determine  the  rank  of 

9i*  St*  •••  9h-\» 

For  instance,  when  the  surface  is 

y'+y*  (aJ,  l),+y«  (a;,  l^^-Aa?  =  0, 

y  is  of  rank   1,   and   a    fundamental   set   of  integral  functions  is 

1,  —  ,  -T- .     These  are  respectively  replaceable  by  1,  ^^    ^^^     ^ , 

y     y*  X 

y  +  Qu  aiid  these  lead,  by  y  =  i|4^~*,  x  =  1/f ,  to 

?.  =  «-'[.!  + (l.f),], 

<,,z=f-«[,'+,(i,().+i»(i,o,]- 

At  C  =  0  there  are  two  distinct  values  of  i|,  the  rank  of  g^  is  correctly 
given,  but  that  of  g^  incorrectly,  by  noticing  the  power  of  {  which 
disengages  itself. 

It  is  easy  to  see  that  {^gr,  =  —  ilf —  is  finite  at  (  =  0,  and  that 


X     »« aj* 


y 


1,  f — ,  4*-j  form  a  fundamental  system  of  integral   forms.     (0/. 
if        J 

Hensel,  Math.  Ann,,  xlv.,    599,  and  McUh,  Ann,,  xlv.,  129.     Herr 
Hensel's  fundamental  system  (1,  17,  ?/')  should  be  printed  (1,  n^Vi)') 


Electric   Vibrations  in  Condensing   Systems.      By  J.  Larhob. 
Bead  December  18th,  1894.    Received  December  22Dd,  1894. 

1.  In  forming  a  theory  of  rapid  electric  vibrations,  the  first  point 
to  settle  is  as  to  the  conditions  that  may  be  taken  to  hold  at  the 
boundary  of  the  dielectric  medium,  where  it  abuts  on  a  good  con- 
ductor like  a  metal.  It  is  well  known  that  when  the  vibrations  are 
of  such  short  period  as  free  vibrations  usually  are,  the  currents  in 
the  conductor  are  confined  to  mere  sheets  on  the  surface.  Inside 
these  surface  sheets  the  electric  force  is  null  and  the  magnetic  force 
is  null ;  for  if  any  such  forces,  of  alternating  character,  existed,  there 
would  be  currentEi  induced  by  them,  contrary  to  the  fact.    The  cir- 
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cumstances  are  thus  practically  the  same  as  if  the  conductors  wer^ 
of  perfect  conducting  quality,  that  is,  as  if  they  formed  simple 
cavities  devoid  of  elasticity  in  the  active  dielectric  medium,  with 
proper  boundary  conditions  over  their  surfaces.  It  is  now  easy  to 
infer  what  these  boundary  conditions  must  be.  On  the  surface  there 
exists  an  electric  current  sheet,  and  also  such  a  free  electric  charge 
and  such  a  layer  of  magnetic  poles  as  are  required  to  satisfy  the 
necessary  conditions  as  to  continuity  of  the  fluxes  and  forces  involved 
in  the  problem ;  but  there  cannot  be  any  electric  double  sheet  on  the 
surface,  except  the  permanent  one  of  chemical  origin  which  enters 
into  the  explanation  of  voltaic  potential  difference ;  nor  can  there 
ever  be  a  magnetic  double  sheet.  Now  by  means  of  these  surface 
layers  the  actual  electric  force  in  the  dielectric  is  to  be  made  to 
correspond  with  the  null  electric  force  in  the  conductor.  A  density 
of  free  charge  on  the  surface  can  always  adjust  the  normal  com- 
ponents of  electric  displacement  into  agreement ;  but,  in  the  absence 
of  a  special  double  electric  sheet,  the  tangential  components  of  the 
electric  force  must  be  continuous  across  the  surface,  and  therefore 
the  tangential  force  afc  this  boundary  in  the  dielectric  must  be  null. 
Again,  as  regards  magnetic  force,  the  normal  component  of  magnetic 
induction  must  be  continuous,  by  its  fundamental  character  as  a 
flux,  therefore  the  normal  component  of  magnetic  force  at  this 
boundary  of  the  dielectric  must  be  null ;  on  the  other  hand  the 
discrepancy  in  the  tangential  components  of  the  magnetic  force  on 
the  two  sides  of  the  interface  merely  determines  the  intensity  of  the 
current  sheet  that  flows  there.  This  condition  of  continuity  of 
normal  magnetic  induction  across  the  surface  is  not  of  course  an 
additional  one,  but  is  derived  at  once  from  the  previous  condition  of 
continuity  of  tangential  electric  force  by  application  of  Ampere's 
circuital  relation. 

In  the  equations  which  follow,  dissipation  of  the  skin  currents  into 
heat  does  not  therefore  appear.  That  is  not  because  there  is  no 
such  dissipation,  but  because  their  being  confined  to  the  outer  skin 
arises  from  inductance  being  much  more  influential  than  dissipation, 
owing  to  the  high  period.  The  vibrations  will  thus  be  prolonged  for 
a  very  large  number  of  periods,  but  will  not,  even  theoretically,  go 
on  for  ever,  although  there  will  be  no  radiation  when  the  dielectric 
is  completely  surrounded  by  a  conducting  medium. 

2.  Suppose  now  we  attempt  to  form  an  analogy  by  taking  the 
magnetic  force  to  represent  the  velocity  in  an  elastic  medium  ;  as 
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regards  its  bodily  elastic  equations  this  medium  will  have  the 
properties  of  an  incompressible  elastic  solid,  or  of  a  rotationallj 
elastic  incompressible  perfect  fluid,*  for  there  is  no  difference  between 
the  two  except  in  the  formulee  for  the  tractions  on  an  interface,  and 
therefore  in  the  boundary  conditions.  The  actual  boundary  condi- 
tions in  the  present  problem  are  that  the  normal  component  of  the 
velocity  of  the  medium,  and  therefore  of  the  displacement,  must 
vanish,  while  the  tangential  components  are  unrestricted. 

Thus,  keeping  to  the  elastic  solid  analogy  as  the  most  vivid  for  the 
moment,  though  as  we  shall  see  pi*esently  not  the  real  representation, 
the  circumstances  of  electric  vibration  in  the  active  medium  are  of 
similar  type  to  those  of  elastic  vibrations  in  an  incompressible  solid 
whose  boundaries  (where  the  dielectric  abuts  on  conductors)  are  free 
to  move  tangentially  but  not  normally.  There  are  of  course  no  free 
boundaries  because  the  dielectric  extends  to  infinity  all  round ;  but 
its  effective  elastic  properties  may  change  at  an  interface  where  its 
material  constitution  changes ;  at  such  an  interface  the  elastic  solid 
analogy  breaks  down,  and  we  must  fall  back  upon  the  rotationally 
elastic  incompressible  fluid  which  completely  represents  all  the 
electrical  conditions  under  the  most  general  circumstances. 

3.  Suppose  now  we  examine  the  character  of  the  electric  vibrations 
in  a  simple  condenser,  consisting  of  a  thin  plate  of  dielectric  material, 
plane  or  curved,  of  thickness  uniform  or  varying,  separating  two 
conducting  bodies.  The  case  is  somewhat  analogous  to  that  of  the 
vibrations  of  an  elastic  plate  of  the  same  form,  which  is  constrained 
at  the  edge  by  the  thick  compact  mass  of  the  surrounding  elastic 
medium ;  but  at  its  faces,  and  therefore  practically  throughout  its 
breadth  when  that  is  small  compared  with  its  radii  of  curvature, 
the  movement  is  confined  to  be  tangential ;  so  that  the  vibrations 
are  of  extensional,  but  not  at  all  of  flexural,  character. 

As  the  elastic  solid  of  the  analogy  is  incompressible,  on  account  of 
the  circuital  character  of  the  magnetic  induction,  we  may  represent 
the  purely  tangential  displacements  of  our  problem  by  means  of  a 
stream  function  i//,  which  we  may  consider  as  belonging  to  the  mean 
surface  of  the  dielectric  plate  ;  in  the  general  problem,  in  which  the 
plate  is  not  of  uniform  thickness,  it  is  displacement  multiplied  by 
its  thickness  r  that  is  denved  fi-om  the  stream  function. 


•  iV/i7.  Tr^nit.,  1894  ;  or  Proe,  Roy.  Soc^  1893-4,   **  On  a  Dynamical  Theory  of 
the  Electric  and  Luminiferous  STediiun.'* 


122 


Mr.  J.  Larmor  on 


[Dec.  13, 


For  the  general  case  of  a  curved  sheet,  it  is  clearly  proper  to  employ 
Ghtassian  orthogonal  coordinates  p,  9,  so  that  the  elementary  length 
on  the  surface  is  given  by  the  formula 

where  the  parameters  h,  k  are  functions 
of  position  on  the  surface.  The  elements 
of  length  along  the  coordinate  curves 
q  =  constant,  p  =  constant,  are 

^  =:  h^py     hy  ==  hZq^ 

as  in  the  diagram. 

The  magnetic    force    in    the   sheet  is 
tangential,  and  its  components  are  thus 

IXT  dy  dt ' 

l^   d  dAlf      _  J_   ^  ^ 

^rp  dp  dt 


fir  dx  dt^ 


that  is, 


0; 


0. 


/jiTk  dq  dt ' 

On  the  other  hand  the  electric  force  (P,  Q,  R)  is  purely  normal  at 
the  two  faces  of  the  plate,  and  therefore  practically  throughout  its 
thickness  ;  thus  P  and  Q  are  each  null.  By  Faraday's  circuital  law 
(law  of  induced  electric  force)  the  time-i'ute  of  decrease  of  the 
magnetic  induction  is  equal  to  the  curl  of  the  electric  force  ;  so  that 
the  components  of  the  magnetic  force  are  also  expressible  in  the  form 

-^dB       l_(d^Y^dB      Q. 
dv '      u  \dtl      dx^ 


that  is 


fi  \dtl 

fik\dt/      dq^    fihXdtl      dp^ 


0. 


While  by  the  other  circuital  law,  that  of  Ampere,  we  have  the 
current  multiplied  by  4t  equal  to  the  curl  of  the  magnetic  force,  so 
that 

dt  dx  \      UT  dx  di      /  dy  \ut  dy  dt      I 


that  is 


n 


1_  Id     k    d        d     U     d\ 

Khk  \dp  utK  dv      da  urk  da  I 


dp  firh  dp      dq  fArk  dq 
Equating  the  two  expressions  thus  obtained  for  the  magnetic  force. 


we  have 
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thus,  working  with  the  two  circuital  electrodjnamic  laws,  there  was 
no  occasion  to  introduce  the  function  ^, — these  laws  showing  at  once 
that  B  serves  as  a  stream  function  for  the  magnetic  force,  so  that  the 
magnetic  equipotential  lines  are  the  curves  along  which  B  is  constant. 
The  function  ij/  will  however  be  essential  presently,  when  we  examine 
the  purely  dynamical  aspect  of  the  problem. 

Eliminating  B,  the  differential  equation  for  ^  is 

cP\l^  _     r     /  d      k      d    ,    d      h     d\, 
di^  -    Khk  \dp  firh  dp      dq  fj^rk  dql 

representing  vibratory  motion  in  the  condenser  layer,  unaccompanied 
by  dissipation,  as  it  ought  under  the  circumstances  to  do. 

Before  proceeding  to  a  discussion  of  the  types  and  periods  of  the 
vibrations  in  condenser  layers  of  simple  forms,  we  have  still  to 
formulate  the  mathematical  conditions  which  obtain  round  the  edge 
of  such  a  layer  where  it  merges  in  the  mass  of  the  surrounding 
dielectric  medium.  If  we  held  to  the  imperfect  elastic  solid  analogy, 
we  should  infer  that  the  edge  is  maintained  fixed  by  the  mass  of 
dielectric  beyond  ;  and  that  would  give  i//  constant  and  dxl^/dn  null 
along  the  edge,  which  are  more  conditions  than  can  be  satisfied  by 
the  solution  of  a  vibrational  equation  of  the  second  order.  As  how- 
ever we  have  seen  already,  the  elastic  solid  analogy  does  not  extend 
to  the  formulas  for  the  tractions  in  the  medium,  so  that  we  cannot 
apply  it  in  this  way.  Similar  difficulties  attachf  to  the  complete 
representation  by  means  of  a  rotationally  elastic  fluid  aBther,  as  well 
as  those  associated  with  the  unusual  character  of  the  elasticity ;  at 
the  present  stage  it  is  simpler  and  safer  to  employ  immediate 
electrical  considerations.  We  therefore  direct  our  attention  to  the 
current  sheets  on  the  two  opposed  faces  of  the  condenser,  and  con- 
sider the  magnetic  field  as  that  due  to  these  currents.  At  all  parts 
of  the  plate  the  currents  on  its  two  faces  are  equal  and  opposite,  and 
so  neutralize  each  others'  efEects  except  in  the  contiguous  part  of  the 
plate,  when  the  plate  is  very  thin ;  at  the  edge  the  currents  are 
tangential,*  therefore  the  magnetic  force  near  the  edge  of  the  plate 

*  Any  tendency  to  flow  over,  across  the  edg^,  to  the  other  face  of  the  ooating, 
would  be  effectiially  resisted,  on  account  of  the  very  g^reat  increase  of  electric 
energy  that  such  a  flow  would  produce.  In  illustration  of  the  case  where  the 
dielectric  plate  does  not  come  abruptly  to  a  sharp  boundary,  but  gradually  widens 
out  into  the  surrounding  medium,  the  experiments  of  Righi  {Setid.  dei  Lineti^  1893) 
with  two  equal  spheres  close  together  and  sparking  into  each  other  may  be  noticed. 
The  observed  values  of  the  wave-length  indicate  that  the  adjacent  points  of  the 
spheres  are  antinodes  and  the  remote  points  nodes  in  the  principal  electric  vibration 
which  surges  over  their  surfaces.  The  closeness  of  the  spheres,  here  also,  impliee  a 
fair  amount  of  capacity  and  consequent  potential  energy,  and  therefore  toUK^Ib^sb 
persistence  of  the  vibrations.  ^  CJ.  xHjva^  \\V, 
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has  only  a  very  small,  practically  yanisliing,  component  in  the  tan- 
gential direction.  Thus  we  may  take  the  condition  at  the  edge  to  be 
that  the  tangential  magnetic  force  is  nnll ;  that  iB,  d^jdn  is  to  be 
null  along  the  edge.  When  the  plate  is  not  very  thin,  there  will  be  a 
correction  to  be  made  to  solutions  thus  obtained,  which  might  be 
calculated  according  to  the  same  principles  as  the  well-known 
correction  for  the  open  ends  of  organ  pipes  in  the  theory  of  acoustical 
vibrations. 

The  general  scheme  of  vibration  at  which  we  have  arrived  is  of 
course  in  keeping  with  the  characteristic  of  electric  undulations  in 
general,  that  the  electric  force  and  the  magnetic  force  are  in  the 
plane  of  the  wave-front  and  at  right  angles  to  each  other.  Thus 
here  the  undalations  advance  along  the  dielectric  plate,  and  the 
electric  force  is  across  it ;  therefore  the  magnetic  force  is  tangential, 
as  we  have  seen.  We  do  not  consider  the  other  type  of  vibration  in 
which  the  wave  sways  across  the  plate  from  one  face  to  the  other, 
and  for  which  the  periods  would  of  course  be  extremely  high  when 
the  plate  is  thin. 

A  very  striking  result  of  the  theory  is  that  the  types  and  periods 
of  the  electric  vibrations  in  a  condenser  layer  are  unaffected  by  any 
possible  deformation  of  the  layer  by  bending,  which  does  not  involve 
stretching,  and  does  not  interfere  with  the  condition  of  freedom  at 
the  edges  or  the  distribution  of  thickness  in  the  layer.  This  propo- 
sition forms  a  vivid  illusti'ation  of  Maxwell's  fundamental  position, 
that  in  the  analytical  foionulation  of  electric  phenomena  no  con- 
siderations of  action  across  a  distance  need  enter. 

4.  The  equations  of  vibration  at  which  we  have  arrived  are  the 
same  as  those  for  the  vibrations  of  a  sheet  of  air  or  gas  of  the  same 
form  and  law  of  thickness  as  the  condenser  plate,  bounded  on  each 
side  by  rigid  walls  and  with  a  rigid  boundary  round  its  edge,  y^f 
now  representing  the  velocity  potential  of  the  air.  We  can  accord- 
ingly at  once  utilize  in  electric  theory  the  results  obtained  in  the 
discussion  of  this  problem  for  spherical  sheets  by  Loi*d  Rayleigh, 
Theory  of  Sound,  Vol.  ir.,  Chapter  xviii.* 

*  In  a  similar  maimer,  the  magnetic  transyerBe  vibrationft  of  a  cylindrical  system 
correspond  to  the  acoustical  vibrations  of  a  uniform  plate  of  air  of  the  same  form  of 
section,  but  with  an  open  edge  at  which  the  pressure  remains  constant.  As  in  the 
above,  the  electric  force  is  everywhere  in  a  constant  direction  parallel  to  the  axis  of 
the  cylinder,  so  that  it  satisfies  the  same  equation  as  the  velocity  potential  in  the 
motion  of  the  air ;  while  at  a  conducting  boundary  its  value  is  nuU. 

There  is  another  type  of  electric  vibration  in  cylindrical  systems  in  which  the 
electric  force  is  transverse ;  the  magnetic  force  is  now  longitudinal  and  satisfies  the 
equation  of  a  velocity  x>otential  in  the  acoustical  problem,  where  the  edge  must  now 
be  a  fixed  boundary,  as  in  the  text. 
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In  actnal  problems  it  is  always  possible  and  usually  easy  to  employ 
a  system  of  conformal  coordinates,  so  that 

h  =  k,     and     d^  =  V  (d^* -^  d^)  ; 

the  equation  of  vibration  becomes 

cPyj/  _    T    I  d    I     d        d    I    d\,^ 
di^       Kh^\dp  fjiT  dp      dq  fir  dq/     * 

it  reduces  to  its  simplest  form  when  /it  is  constant  over  the  sheet, 
and  then  represents  waves  travelling  with  velocity  (£/a)~*,  which  is 
of  course  the  velocity  of  radiation  in  the  medium  of  which  the  plate 
is  composed. 

We  proceed  to  some  examples  of  this  type,  fir  constant,  which 
includes  the  case  of  sheets  of  uniform  thickness  and  uniform  magnetic 
quality ;  if  we  take  the  electric  coefficient  K  also  uniform,  the  velocity 
of  the  waves  will  be  uniform  all  over  the  sheet.     The  equation  is  now 


dt*        h*\dv'      da'r 


dp*       dq* 

with  di/z/dn  null  along  the  edge ;  where   c"'  =  Kfi. 
(i.)  For  a  flat  condenser 


di; 


dx"       dy* 


If  it  is  of  rectangular  form  with  the  origin  of  the  rectangular 
coordinates  (x^  y)  at  one  corner,  and  its  sides  of  lengths  a  and  &,  the 
vibration  is  of  type  given  by 


where 


^  :=  A  cospx  COS  qy  cos  (rt+y), 
r'=c'(y+3'), 


and  the  remaining  part  of  the  condition  at  the  edge,  d^lf/dx  null  when 
a;  =  a,  d^/dy  null  when  y  =  6,  gives 

pa  ^  mT,     qh  J^  WT, 

when  m  and  n  are  integers. 

mi  ,         1        mT  nir  C       (w?  ,    n*  \*    ,      ) 

Thus    ^  =  ilcos  —  arcos-— y  cos  J^'cIt  +  it)  ^+y(; 

so  that  the  period  for  the  type  of  vibration  in  which  there  are  m— I 
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nodal  lines  in  the  plate  parallel  to  the  side  6,  and  n—l  parallel  to 
the  side  a,  excluding  the  edges  themselves,  is 


2  /m*       n*\-» 


(ii.)  For  a  cylindrical  condenser  of  any  form  of  section,  which  we 
may  always  bend  into  a  circular  section  without  altering  the 
problem,  we  have 

so  that  p  ^=  oBy     q^=  Zj     ^  =  1 ; 

with  d^/dz  null  at  the  two  ends  of  the  cylinder. 

Hence  we  can  have  standing  vibrations  round  the  perimeter  of  the 
section,  of  wave-length  a  sub-multiple  of  this  perimeter ;  and  standing 
vibrations  along  the  length  of  the  cylinder,  with  the  two  ends  both 
nodes  in  the  electric  vibration,  so  that  the  wave-length  is  a  sub- 
multiple  of  half  the  length  I  of  the  cylinder.     For  the  general  type, 

we  may  take 

ilf  =^  A  cos  pdO  cos  qz  cos  (r^-f-y), 

where  r*  =  (f  (i''+9*)» 

and  pa  =  m,     ql^  nir, 

where  m  and  n  are  integers.     Thus 

^  =  -4  cosTn^cos-^^cos  j  c(m*+— ^J  ^+y  f , 

BO  that  the  period  for  the  type  in  which  there  are  2m  longitudinal 
nodal  lines  and  n  — 1  transverse  nodal  circles,  is 


2  /m«        n*\-> 
c  W"^  ?/    • 


5.  When  the  dielectric  plate  is  of  uniform   material  but  varying 
thickness, 

dl^  h*  \dp  T    dp      dq    T    dql' 

For  example,  if  r  is  a  function  of  p  only,  we  may  write 
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and  X  is  to  be  determined  by  tbe  equation 

dp   T    dp      \  c»  /  ^ 

(i.)  Thus  if  tbe  flat  coatings  of  a  plate  condenser  are  sligbtlj 
inclined  to  each  other,  we  may  take  the  line  of  intersection  of  their 
planes  for  the  axis  of  ^,  and 


X 


dx  X   dx      \  c^  I 


This  equation  is  the  same  as 

which  reduces  to  Bessel's  form  by  the  substitution  ^  =  af x*     1^  turns 
out  that  ic=  1,  and  then 

so  that  X  =  -^•^Vs  (-J  — »*)  x-\-BJ.^%  (-3 — r?\   x. 

It  would  be  however  simpler  to  adopt  independent  treatment, 
which  is  quite  straightforward,  on  the  analogy  of  the  Bessel  equation 
of  zero  order. 

(ii.)  In  the  case  of  circular  plates,   the  appropriate  coordinates 

are  polar,  and 

ds'-dr^-^-r'dJB' 


so  that 


hence 


dt 


^r'(r'^d^-^d0'\ 
2)  =  logr,     q  —  By     V  =  r^; 


which  may  be  discussed  after  the  same  manner  as  the  cases  next 
following. 

(iii.)  In  a  cylindrical   condenser  with  two  coatings  of  circular 
section  but  slightly  eccentric, 

r  =  a(/3  +  eosfl), 
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A/i  that        (fl-k-cmO)  -T^ 


that  in. 


8111(9 


Civ,)  If  the  oondeiuier  formii  a  portioii  of  a  spherical  sarfaoe,  on 
which  B  in  oo-latitade  and  m  longitude, 

d#'  =  a»d5»+a«  sin' *</•#• 

\«in'  tf  / 

p  =  log  tan  \0^     9  =  M,     hf  =  €^  sin*0 ; 


so  that 
hence 


a'sin'tfV  <itf      r      dO^  du  r  duj^' 


If  in  thiH  case  the  law  of  thickness  is 


r  =r  r^  Bin  tf, 


then 


d'il^_ 


dt' 


+ 


1    rf^^^ 

8in«0  d«V 


The  vihration-type  is  clearly 

I,  c«        sin'tfy^ 


where 


=  0. 


In  particular,  for  the  meridianal  type  of  vibrations  «=0,  and 
they  take  place  just  as  in  a  flat  condensing  strip,  the  wave-length 
measured  along  the  curved  plate  being  uniform.  The  two  coatings 
would  come  into  contact  at  the  poles  of  the  spherical  surface  ;  but 
the  conditions  there,  if  such  a  point  were  included  in  the  system, 
would  be  indeterminate.  If  the  sheet  form  a  zone  of  breadth  I 
measured  along  the  surface,  the  period  when  there  are  k—l  nodal 
parallels  in  addition  to  the  free  edges,  is  2l/kCf  w^here  as  above 


.-1  — 


=  Kfi, 

When  the  coatings  form  portions  of  two  spherical  surfaces,  which 
touch  at  a  pole,  t  =  %  (1— cos  0),  and  the  equation  becomes 


l-i|*  d     d4,  ^ 


1 d^^  _  al  dSl/ 


1}      dti    dti       i>'(l— »|')  dbt*       c*    di 
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-where  j|  =  cos  ^$.     For  the  purely  radial  types  of  period  2jr/n,  we 
have,  writing  k*  for  cfn^/c^, 


(,-._l)^,|.J^+«.^  =  0; 


80  that,  attempting  a  serial  solution 

we  have  (r  +  2)'  Ar^^-r'Ar + ic'il,  =  0, 

with  J  J,  ai*bitrary.     Thus  we  obtain  a  solution 

which  converges  everywhere  except  at  the  point  of  contact  of  the 
spherical  surfaces  (i|  =  l),  where  the  divergence  may  be  considered 
to  express  that  the  contact  is  equivalent  to  an  undefined  sink  of 
electric  motions. 

The  condition  along  the  edge  is  d\l//dri  null,  which  will  give  the 
values  of  •:,  and  therefore  the  penods,  by  successive  approximation  ; 
the  other  pole  of  the  sheet  is  clearly  a  node,  as  it  ought  to  be.  For 
complete  spherical  surfaces,  there  are  definite  vibrations  with  free 
periods  only  when  the  divergence  is  avoided  by  the  senes  tenninating, 
that  is  when  k  is  an  even  integer,  say  2m ;  the  periods  are  therefore 
the  times  required  by  radiation  to  traverse  an  even  sub-multiple 
(l/2w)  of  the  circumference  of  a  great  circle.  An  open  shell 
bounded  by  a  nodal  line  of  a  free  electric  vibration  in  the  complete 
spherical  sheet  will  have  the  same  periods.  For  m  =  2,  there  are  no 
nodal  lines  except  the  pole ;  for  m  =  4  the  circle  cos  ^$  =  '25  ir 
nodal ;  for  m  =  6,  the  circles  cos  \0  =  '92  or  '60  are  nodal. 

The  annexed  diagram  (p.  130)  represents  a  condenser  with  sphencal 
surfaces  which,  when  completed,  would  come  into  contact  at  the 
pole  0.  At  the  opposite  point  A  a  wire  is  connected  with  the  inner 
coating  but  insulated  from  the  outer  one.  If  this  wire  is  connected, 
after  passing  through  a  hole  in  a  metal  screen,  with  one  of  the  knobs 
of  a  sparking  apparatus,  and  the  outer  coating  of  the  condenser  is 
connected  similarly  with  the  other  knob,  free  electric  oscillations  will 
be  set  up  in  the  condenser  by  each  spark,  and  they  will  be  persistent 
because  they  can  be  radiated  away  but  slowly  at  the  edge  of  the 
dielectric  plate.     An  arrangement  of  this  kind  is  not  therefore,  like 
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the   ordinary  Hertzian  vibi-ators,  a  rapidly  damped  system,  but  is 


rather  analogous  to  a  pipe  or  cord  in  acoustics  which  maintains  its 
vibrations,  once  they  get  started,  for  a  long  series  of  periods  without 
important  damping.  It  would  perhaps  be  better  to  connect  the 
coatings  with  induction  plates  influenced  by  the  sparking  knobs, 
instead  of  the  knobs  themselves.  If  the  free  period  of  the  exciter  is 
nearly  the  same  as  that  of  the  condenser,  it  is  conceivable  that  a 
steady  permanent  state  of  vibration  might  be  established,*  at  any 
rate  if  the  exciting  sparks  could  be  made  to  follow  each  other  with 
sufficient  rapidity. 

6.  There  is  also  the  usual  class  of  spherical  condensers,  which  is 
amenable  to  more  complete  treatment,  viz.,  those  in  which  the  thick- 
ness of  the  dielectric  is  uniform  and  the  aperture,  if  any,  is  very 
small.     The  differential  equation  is,  writing  fc  for  cos  0, 

d  f.       «x  dyj^  1        ^_  a»   ^. 


*  In  this  mode  of  exoitation  by  spark  diBchargre  m  an  influencing  system,  the 
exciter,  consisting  of  the  condenser  plu$  connecting  wires  plus  sparker  and  other 
acoessories,  has  free,  though  transitory,  periods  of  its  own  ;  which  are  not  to  be 
confounded  with  those  of  the  dielectric  plate,  or  what  is  the  same  thing,  those  of 
the  swayings  of  the  electric  charges  on  its  coating^.  For  these  free  swa3ring8  the 
pole  A  is  nodal  as  well  as  the  edg^ ;  and  the  vibrations  are  not  transitory,  for  it  is 
only  at  the  edge  that  they  can  radiate  away.  The  analogy  is  with  an  org^n  pipe 
excited  by  an  air  blast  across  a  wooden  lip,  rather  than  with  a  pipe  excited  by  a 
vibrating  reed.  The  condenser  might  also  be  excited  by  waves  of  prox>er  period 
travelling  across  the  surrounding  medium,  like  Helmholtz^s  acoustical  resonators, 
provided  the  waves  were  very  steady.  The  intensity  of  the  charge  of  the  condenser 
affects  the  strength  but  not  ihe  period  of  the  vibrations. 
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or  on  snbstitnting  as  before 

which  is  the  equation  of  tesseral  spherical  harmonics.  It  is  known* 
that  there  is  no  solution  which  remains  finite  all  over  the  complete 
sphere  unless 

aV/c'ssaCa  +  l), 

where  a  is  an  integer,  in  which  case  one  of  the  solutions  in  series 
reduces  to  a  finite  number  of  terms.  Whether  a  is  integral  or  not, 
the  solution  is 


''=<^-'^')K£)*^' 


dfA, 

where  P  is  the  solution  of  a  binomial  equation,  and  thus  easily 
expressible  by  series. 

When  a  is  an  integer,  one  of  the  two  forms  of  P  is  the  finite  series 
representing  the  zonal  harmonic  or  Legendre's  function  of  order  a. 

Thus  for  the  case  of  a  complete  sphere,  the  periods  are 

27ra/cy(1.2),     2ira/cy(2.3),  ...    27ra/c-v/(o.  a  +  l),  ..., 

whether  the  vibi^tions  are  of  zonal  or  tessei^l  type.  But  the  nodal 
lines  of  the  electric  vibration  (dyp/dn  null)  are  different  in  the  two 
cases.  For  the  zonal  vibrations  involving  P.  there  are  a— 1  nodal 
parallels,  including  the  poles,  determined  by  (d/dfi)  P.  =  0  ;  for  the 
tesseral  vibrations  with  8  nodal  meridian  circles,  there  are  only 
«— «— 1  nodal  parallels  determined  by 

(d/dfl)'*^  P.  =:  0. 

We  might  consider  the  condenser  as  terminated  by  any  of  these 
nodal  series,  so  that  solutions  are  thus  obtained  immediately  for  a 
great  variety  of  cases. 

For  example  in  the  case  P,  =  |  (3/i'— 1),  the  single  nodal  line  is 
the  diametral  circle,  and  the  period  of  the  lowest  radial  vibration  in 
a   hemispherical    condenser    is   thus    2ira/c'/6.     The  other  radial 


*  Lord  Bayleigh,  Theory  of  Sound,  Vol.  n.,  Gh.  xrm. 
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periods  are  2'ira/cy/(4i .  5),  2ira/c  (6.7),  ...,  viz.  the  alternate  ones  of 
the  complete  set  for  a  sphere.  Again,  we  have  types  sni  cable  to  a 
hemisphere  which  involve  an  even  number  of  nodal  meridian  circles, 
and  whose  periods  are  2ira/c  y/(2a .  2a  + 1)  where  2o— 1  is  the  number 
of  nodal  lines  on  the  complete  sphere  corresponding  to  the  type. 
And  we  have  also  vibration-types  with  an  odd  number  of  nodal 
meridian  circles  of  which  the  periods  are  2ira/cv^(2a  +  l  .2a  +  2),. 
where  2a  is  the  total  number  of  nodal  lines  corresponding  to  the  type 
on  the  complete  sphere;  the  largest  period  of  this  kind  is  ira/^^Sy 
corresponding  to  one  nodal  meridian  circle,  and  no  nodal  parallel 
except  the  edge  of  the  hemisphere,  and  this  is  the  lowest  free  period 
belonging  to  the  hemispherical  condenser. 

Now  suppose  that  our  spherical  condenser  is  not  quite  complete, 
but  that  there  is  a  small  aperture  at  the  opposite  end  of  the  diameter- 
fi"om  ^,  as  in  the  diagram  of  the  previous  case.  The  effect  of  this 
aperture  is  merely  to  make  its  boundary  a  node  instead  of  the  point 
0,  so  that  the  periods  are  not  perceptibly  altered  if  the  apertui^e  is 
small. 

7.  The  solutions  hitherto  obtained  for  incomplete  spherical  sur- 
faces have  been  special  ones  derived  from  the  nodal  lines  of  the 
complete  sphere.  To  attack  the  general  problem  we  must  ti^ansfonn 
the  independent  variable  in  the  equation  of  vibration  so  as  to  obtain 
genei^al  solutions,  finite  at  that  pole  of  the  sphere  which  belongs  to 
the  condenser ;  these  will  necessarily  be  infinite  at  the  other  pole, 
which  is  outside  the  condenser,  unless  in  the  special  case  above  con- 
sidered where  the  seiies  terminates. 

To  derive  series  which  will  be  convei'gent  over  the  whole  spherical 
sni-face  up  to  the  other  pole,  we  write  z  =  i(l— /4),  thus  obtaining 


^=(i-,.r(£)'p. 


whei-e  z(l-z)^  +(l-2x)~+a(a+l)P  =  0, 

dsr  dz 

a  (tt+1)  representing  as  before  n^a^/c*,  but  a  not  now  being  integral. 
The  solution  which  remains  finite  when  x?  =  0  is  Murphy's  form,* 


♦  Mniphy,  On  BUetritity,  1833,  Preliminary  Propositions. 
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analogous  to  the  series  in  §  5  (iv.), 

P  —  1  —  "■  tt-f  1  1~A*   ,   g^l  .  g  .  g-f  1  .a4-2  /I— /uX* 

1.1        2     ■*■  2!^!  \    2    /  ■^•" 

.,H-(-r-^^^  .  a--r-f  2  ...  g+r  (L-MV^...  . 

r!  r!  \    2     / 

The  equation  for  the  period  is  obtained  by  making  dAJ/fdn  null  at 
the  edge  of  the  sheet.  Unless  the  sheet  is  more  than  a  hemisphere, 
.a  rapid  approximation  to  the  periods  may  be  made,  as  the  series  that 
occurs  in  the  equation  converges  fairly.  But  when  the  sheet  is 
nearly  a  complete  sphere  the  convergence  is  very  slow,  and  we  must 
either  attempt  to  transform  P  into  a  semi-convergent  series  by  the 
method  of  Kummer  and  Stokes,  or  else  we  may  work  with  a  definite 
integral  type  of  solution.  The  former  method  seems  to  be  inapplic- 
able, or  at  any  rate  it  is  not  easy  to  transform  the  equation  to  a 
binomial  type,  after  the  intrinsic  singularity  has  been  reduced  by 
introducing  a  logarithmic  factor  multipl3ring  the  dependent  variable. 
For  attempting  the  latter  pi-ocedure,  we  have  available  C.  Neumann's 
solution 


=i 


coshjo+l)^^^ 

0    (/*  +  C08h^)*   ^' 


as  this  is  finite  when  /i  =  -f  1  and  infinite  when  /i  =  —  1. 

8.  For  the  important  case  of  flat  circular  plates,  including 
implicitly  semicircular  plates  and  various  sectors,  and  also  conical 
sheets  bounded  by  circles,  the  analysis  is  given  with  full  numerical 
results  by  Lord  Rayleigh  in  his  treatment  of  the  identical  problems 
of  the  vibrations  of  a  circular  sheet  of  air,  and  the  oscillations  under 
gravity  of  water  in  a  cylindrical  vessel.*  The  wave-length  of  the 
vibrations  in  the  circular  dielectric  plate  is  its  circumference  divided 
by  X,  where  a;  is  a  root  of  Jl  (z)  =  0 ;  and  a  numerical  table  of  these 
i*oots  is  given.  The  longest  wave-length  corresponds  to  a;  =  1'841, 
and  represents  a  swaying  backwards  and  forwards  along  the  direction 
of  a  diameter ;  the  next,  x  =  3*054,  is  a  vibration  of  the  same  kind, 
with  an  antinode  in  the  middle  instead  of  a  node ;  the  next,  x  =  3*832, 
is  a  radial  vibration.  In  all  cases,  in  passing  from  the  dielectric 
plate  to  the  surrounding  atmosphere,  the  wave-length  is  increased  in 


♦  2%eoty  of  Sound,  Vol.  n.,  §  339  ;  "  Water-waves  in  Cylinders,"  Phil  Mag.^ 
Jlpril,  1876 ;  also  yatur$,  July  29th,  1875. 
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the  i*atio  of  the  velocity  of  propagation  in  air  to  that  in  the  plate, 
that  is  of  unity  to  K^  when  the  plate  is  non-magnetic. 

The  plates  of  a  condenser  may  be  divided  across,  along  nodal  lines, 
without  interfering  with  the  types  or  periods.  A  condenser  with  a 
guard  i-ing  n^nll  thus  vibrate  as  two  separate  condensers,  without 
sensible  intei-ference  between  them. 

9.  One  application  of  the  present  formulae  might  be  to  the  deter> 
mination  of  the  efPective  value  of  K  for  vibrations  of  the  period  under 
consideration,  by  tuning  condensers  with  various  dielectrics  so  as  to 
be  in  unison. 

From  this  point  of  view  the  case  in  which  the  dielectric  in  a 
horizontal  plate  condenser  is  a  composite  one,  consisting  say  of  a 
layer  of  alcohol  or  water  below  and  a  layer  of  air  above,  merits  con- 
sideration, as  on  it  might  perhaps  be  based  a  method  of  measurement 
of  the  dielectric  constants  of  badly  conducting  electrolytes.  If  we 
tiy  to  proceed  as  in  §  3,  the  electric  force  B  will  not  be  constant  across 
the  plate,  so  we  must  employ  instead  the  electric  displacement 
P  (=  KR/4tr)  which  is  constant.  It  will  be  found  however  that  the 
conditions  cannot  be  all  satisfied,  so  that  the  magnetic  force  cannot 
now  be  tangential  right  across  the  plate. 

We  must  therofore  introduce  a  coordinate  to  represent  depth  in 
the  plate,  and  employ  the  ordinary  three-dimensional  equations.  But 
we  may  still  escape  fi-om  the  analytical  intricacies  of  the  genei-al 
pi-oblem  if  we  confine  ourselves  to  plane  waves  in  a  flat  I'ectangular 
condenser,  or  indeed  to  any  other  case  of  symmetry  in  which  tha 
magnetic  induction  may  be  specified  by  means  of  a  stream  function. 

Let  us  consider  these  plane  waves  in  a  i*ectangular  condenser ;  let 
r|  be  the  thickness  of  the  part  of  the  dielectric  which  is  of  inductive 
capacity  X|,  r,  that  of  JT,,  so  that  the  thickness  of  the  plate  is 
r  =  r|-fr,;  we  may  take  the  value  of  /i  to  be  uniform  throughout, 
the  materials  being  non-magnetic.  Let  the  two  velocities  of  pi*o- 
pagation  be  Ci,  C|,  so  that  c{^  =  JTjfi,  c,"'  =  X,^  ;  we  have,  in  each 
medium,  equations  of  the  type 

where  a  =  -r-  ,     y  =  —  -i- ; 

dz  ax 

the  tangential  magnetic  force   and  noi*ma]  magnetic  induction  ai'e^ 
continuous  at  the  interface,  that  is  dyjz/dx  and  d\p/dz  &ve  so  ;  while  the 
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normal  magnetic  force  is  nail  at  each  boundary,  that  is  d^/dx  is  so. 
Thns  measuring  z  from  the  interface 


let 
then 


so  that  for  a  plane  wave  we  may  take,  if 

^  =  sin  (mx^nt)(A€f^-\'Be""), 

At  the  interface  ,       A^+B^^  J,+J?„ 

(A,^B,)k,:={A,^B,)k,, 

At  the  faces  of  the  plate, 

A^e'*''  —  5|C-»"«  =  0, 

Thus  from  the  latter  pair  of  equations, 

J,  =  Xie-"'',    B^  =  Xje-"",    J,  =  XjC-",    B,  =  A,e 


-«ar. 


where,  from  the  former  pair, 

A|  cosh  K^r^^  A,  cosh  i:,r}, 

iC|Xi  sinh  rjT,  =  —  r,A,  sinh  iCjr,, 

so  that  Cj  tanh  iCi  Tj  +  k^  tanh  it,  r,  =  0, 

or,  written  at  length, 

(m^-rfcTy  tanh  (m'-nV*)*ri  +  (m'-n»c,-»)*tanh  (m'-wV')*r,  =  0, 

an  equation  to  determine  the  period  2v/n  of  plane  waves  of  length 
2ir/m,  travelling  along  a  composite  dielectric  plate. 

If  either  of  the  quantities  represented  by  tcj  and  ic,  is  imaginary, 
there  will  be  nodal  planes  parallel  to  the  plate  ;  the  lowest  period  of 
a  given  plate  has  of  course  no  such  nodes. 


« 

10.  The  scope  of  the  present  method  may  also  be  illustrated  by 
applying  it  to  the  case  of  an  ordinary  Leyden,  with  flat  base  of  thick- 
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ness  r,  and  radias  a,  and  cylindrical  sides  of  thickness  r^  and  length  L 
If  the  transition  between  the  thicknesses  r^  and  r,  is  not  yeiy  abmpt 
compared  with  either  of  them,  there  will  be  no  important  distarban 
by  reflexion  or  otherwise  at  that  place.    In  the  circalar  base 


de       r"  \  dr     dr      dff*)^' 


in  the  cylindrical  sides 


(Pijf 
dt' 


at  the   junction   between    them   d^/dr   and    d^/rdO  most   be  con- 
tinaous ;  and  at  the  free  edge  dil^/dr  must  be  nnll. 


Let 


ij/  =  •^e^*'^; 


then  in  the  ba.e    ^  +  1  f- +  (^-^)^  =  0, 


in  the  sides 


Thus 


there  being  no  source  at  the  ongin ;  and 


X,  =  Bco8(J-»^'y(r-a-Z) 


with  the  conditions  at  the  junction, 


Hence  the  free  periods  are  2ir/n,  where 

'-(?)(7-5")''*°(?-?)''+7'-(7) 

2m  being  the  number  of  radial  nodal  lines. 


=  0, 
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11.  The  investigation  (§  3)  of  the  differential  equations  of  the 
problem  of  a  condenser  plate  above  considered  can  be  pat  into  a 
purely  dynamical  form,  which  will  conveniently  illustrate  the 
dynamical  aspect  of  the  electromotive  equations  in  the  theory  of 
electromagnetism.  We  assume  as  data,  as  in  fact  kinematic  rela- 
tions of  the  system,  that  the  magnetic  induction  is  circuital,  and  so 
is  derived  in  the  present  problem  from  a  stream  function  xj/,  and  that 
the  electric  current  is  denved  from  the  magnetic  induction  by 
Ampere's  law.  The  other  circuital  law  of  Faraday  should  now  follow 
as  a  dynamical  consequence  of  Maxwell's  expressions  for  the  kinetic 
and  potential  energies, 

-=ffi^SK|l)'-i(|l)>*^' 

J  J  8irK  h'k'  I  dp  \fiTh  dp  J  ^  dq  \firk  dqJS  ^^' 

and  should  form  a  confirmation  of  the  validity  of  these  expressions. 
The  vibrations  of  the  dielectric  layer  are  to  be  derived  from  these 
-expressions  by  the  dynamical  principle  of  least  action 


^{(T^W)dt  =  0, 


in  which  the  symbol  of  variation  i  refers  to  ^  alone.  On  making 
the  variation,  integrating  by  parts  in  the  usual  manner  to  get  rid  of 
differential  coefficients  of  Sij/  except  at  the  limits  of  the  integral,  and 
•equating  to  zero  the  coefficient  of  this  purely  arbitrary  variation  2^ 
in  the  resulting  form,  we  have  the  equation  of  vibration 

d*  /d^   _k_    d         d^  Ji^  A\tU 
dt^  \dp  firh  dp       dq  firk  dqj 

^  f  d k ^    ,  ^     fe     d\     r     f  d^  _k_    d        d      h      d\  . 

\dp  firh  dp      dq  firk  dqJ  Khk  \dp  fjirh  dp      dq  firk  dj) 

wherein  IT,  /i,  r  may  all  be  any  functions  of  position  on  the  mean 
surface  of  the  condenser.     This  equation  may  now  be  split  into  two, 
-and   simplified  by  the  introduction    of    a    subsidiary  independent 
variable,  such  as  i2  in  §  3. 

We  thus  obtain 

^     r_  I  d      k    ^   I    d_     h      d\   , 

Khk  \dp  firh  dp      dq  firk  dq) 
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and  ^>C=       JL./1  A  A  +  A  A  AU 

(W  Khk  \dp  firh  dp^  dq  lAtk  dq)  ^' 

Ou  snbstitntion  for  x  fit)!!!  the  first  of  these  equations  in  the  left  side- 
of  the  second,  and  integration,  there  follows 

where  F  {p,  q)  denotes  some  function  of  the  coordinates  ^that  would 
be  a  stream  function,  for  steady  electric  flow  witboat  internal  sources, 
on  either  coating    of  the  condenser.     Thus,  the  value  of  x  ^i^g" 
derived  as  above  fit>m  the  solution  of  the  second  equation,  the  value- 
of  ij/  deduced  fi'om  it  will  involve  in  addition  this  function  F(pi  q). 

The  dynamical  problem  is  therefore  more  general  than  the  present 
electrical  one.*     For  instance,  if  we  take  T  and  W  to  represent  the- 
energy  of  a   rotationally  elastic   fluid  aether,  the  additional  term 
F{p,  q)  will  repi-esent  an  irrotational  flow  in  the  aether,  which  as 
we  know  will  excite  no  elastic  reactions  and  so  will  not  interfera 
with  the  equation  of  vibrations.     If,  on  the  other  hand,  we  imagine- 
the  BBther  to  be  an  elastic  solid,  its  potential  energy  W  will  include- 
other  terms  in  addition  to  those  above  expressed ;  but  as  they  can  be 
integrated  into  an  expression  relating  only  to  the  boundary,  they  will 
not  affect  the  equation  of  propagation ;    in  this  case  F  (p,  q)  will 
represent  an  irrotational  strain.     We  might  by  aid  of  this  function 
satisfy  in  either  case  the  conditions  necessary  to  make  the  edge  of 
the  plate  fixed,  viz.  d^/dn  null  and  also  ij/  constant  all  along  it ;  for  the 
case  of  a  cylindrical  condenser  of  length  I  the  periods  of  the  vibra- 
tions which  have  2m  longitudinal  nodal  lines  would  then  come  out 

2  /  m^       nM-* 
c  Wa^       I'  /     ' 

where  n  is  a  root  of  the  equation 

tanh  vil  tan  nl  =  — , 

m — n 


*  [It  IB  not  implied  here  that  the  representation  by  meann  of  a  rotationally  ela8tio 
fluid  ffither  ib  in  any  way  def eotive.  It  it  were  possible  practically  to  prescribe  the- 
Telocity  of  the  aether  round  the  edg^e  of  the  plate,  this  analysis  would  just  be 
sufficiently  wide  to  determine  the  resulting  motions ;  and  these  would  consist  of  an 
elastic  vilnrational  part  and  an  irrotational  fluid  motion.  But  it  is  not  possible  ta 
impose  a  Telocity  on  the  ether  at  the  edg^e  except  by  introducing  an  extraneous, 
magnetic  field  ;  and  the  analysis  simply  states  that  throughout  the  plate  this  field 
is  superposed  on  the  electromagnetic  yibrations  if  it  is  steady,  and  modifies  them  in 
the  ordmaiy  manner  if  it  is  variable.] 
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instead  of  being  an  integer,  thus  differing  from  the  result  in  §  4  (ii.) 
to  which  the  direct  electric  equations  led.  Thus  the  ordinary  electric 
equations  imply  that  in  a  rotational  fluid  aether  no  irrotational  flow 
is  associated  with  electric  vibrations  relating  to  fixed  conductors ; 
they  also  imply,  on  this  and  many  other  grounds,  that  the  aether  is 
not  of  elastic  solid  constitution.  On  the  rotational  theory,  flow  of 
the  aether  is  of  course  associated  with  a  steady  magnetic  field ;  the 
question  as  to  whether  it  is  actually  influenced  by  the  movements  of 
matter  must  be  decided,  at  the  present  time,  on  grounds  of  optical 
theory  and  observation.* 

The  problem  of  electric  vibrations  is  thus  only  a  special  problem 
in  the  dynamical  theory  of  the  electrical  and  optical  medium ;  the 
latter  is  wider,  because,  not  to  mention  the  electromagnetic  forcive 
on  material  bodies,  it  must  include  the  theory  of  the  electrics  and 
optics  of  moving  media,  and  possibly  the  theory  of  the  atoms  of 
matter  themselves  considered  as  intrinsic  singularities,  of  motion  or 
strain  or  both  together,  existing  in  the  fundamental  structureless 
medium. 

It  may  be  noticed,  that  the  elastic  solid  problem,  whose  solution 
has  just  been  stated  for  the  case  of  a  cylinder,  is  identical  with  the 
problem  of  the  extensional,  wholly  non-flexural,  vibrations  of  a  plane 
or  curved  elastic  plate,  which  has  been  treated  by  Mr.  A.  E.  H.  Lovef 
under  the  much  more  difficult  circumstances  which  obtain  when  the 
material  is  not  incompressible.  Such  vibrations  are  too  high  in 
pitch  and  too  difficult  of  excitation  to  be  of  acoustical  importance ; 
but  if  the  aether  were  like  an  elastic  incompressible  solid  they  would 
be  the  ones  we  should  have  to  deal  with  here,  except  that  the  more 
usual  case  would  involve  as  above  the  simpler  conditions  appertain- 
ing to  a  fixed  edge  in  place  of  those  of  a  free  one. 

This  mode  of  forming  a  concrete  representation  of  electric 
vibrations  is  explained  at  some  length,  in  Proc.  Camh,  Phil,  Sac., 
Vol.  VI.,  1890,  "  On  a  Mechanical  Representation  of  a  Vibrating 
Electric  System  and  its  Radiation."  The  analogy  there  developed  i& 
however  the    conjugate    one  in  which  electric  force  represents  the^ 


*  The  term  F  (p,  g)  enters  in  the  analjnsis  as  representing  a  part  of  the  magnetic 
force  which  is  inaependent  of,  and  not  excited  by,  the  electric  force, — in  other  wordn- 
a  part  of  the  motion  of  the  sether  which  is  not  directly  traceable  to  electric  strain. 
It  implies,  and  is  derived  from,  activity  of  a  hydrostatic  pressure  in  the  aether, 
which  is  probably  operative  only  in  molecular  problems,  the  ether  in  bulk  being  on 
this  theory  stationary  except  in  a  magnetic  field.     Cf.  Phil,  Trant.f  1894,  A,  p.  790. 

t  Fhil.  Trana.f  1888. 
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velocity  in  the  elastic-solid  medium;  the  surface  conditions  at  a 
<K)nductor  are  then  clearly  that  the  horizontal  velocity  vanishes 
while  the  normal  movement  is  unrestricted.  Though  that  scheme  is 
more  remote  from  the  actual  electrical  conditions,  it  has  the  advan- 
tage for  intuitional  purposes  that  the  surface  relations  are  completely 
i-epi-esented  by  the  presence  of  a  very  thin  skin  of  much  more  power- 
ful elasticity,  supposed  to  exist  on  the  elastic  solid  of  the  analog}'. 
The  fact  that  we  can  always  obtain  conjugate  representations,  of  the 
«ame  scope  but  of  totally  different  character,  by  replacing  magnetic 
foi-ce  by  electric  foree  as  the  independent  variable,  is  very  funda- 
jnental  in  this  kind  of  theory  ;  and  use  has  been  made  of  it  in  various 
ways  by  Willai'd  Gibbs,  Drude,  and  other  writers.  It  was  clearly 
•indicated  and  utilized  in  Maxwell's  original  paper  **  On  the  Electro- 
magnetic Field,"  Phil,  Trans,^  1864. 


12.  The  propagation  of  electrical  waves  in  the  dielectric  of  a  long 

cylindiical  condenser  like  a  submarine  electric  cable  may  be  discussed 

in  a   similar  manner.     The  lines  of   electric  force  ai'e  trans vei*se, 

•passing  ludially  from  the  core  to  the  outer  sheath  across  the  dielec- 

tnc.     If  the  fi'equency   of  the  vibrations  is  sufficiently  great,  the 

currents  will  not  penetrate  far  into  the  conductors,  and  thei*e  will 

•also  be  little  viscous  loss  of  energy  ;   so  that  the  dielectric  layer  will 

^act  like  a  speaking  tube  in  acoustics,  maintaining  the  vibi*ations  m 

force,  as  they  travel  along  it. 

This  propagation  is  of  course  very  di£Eei*ent  from  the  ordinaiy 
working  of  submarine  cables,  when  the  alternations  ai*e  so  slow  that 
electric  inertia  hardly  counts,  and  the  viscous  forces  of  conduction, 
which  are  the  only  ones  in  action,  make  the  propagation  of  diffusive 
type  like  the  conduction  of  heat,  instead  of  undulatory  type  as 
here. 

It  might  be  supposed  that  long  submarine  cables  would  possibly 
be  adaptable  for  telephonic  purposes  by  making  the  incident  sound 
waves  act,  in  the  manner  of  a  relay,  on  a  spark  gap,  and  so  set  loose 
•electrical  vibrations  which  would  be  propagated  along  the  cable  and 
i*eceived  at  the  other  end  of  it ;  but  the  discussion  which  follows 
negatives  such  an  idea. 

In  examining  this  point  we  shall  also  incidentally  observe  the 
•oi-der  of  frequency  which  is  necessary  to  restrict  the  importance  of 
the  dissipative  terms,  so  that  the  conclusions  of  the  above  discussion, 
in  which  they  do  not  appear,  may  be  valid.     When  as  hei^  the  pene- 
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tration  into  the  conductor  is  to  a  small  depth  compared  with  its. 
i*adins  of  curvature,  its  surface  may  be  treated  as  plane. 

The  equations  of  propagation,  for  conductivity  •:',  are 
(^^  +4,r«'  I)  (P,  Q,  R)  =  ,.->V  (P,  Q,  B). 

It  will  suffice  to  consider  the  case  in  which  Q  vanishes  ;   there  is^ 
then  a  cuiTent  function  i//,  so  that,  x  being  parallel  and  z  perpendicular- 

to  the  interface,  and  the  dielectric  sheet  being  then, 
and  the  chai'acteristic  equation  of  the  problem  is 

where  c'*  stands  for  Kfi  and  k  for  Kfi,  In  non-magnetic  matter  such 
as  the  dielectnc  ^  is  unity  ;  and  c  is  very  great,  being  of  the  order  of 
the  velocity  of  radiation. 

For  a  wave  of  period  2ir/n  travelling  along  the  dielectric  layer, 

where  m'  is  now  complex,  as  we  suppose  the  wave  to  be  damped  by 
conduction  in  the  metals.     We  have  therefore 


where 


If  the  plane  of  xy  be  taken  along  the  middle  of  the  dielectric  layer,, 
of  small  breadth  2a,  then  by  symmetry  we  have  in  the  dielectric 

and  in  the  upper  conductor 

where  r*  =  w^-^AtTCKm  ; 

so  that  very  approximately 

r=(2TiaO*(l-«+-^(l  +  0  +  ...)' 
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in  which  the  la8t  teim  may  also  be  neglected  becanse  u/ni^  is  of  the 
order  of  tlie  velocity  of  radiation. 

TliuH  in  the  dielectric  plate 

in  the  upper  conductor 

The  constants  are  to  be  determined  by  the  conditions  that  at  tlie 

interface  (    -    7  +*:  J  J'  and  also  ddz/dz  are  to  be  continuous.     Thus 
\4ir  at         I 

we  have  exactly,  k  being  null  in  the  dielectric, 

wA  (i>-— e-"^)  ^^rB\ 
and  the  Cfjuation  for  m  is  therefoi-e 

/'"•"— ^'"'"*      nKm 

ma    ■■■- = -7 — ,  i. 

c-"'  +  f>-""'         4iri:' 

If  there  were  no  dissipation  m  would  vanish  ;  so  that  to  our  oi-der  of 
approximation  m  is  small  and  c  is  the  velocity  of  propagation.     Thus 

(m«)'=»«(-^y(l+0, 

Tjis  fx:«aiential  coeflScient  of  decay  along  the  wave-ti-ain  is  therefore 

4a  \ckX,J 

-i  i^:ain»fl*d  equally  by  increase  of  conductivity  n'  or  diminution 

eability   fi  in  the  metal,  or  by    increjise  of  the 
however  must  not  be  too  small  if  this  analysis  is 


M  i&at 


z  ^  ldOO'\  and  if  X  is  one  meti*e  and  the  thickness  2(i 

one  centimetitj,  the  amj)litude  would  thus  be 

j£  I  to  e  after  ti-avelling  about  100  metres,  that 
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is  after  100  vibrations.  Thus  oscillations  of  this  kind,  though 
•enormously  persistent  compared  with  ordinary  Hertzian  waves,  are 
nothing  like  so  persistent  as  ordinary  sound  waves  ;  nor  can  they  be 
transmitted  very  far  along  a  dielectric  cylinder  without  sensible  loss. 
The  exponential  coefficient  of  penetration  into  the  metal  is  the  real 
part  of  r,  which  is  2ir  (cfik'/X)*,  being  independent  of  the  thickness  of 
the  dielectric  plate ;  this  is  about  3  X  10*  under  the  above  circum- 
stances, so  that  the  current  is  reduced  in  the  ratio  of  1  to  e  at  a 
•depth  of  about  3  x  I0~^  centimetres,  which  of  course  amply  justifies 
the  procedure  of  the  previous  part  of  this  paper. 

13.  It  may  be  convenient  to  briefly  treat  on  these  lines  the  problem 
of  electric  vibrations  in  other  systems  than  dielectric  shells,  a  subject 
already  referred  to  in  the  footnote  to  §  4. 

The  periods  of  a  circular  cylinder  of  dielectric,  of  radius  a,  with  a 
•conducting  boundary,  are  easily  expressed ;  when  the  electric  force 
is  longitudinal  and  the  magnetic  force  transverse,  they  are  given 
by  the  roots  of  J^  (najc)  =  0 ;  when  the  magnetic  force  is  longitu- 
dinal and  the  electric  force  transverse,  by  the  roots  of  JJ  (na/c)  =  0. 
The  wave-lengths  in  free  aether  of  the  two  types  are  the  diameter  of 
the  cylinder  divided  by  765,  1-757,  2754,  ...  and  1*220, 2*233, 
•3'238,  ...  respectively  (Stokes,  Gamh,  2^ran«.,  ix. ;  Rayleigh,  iSoMfMi, 
§206).  Both  classes  of  vibrations  should  be  excited  by  sparking 
between  two  knobs  in  the  middle  of  a  hollow  metal  cylinder  whose 
length  is  several  times  its  diameter ;  and  in  analogy  (mpra)  with 
the  air  vibrations  excited  in  a  pipe  by  tapping  it,  they  will  last 
a  considerable  number  of  periods  before  disappearing  by  radia- 
tion from  the  open  ends.  On  the  same  analogy  also,  shortening  the 
cylinder  should  somewhat  increase  the  periods ;  for  it  diminishes  the 
consti-aint. 

The  more  general  problem  of  the  vibrations  excited  in  a  dielectric 
region  bounded  by  a  conducting  surface  of  revolution  is  also  amenable 
to  similar  treatment.  There  are  two  types  of  vibration  symmetrical 
with  i-espect  to  the  axis ;  in  one  the  lines  of  magnetic  force  are  circles 
round  the  axis,  and  the  lines  of  electric  force  are  curves  in  the 
niendian  planes ;  in  the  other  vice  versa. 

In  the  first  case  if  JBT  is  the  intensity  of  the  magnetic  force,  the 
component,  parallel  to  the  axis,  of  the  electric  displacement  is 
<in/4!K(lp  where  p  denotes  distance  from  the  axis.  Thus  the  equation 
satisfied  by  JBT  is 

—  =  c*V*JBr 
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and  the  condition  of  continuity  of  the  tangential  electric  force  at  the- 
boundary  makes  dH/dn  null  at  the  boundary.  The  vibration  type» 
and  penods  are  thus  precisely  the  same  as  those  of  a  gas  in  a  rigid 
envelope  of  the  same  form,  H  corresponding  to  the  velocity  potential 
of  the  gas.  The  periods  are  well  known  (Rayleigh,  Sounds  §  331) 
for  the  case  of  a  sphencal  envelope,  including  a  hemisphericaV 
envelope  and  various  other  t3rpes  as  sub-cases ;  and  by  combining 
symmetrical  vibrations  relating  to  different  axes  the  most  general 
class  of  vibrations  in  sphei'es  is  arrived  at,  the  magnetic  lines  of' 
force  always  lying  on  concentric  spherical  'surfaces,  and  the  periods 
being  of  coui*8e  unaltei'ed.  If  the  exciting  spark-gap  lie9  along  a 
i*adius,  the  vibi-ations  excited  in  the  dielectric  sphere  will  be  of 
this  type,  symmetrical  i-ound  that  radius ;  and  the  boundary  con- 
dition will  not  be  essentially  modified  if  an  aperture  is  made  in  the 
conducting  boundary  at  either  pole;  thus  the  period  will  be 
practically  unaltei-ed  while  the  vibrations  are  slowly  ludiated  away 
through  this  apei'ture. 

In  the  second  type  of  vibrations  the  intensity  E  of  the  electric 
force  will  satisfy  the  equation 

while  over  the  boundaiy  E  will  be  constant.  In  a  sphencal  boundary 
the  periods  are  thus  easily  determined  by  the  same  analysis  as  applies 
to  the  j)i'Oviou8  case ;  they  will  be  intermediate  between  those  of  the 
pruviouH  set,  the  lowest  cori'esponding  to  a  wave-length  1*4  times 
(hu  mdius,  instead  of  302  times  the  radius  which  gives  the 
lowtmt  period  of  the  pi'evious  set.  These  vibrations  will  not  be 
HiiUMihly  excited  when  the  spark-gap  lies  along  a  I'adius  ;  and  their 
poriodN  will  not  be  sensibly  altered  if  an  apertui^  is  made  in  the 
(H>nduciiiig  boundary  at  an  antinode  of  the  electnc  force  so  as  to 
ml  in  it  of  radiation  into  the  outside  space. 
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On  certain  Definite  ^'Function  Integrals.    By  L.  J.  BoaERS. 
Beceived  and  read  December  13th,  1894. 


1.  If  Cm  is  sucli  a  function  of  \/— 1  that  c.,,  is  the  same  function  of 
—  \/— 1,  then  the  series    2    c^e*""'  is  real. 


Let 


^(u)     S    c«,e*-"'=     S    K^e 


9nri 


ra— • 


(1) 


Then  k^^  is  the  coefficient  of  c*^  in  the  product 
2       2     (  - 1)"  g-'e*""'  x  c^  e'-*' 


na— <e 


r»  -• 


->•<*.} ; 


therefore 


Suppose 


80  that 


:^  =  gr    %    (-ir-g-^-*')^,, 


(2), 


H-3*"e*^' 


.«•>.-'«< 


then  the  condition  for  the  series  being  real  is  satisfied. 
From  (2),  moreover,  we  have 


>■  -«o 


=  2e''     2    («.x)''"'"g"'^"'**^**'" 


«•■— CO 


Hence 
Moreover, 


=  0    identically. 


=     S    (-I)'"g-' 


1  +  q*^^ ' 


which,  by  a  theorem  of  Jacobi's, 

-  ^i  (0) 
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Henoe 


d(«)    S 


jscf! 


-..-  l+f«f 


^  y*  (0) 


|J-Jg  {l+2goo82(«+»)+2j*ooB4 («+«)+...} 


^{(0)^.(«+t>) 


(3). 


2.  We  may  derive  a  remarkable  algebraic  hct  from  the  foregoing 
result. 

Suppose  the  values  of  c^  and  i^  in  (1)  qnite  general,  and  let  ^ 
be  snch  a  function  of  u  that 


^(f)     2    h^e^  =  ^t(u+v). 


Then,  as  in  §  1,  (2), 


^^=    I    (-l)'-g<'-)'6^ 


(1). 


But  hui  is  the  coefficient  of  e^  in 


by  interchanging  ti  and  v  in  §  1,  (3). 


Hence 


51(0) 


H-3*"« 


ffla  -CO 


=     S      I    (-ir-3<'-''c.,6^,    by  §1,(1), 


-•    fa— » 


=    S  c^g'-e*"',    by  (1). 


r«-« 


We  see  then  that,  ij  CtM  an(2  Cjm  <^^<^  ^o  related  that 
then  these  coefficients  a/re  also  so  related  thai 


^.(«)    5   «.-i|^='>'(0).2_'^2-«^ 


(2). 


Ma««» 
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By  changing   e**  into  ^^e"   in  §  1,  (3),    so  that   3j(«)  becomes 
g-Je-**^,  («)  and  ^,(«+»)  becomes  g"*e"'"*'" 3,  («+»),  we  get 


whence,  in  the  same  manner  as  above,  we  find  that,  if 


"•♦|gil< 


then    »,{u)     S    ^,. -^_-»— =  JJ  (0)    2    c„g<-*«-e<^-'- 

Moreover,  since  I  e^**dt  =  0, 

mrjfeO, 


(4). 


when 

we  see  that 


2    o..3-«^=lf'   3    Cu.e^'-'"*.(0 

Ma— •  W  Jq    «•■-• 


d< 


(5). 


«*»aV< 


3.  In  §  2,  (2),  let  c  =  -^C^ 


,M> 


SO  that,  by  §  1,  (3),  '^*.  =  |^^  ?-V«-. 

We  see  then  that 


S^(u)     S 


m^W 


2^"'e 


3-^6*^  =  5,  (»)    S 


2g*e' 


so  that  either  side  is  symmetrical  in  u  and  v. 
Similarly,  from  §  2,  (2)  and  (4i),  we  get  that 


g*e*^  —(l)* 


5.  ftt)    i       2g*'^*e*^    ^(m>i)«  carnal) ,< 


(2) 


is  symmetrical  in  u  and  v. 

Either  side  of  (1)  will  be  denoted  by  M^  («,  v),  while  (2)  will  be 
written  M^  (u,  v),  so  that 

L  2 
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Moreover,  it  is  easy  to  see  tliat 

Jtff  (w>  -v)  =  if,  (— tt,  v)  =  If,  (»,  — tt), 

and  If,  («,  — f?)  =  lfi  (»,  — «). 

It  will  be  convenient  to  write  A,  (u,  »),  A,  (t*,  v)  for  If,  (u,  —  »), 
Jlf,  (u,  —  v),  so  that  the  A-fonctions  are  also  Bymmetrical  in  u  and  v. 
By  adding  and  subtracting,  we  easily  establish  the  symmetry  in  u 
and  V  of  the  four  following  expressions 

(cost)     l+23»co82»+3*^  l+2g*ooe2t>+3»^  > 

S,  (v)  \  ^  i^r^l'l'^  \q sin  2u-f  y  i\"^'i,^^^ ^g* Bin  4u-h ...  } 
'^  '^  (  l  +  2g*co8  2t;+g*^  H-25*cos2f7+g»^  ) 

a  /  \  f  4a*  (1 -f  g)  cos  v     i  ,    4flrl(l+g*)oost?  ^  ^«o    •       7 

'  (  l+2<;co82t)+o"'  l+2o»oos2t;+fli*^  ) 


(3). 


When  t;  =  0,  the  first  and  third  of  these  become,  respectively, 
5,  (0)  j  1  +  -^. cos  2tt+  -^, cos  4w+  -^^ cos  6tt+ ...  ] 


and  5, 


•<°>i^ 


C08tt  + 


4gV 


cos 


3tt+...  > , 


Jo 


+<?  1+g* 

which  'will  be  called  A,  (w)  and  A,  (u),  respectively. 

Expressing  (1)  and  (2)  in  terms  of  definite  integrals  by  the  help 
of  §  1,  (3),  and  §  2,  (3)  and  (5),  we  see  that 

■■».  («+t>+0  5.  (0  ,  _  [•  ■».  (w+p+f)  ■».  (0  .  _  Jf,  (tt,  t>) 

^(«+*)  J,     ^(»+o  *;{0) 

,  f'^.Ctt+r+o^.CO  .  _  f'5.(tt+t.+03.(0  _  Jf.  («,  t>) 

4.  It  may  now  be  shown  that  A,  (ti,  v)  may  be  expressed  in  terms 
of  A,  (w+t?),  and  A,  (w,  t?)  in  terms  of  A,  (w  +  v). 

Suppose  that 


ffiaoce 


!■— <0 


r--« 
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Then  the  left-hand  side 


=     S       S     {ca^g-'^^V^-^-J-— c^^,g^"^W*^— *>"e*««^")'^|, 


Na-eo     mm  — 


so  that,  patting  m+n=i  r,  we  see  that  • 


fnm  -« 


=  4^    i    (_l)"g»-(-«')e.. 
Hence,  just  as  in  §  1,  when  c^  has  the  same  value, 

While        ^=1    (-ir3*.o.=m^=^M|^. 

so  that  ^  =  fW.^<Q>  *  («+«). 

We  have  therefore  the  following  linear  relation  connecting  if,  («,  v) 
and  If,  (u, «), 

5,(«)  ^,  (»)  Jf,  («,  t))-5,  («)  *,  (»)  If,  (u,  t>)  =  5;  (0)  9  (0)  ^ («+t») 

(1). 

Changing  v  into  —v,  we  have,  moreover, 

•».  («)  ^.  (»)  A, («,  v)-»,  («)  5,  (r)  A,  («,  v)  =  *;  (0)  »(0) S  (u-t») 

(2). 

These  equations  may  be  immediately  obtained  by  dividing  the  known 
equation 

=  5  (0)  5  (tt+r)  5  (tt+O  ^  (»  +  0 
by  •^  (tt+0  ^>^^  integrating  for  t  between  limits  w  and  0. 

5.  If  a  =  —  ilogj,  so  that  e^'"*-*^*  =:  j*^*',  we  see  that,  by  adding  a 
to  u  and  to  v, 

Ci«3*V*"'  becomes  c,^ ^i^"'''""^'""^  =  «""'?"*  <^-.+i3^""'*^'e^''*^  *"• 
Hence  if,  (u+^a,  v  +  ^a)  =  ^,  (t;+ia)  e-g"*  ^^^^ 

=  e- («♦•)' g-»  if,  (tt,t;). 


150 


Prof.  L.  J.  Bogen  on 


[Dec.  18, 


Thus,  writing  v— |a  for  r,  we  have 

80  that,  changing  v  into  — v, 

and  replacing  u  by  tf + i^ 

A,  (u+o,  t;)  =  e-(— )«5-«  A,  (i*,  r), 


80  that 


=  e^^A,  (tt,  t;+o),  by  symmetry. 


Similarly,      e*^A,  (tt+2a,  v)  =  e^^-^'^'A,  (tt+a,  t;+o) 

zstf^A^  (tt,  v+2a),  by  symmetry. 

Proceeding  in  this  way,  we  easily  get 

e*~'A,  («+ra,  v)  =  e^A,(tt,  r+ro) (1). 

We  may  notice,  moreover,  that  A,  (u)    and  A,  (u)  have  a  kind  of 
unaginary  period,  for 

A,(t*+Ja)+A,(«-.Ja) 
=  ^f  (0)  {  1+  j^,  (q-'  +  q)  cos  2u+  j^(g-+5«)  co8  4u  +  ...  ] 


while 


A,  (tt+ia)  +  A,  («-ia)  =  ^,  (0)  ^,  (t»). 


6.  Let  tis  now  expand 


tNM*« 


in.  the  form 


The  proposed  expansion  is 


2il^^. 


(1) 


2     I,,  ^•■^••ci^e*^"'^''^"'^'^*-"^'' 


!!■-•    M«< 
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80  that,  if  n  ^  m+r^  it  becomes 


and 


A^^<f    S    g*"^"'+*'>c„e*^e*^. 


Now,  if  we  change  g  into  (f  in  A^  we  get 


«•■»« 


-  «^*^  5.  (.)  • 


We  see,  then,  that,  if  v  were  changed  to  — v,  this  coefficient  after 
multiplying  by  5,  (v)  would  be  symmetrical  in  u  and  v,  by  §  5. 

Hence  (1)  is  symmetrical  in  u  and  v  after  multiplying  by  '^i  (v,  g^), 
and  changing  t;  into  —v. 

But  J.  („,  g»)  5,  (0,  s*)  =  2*,  (t;)  5,  («), 

80  that  we  finally  get 
•»,  (w+«)  -^j  (v)  A,  (tt-a,  v)  +^,  (t*+«)  5,  (v)  A,  («  -«,  f?) 

=  ^^  (v+«)  ^,  (w)  A,  (t?-a;,  w)  +5,  (v+a)  ^,  (u)  A,  (t?-«,  t*)...(2). 

Eliminating  A,  (u— a;,  v)  by  §  4,  we  see  that 

|g±|  [A,  (w-o.,  r)  ^,  (u-o.)  ^,  (t;)  +^1  (0)  ^  (0)  5  (u-t;-»)] 

+  5,  (u+ar)  5,  (r)  A,  («-.«,  v) 

18  symmetrical  in  u  and  v. 

But  ^,  («+«)  5,  («-«)  +5,  (tt+«)  *,  (t*-a;)  =  ^,  (tt,  gr»)  5,  («,  gr»), 
80  that 

But 
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and  S  (0)  S,  {2x)  S,  (0)  ^,  (0)  =  2^  (»)  S^  (x)  5,  (»)  *,  (»), 

BO  that,  finally,  the  above  equation  reduces  to 

S^  (y—x)  5,  (u)  A,  (w— a;,  v)— «*,  (<*—«)  -^i  (v)  A,  (»— 05,  u) 

=  ^;  (0)  ^,  (u-t;)  ^,  (x) (3), 

Changing  w  into  u+v,  and  z  into  v,  tliis  becomes 

^,  («+»)  St  (0)  A,  («,  »)  =  5,  (u)  ^,  (»)  A,  (u+v)  +»[  (0)  ^,  («)  ^,  (e) 

(4). 

Similarly,  by  §  4,  (2),  we  may  eliminate  the  A|-functions  from  (3), 
and  obtain  the  relation 

S^(v^x)  5, (u)  A, (tt— «,  v)  —5,  (m— oj)  5, (t?)  A« (v— 05,  tt) 

=  »'i  (0)*.  («-«)  »,  (x) (5), 

or,  with  the  same  change  as  before, 

*,(«+t;)5,(0)  A,(«,  t>)  =5,(u)^,(t>)  A,(«+t;)-5;(0)5,(u)5,(t>) 

(6). 

We  have,  then,  formulsB  for  expressing  A^  (u,  v)  and  A,  («,  v)  in 
terms  of  the  simple  functions  A,  (u  +  t?).  A,  (u+v)  and  «^-functions. 

Again,  by  the  equation 

^,  (tt+r)  ^,  (0)  A,  (w  +  t;)-5,  (tt+v)  5,  (0)  A,  (ti  +  v) 

=  'i^i'(0)^(0)^(t*  +  t;), 

which  is  easily  obtained  from  §4,  (2),  we  may  eliminate  A^  (u'\-v) 
from  (6),  and  obtain 

^,(t*+r)  ^,(0)  A,  (u,  r)  =  S,  (u)  S,{v)  A,  (u+t;)+^i'  (0)  ^  (i*)  ^  (v) 

(7). 

Changing  w,  t;  into  t*+-^  ,  v+  -3-,  and  noticing  that  . 

A,  (tt+r+ir)  =  —  A,  (tt  +  v), 
we  have,  from  (4)  and  (7), 

=  -S(u)9 (v)  A,iu+v)  +  9[  (0)  9, («) 5, (r) (8), 
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and  *,(«+t.)^,(0)A.(«+|-,  „+-|.) 

=  -J,(u)^,(t>)A,(H+«)  +  5|(0)^,(u)5,(t>) (9). 

Moreover,  since 

^.  («)  y.  («)  -  5;  («)  3\  (v)  +  5;  («)  ^  (»)  -  y  («)  y  (r)  =  0, 
we  get,  from  (4),  (7),  (8);  and  (9), 

Aj(u,»)-Aj(«,t>)+A;(«+|-,  t;+-|)-A;(«+|-,  v+f)=0. 
Similarly,  by  changing  v  into  —  v,  and  seeing  that 

M,(«+|-,v-f)=-lf,(«+f.  t,+  -|.). 

we  have 

jfj(«,»)-jfj(«,«)+jr(«+|;,  »+-|)-iP(«+-^,  t»+-|)  =  o. 

The  corresponding  if-eqaations  are,  in  fact, 
d,  (u-t>)  d,  (0)  Jf,  («,  v)  =  ^,  (u)  d,  (t>)  A,  (u-t>)  -.»;  (0)  ^,  («)  &,  (t>), 
d,  (u-v)  dt  (0)  If,  (tt,  v)  =  d,  («)  b,  (»)  A,  («-»)  +5;  (0)  d  («)  d  (t>), 

5.  (u-t,)  d.  (0)  If,  («+  -J ,  t,+  |-) 

=  -  d,  («)  5  (t;)  A,  («-»)  +  5;  (0)  d,  («)  d,  (»), 


=  -  d,  («)  d,  (c)  A,  («-«)-  dl  (0)  5.  («)  S,  (»), 


whence  also 


A,  (u,  t?)  if,  (tt,  v)  —A,  (tt,  v)  if,  (tt,  r) 


+A.(«t-|.  «+f)jf.(«+f,«+|) 
-A.(«+-2,  t;+-j)lf,(«+|-,  »+ J)  =  2$I (0)». 
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7.  By  putting  v  =  0  in  yarions  relatioBB  obiaiiied  above,  we  get 
the  following  relations  between  tbe  simple  series. 

From  §4,(1), 

S,  (u)  J 1+ j^  C50S  2t»+ j^cos  4tt+ ...  I 

-• *iW{^costt+i2^co8  3i*+...|=*(0)«*(u). 

Bj  changing  q  into  -g, 

:^  (t*)  [  1+ j^C508  2t»+ j^cos4u+...  J 

+^,  (u)  J  j^ cost*-  J^oos3tt+...  I  =  *,(0)«*,  (u). 

By  eliminating  1+      *  ,co8  2u-f..,  from  these  two  equations, 
^W  I  ^i^costtH- -^SLcos3u+...  { 

+  •&•  W  j  i^COS  ti-  ^,C08  3U+  ...  j  =  d,  (0)«  d,  (tt). 

Changing  t;  into  — v  in  §  6,  (6),  and  subtracting,  we  have,  moreover, 

2      (  4o(l-o')8int;        .    «   _i_       4a*(l-a*)        *  •    >t.  ^      ) 
-^t  W  '  l+2g*cos2t7+5*^  H-2g*cos2t7+g*^  ) 

_       Aa(tf-ft?) A,(ti— t?) 

^f  (t*+v)  ^,  (0)      S,  (tt-v)  ^,  (0) 

^;  (0)  ^1  w  ^1  (t^)  (    1     ,     1     ) 

^t  (0)  &,  (u)  ^,  (v)  {  &,  (f*+t;)  ^  S,  (u-t;)  )  * 
When  t?  =  — ,  this  becomes 


•&1  (tt)  ( -^  sin 2t*+ -^ sin  4m+ ...  I 

+*,  (u)  [  1- -^^cos 2t»+ r^.cos 4m- ...  ] 
C        l+gT  l+g*  3 


=  d{  (u). 
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nen  v  ^  i/,  we  gei«  aoso 

»^"''(    (l  +  3»)»   """^^    (1+3*)'  ) 

^*^ ' dM  ^,(«)    &,(0)^,(«)  • 

Similarly, 

-^  .)  e?  A,(«)      ^?(0)'$.(«) 

~  •  ^ ''  d«  d,  («)  ^  d,  (0)  d,  («)  • 


8.  The  series    2 


-i q*^'e^^  is    easily    seen   to   satisfy    a 


partial  differential  equation. 

For  the  operation  of  g  3-  on  the  general  terms  is  equal  to  that  of 

dq 

1       cP 


l_^ 

2   dudv       4   du^' 

Thus    a  ^  ^«(^>^)^       ^      ^      ^1 K  t^)        1     cP    M,(u,v) 
dq     ^,  (v)  2  dudv      &,  (v)  4    cii**     ^,  (v) 

If  we  write  X,  for  Jf,  (u,  v)  /S,  (w)  ^,  (v),  this  equation  becomes 

^  dg  2    eittdr       4    dt**         2   ^,  (uj  Uw   "^  dv  /  ""^  ^' 

But,  by  §6,  (6), 

^^^      A,(ti-i;) ^;  (0)  ^,  (u)  ^,  (t;) 


^f  (ti-t^)  ^,  (0)      ^,  (u-t;)  ^,  (0)  S,  (ti)  S,  (r)  • 

Hence  f  —  +  -r-  j  X,  is  purely  elliptic,  since  the  differential  operator 

annihilates  all  functions  of  w— t?,  and  by  ordinary  ^-function  formulsa, 
including 

&(u)^,(ti)&,(t;)^,(t;)+&(i;)&,(t;)&»(u)^,(t*) 

=  ^.(0)S(0)^,(u+t;)  &,(f*-t;), 


•we  have 


(2). 
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This  relation  will  help  to  reduce  the  nnsTminetric  equation  (1)  to 
the  symmetrical  form 

^dq^dudv~  3J(«)SJ(»)        ^  '' 

Moreover,  eliminating  3-  by  (2),  we  get 

dv 

.    dX,  _  tPX.  _  _  3    (^  (0)}'     d  ^.  (ft+r) 
^  dq         du*  d,  («)  d,(«)  dw     ^,  («) 


siMMii 


When  V  =  0,  this  becomes 

V^d<?      dtiV  ^,  (0)  ^, (u)  ^l^»Wi      3,^^) 

In  a  similar  manner,  we  obtain 


TAe  Electrical  Distribution  on  a  Conductor  hounded  hy  Two 
Spherical  Surfaces  cutting  at  any  Angle.  By  H.  M. 
Macdonald.  Head  January  lOth^  1895.  Received  January 
17th,  1895. 

In  Maxwell's  Electricity  and  Magnetism,  Vol.  i.,  §§  165,  166,  the 
problem  of  the  distribution  of  electricity  induced  by  an  electrified 
point  placed  between  them  on  two  planes  cutting  at  an  angle  which 
is  a  submultiple  of  two  right  angles,  and  the  inverse  problem  of  the 
conductor  formed  by  two  spherical  surfaces  cutting  at  such  an  angle 
(the  angle  referring  to  the  dielectric),  are  solved  by  the  method  of 
point  images.  This  method  is  inapplicable  when  the  (dielectric) 
angle  is  not  a  submultiple  of  two  right  angles,  as  has  been  shown  by 
W.  D.  Niven,  Proc.  Lond.  Math.  Soc.y  Vol.  xxi.,  p.  27.  The  only  other 
case  which  has  been  hitherto  solved  is,  as  far  as  I  know,  that  of 
the  spherical  bowl  (Lord  Kelvin,  Papers  on  Electrostatics  and 
Magnetism,  p.  178).    In  the  paper  by  W*.  D.  Niven  mentioned  above 
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an  attempt  is  made  to  dednce  the  capacity  of  snch  a  conductor  from  ^ 
the  solution  of  a  functional  equation  for  a  particular  value  of  one 
of  the  variables,  but  the  result  obtained  does  not  seem  in  the  case  of 
the  spherical  bowl  to  agree  with  Lord  Kelvin's.     The  results  obtained 
hereafter  also  differ  from  those  given  by  Niven. 

The  object  of  this  paper  is  to  obtain  the  solution  in  the  general 
oase.  •  •  To  effect  this  the  functional  image  of  a  point  placed  between 
two  planes  intersecting  at  any  angle  is  obtained  in  the  form  of  a 
definite  integral,  §  1.  In  the*  next  few  paragraphs  the  reduction  of 
this  integral  to  known  forms  is  effected  in  certain  cases,  and  it  is 
shown  that  the  integration  can  be  performed  when  the  angle  of 
intersection  is  any  submultiple  of  four  right  angles ;  the  case  in 
which  it  is  reducible  to  elliptic  functions  is  also  discussed. 

In  §  5  the  functional  image  of  a  line  of  uniform  density  parallel  to 
the  intersection  of  the  planes  is  deduced.  In  §  6  a  certain  definite 
integral  is  discussed  shortly.  In  §  7  the  potential  due  to  a  freely 
chai*ged  conductor  bounded  by  two  spherical  surfaces  cutting  at  any 
angle  is  obtained,  and  some  particular  cases  discussed.  The  capacity 
of  such  a  conductor  is  obtained  in  §8  in  finite  terms,  and  some 
particular  cases  are  discussed  in  §  9  ;  one  of  the  most  interesting  of 
these  is  the  capacity  of  a  hemisphere,  which  is  found  to  be  nearly 
seventeen-twentieths  that  of  the  complete  sphere.  Some  cases  are 
mentioned  in  the  last  paragraph  which  could  be  deduced  from  the 
results  of  the  preceding  ones. 


1.  The  Functional  Inuige  of  a  Point  pUiced  between  Two  Planes  inter- 
secting at  any  Angle, 

To  obtain  the  potential  produced  by  an  electrified  point  situated  in 
the  space  between  two  conducting  planes  intersecting  at  any  angle. 
Consider  a  prism  whose  cross-section  is  a  sector  of  a  circle  radius  6 
and  angle  a,  and  having  its  ends  perpendicular  to  the  axis  of  the 
prism,  distance  h  from  each  other.  Take  the  origpin  of  coordinates  at 
the  centre  of  the  circle  the  sector  of  which  forms  one  of  the  ends  of 
the  prism ;  then,  using  cylindrical  cooitlinates,  V  the  potential  at  any 
point  inside  the  prism  satisfies  the  equation 

a^-"- a;-"^-  a^-'a7-''"'=° ^^^' 

where  p  is  the  density  at  the  point  r,  0,  z,  and  F  =  0  all  ovei:  t>VL^ 
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bonndaiy.    Assume 


F=  aw.  sin  5^ 


-where  n  is  an  integer,  for  F=:  0  when  0  =  0  or  0  =  a ;  than  (1)  be* 
comes 

( ^,  .    1  9Tr.     nV  „  .  S'W. )   .   n«fl 

I  8.^ 


S!^r^  +  — ^^^^-^ir.+  i^s^JBin2^+  •j»  =  0...(2). 


r     dr 


df 


Put  w,  =  s  j^  («r)  r., 

where  the  condition  that  F  =  0,  when  r  s=  b,  makes  k  a  root  of 

f /-*  W  =  0, 

and  tlie  snnunation  is  taken  for  all  the  roots  of  this  equation ;  then 
(2)  becomes 


^m-^v. 


\  \  Jn,i.  {fr)  si 


sin h^rrp  =  0, 


(3). 


Hence         4rrp  =  SSSJ^  (X«+jc*)/^/.(rr)sin— sinAz (4), 

a 


VfiM' 


where,  since  F  =  0,    when  «  =  0  and  z  =^h,  X  =  — - ,  m  being  an 

h 

integer.    From  (4),  by  an  application  of  Fourier's  theorem, 

nwd 


4t  Tp'sin  Az'dz'  =  ySS^^  (\'W)  J^,.  (i^r)  sin 


whence 


4ir  r  {%' Bin Xz' Bin  — de'dg'  =  ^%A^(\'+i^)Jn,i.('^)' 
JoJo  «  4 

Multiplying  both  sides  by  r'/^,.  (rr'),  and  integrating  from  0  to  6, 

4fr  I    I    I  p'  sin  Xz  sin  5 —  /^,,.  («r')  rdrdd'dz' 
J0J07J0  <> 


aA6« 


therefore,  for  a  charge  q  at  the  point  r ,  ff,  /, 

J^/.  (f 6)  -4^ (X* + jc»)  =  4rrg sin X«'  sin ^^^ /^,,.  (kt) , 


8 


""^  •   ^""  oW  ^^^       (X«+0  -C/.  W 


sin  X«'  sin  5 —  /^^.  (crO 

-  Sin  Az  Sin  —  «/„,,.  (icr) . 
a 
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Now, 


]L  I  <«^oosM_  h  coshc  (^— 0 
2ic"*"      X*+c«  "  2        sinhic^      ' 


if  2^>f>0;  therefore 

Q-8inX£8in>£  _  A^  oosh r  (^— jg— g^)  — coshr  (% 

when  z>s/.    Hence 

.   nxff 


-Fh?) 


jcsinh  kH 


=  §!2 


ah 


Bin  ^    J^„  («r  )  ^^^  (^_^::7)_cogh,(^_g-+7) 


/■2,.  («6) 


csinhc^ 


X  sin  — Jn,i^{Kr). 
a 


Change  the  origin  to  the  point  z  on  the  axis,  and  make  both  ends 
move  off  to  an  infinite  distance  ;  then  the  potential,  due  to  an  electri- 
fied point  q  at  the  point  r ,  0\  of  the  plane  z  =  0,  at  any  point  of  the 
space  bounded  by  the  infinitely  long  cylindrical  surface,  whose  cross- 
section  is  a  sector  n^Lius  h  and  angle  a,  is  given  by 

tiirCr 


sin J^/.  (kt') 


e'^sin 


nvO 


•^nw/«  (<»•)» 


a6'  ^        rj;?^.  (ic6) 

when  z  is  positive^^^iviien-tris  nogatiyo,  o"  has  to"i?g"^mtten  for  e""*. 

To  obtain  V  when  6  is  made  indefinitely  great  it  is  necessary  to 
evaluate  VJ2,im  (f2>),  subject  to  /„,/.  (jcb)  =  0,  when  h  is  infinite  ; 

when  5  is  very  great ; 

when  Jn,i^  (r6)  =  0  and  h  is  infinite. 
If  K  and  ic+^jc  are  consecutive  roots  of 

/«./.  (ic6)  =  0, 


therefore 


MJ^,.(«6)  =  ^  =  -|-. 
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Hence  the  potential  at  the  point  r,  0,  z  of  the  dielectric  bounded  by 
two  conducting  infinite  planes  intersecting  at  an  angle  a,  dne  to  a 
charge  q  at  the  point  /,  0\  0,  is  given  by 

a   N-i  Jo 


sm^^—  8in?i— J*^;.(cr')J*»^(«r), 


when  z  is  positive,  and  by 


F  =  — ^   2   I    c*'  CMC  sin SI 

a     M.i  Jo  a 


sin  ^^  Jin^.  (cr*)  /^  («r), 


when  2;  is  negative. 

It  has  been  proved  by  Sonnine,  Math,  Ann,,  xvi.,  that 


fJu^i.  (kt)  Jnnl^  («^)  dK  =s 
0 


4 

Jo 


x(rr')-^*Jo  ^(r*-a?)(/«-«0  ' 


where  r>/. 
This  latter  integral  can  be  transformed  into 

1r^/2rr'  J«  ^/cosh  f — cosh  ly 
for  all  values  of  r  and  /,  where  17  is  to  be  taken  positive,  and 

2coshi|  =  ^^±l?. 

TT 


Hence,  when  «  =  0,  the  potential  is  given  by 

av  2rr  »-»  J, 


sin  —  sin , 

V  cosh  4^— cosh  ij         a  a 


=^^r 


d( 


a\/2rr'J,  ^/cosh{— coshi; 


Therefore 


X  Te-t'^J'-lcos—  (tf«tf')-cos—  (tf+O  ) 


=  -4=f 


di 


a\^2rr'J»  v^coshf— coshi| 


X  . 


sinh  — 


sinh — 


cosh  ^— cos  ^ "^ 


a  a 
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This  may  be  extended  to  any  point  by  making  i|  satisfy 


rr 


2.  Form  of  the  Function  when  a  is  a  Suhmtdtiple  of  w. 

When  ir/a  is  an  integer,  the  expression  for  V  may  be  reduced  to 
the  known  form  and  expressed  as  the  sum  of  the  reciprocals  of  the 
distances  from  a  series  of  points.  Let  x/a  =j9 ;  then,  when  j9  is  an 
integer, 

psinhyC        __  *^"'  sinh  f 


COBhpH-COBf^  »..    ^^  j_^  [<^+^y 


and 


hence 


f 


di 


sinhf       ^ 


\/cosh  f  — cosh  ri  cosh  f — cos  0       v'cosh  i|— cos  ^ 


F  =  -4 


2 


\/2rr'  *-o 


^qohYlii^qo^  \0—ff^ j 


that  is. 


JcOBhfl-OOB  ^^$^e'+—) 


*""  l^t^+r'«+iB"-2rr'oos(tf-tf'+?^) 


^^+/'+iB"-2rr'cos  (tf+^+?^) 
which  is  the  expression  obtained  by  the  method  of  images. 


•  f 


3.  Form  of  the  Function  when  a  is  an  Odd  Suhmultiple  of  2t. 

2t 


When 


a  := 


2w+l' 


m  being  a  positive  integer,  the  potential  can  be  expressed  as  the  sum 
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of  a  finite  nnmber  of  terms  inyolyixig  axvtangenti ;  for  then 


Y  _^  2m-f  1  g^ 


d( 


2t      •y2rr'  J,  ^oosh  (—  oosli  ti 


008h?5^;-008  ??^  (tf +  «-)  r 


that  is, 
7  =  —^ 


2ir-/2ty 


ft-lm  r« 

^  »-o  J, 


dC 


v^cosh  (— oosh  If 


sinh  — 
2 


siiih4- 


cosh 


whence 


2  \   2    ^2ot+1/  2 


-(¥ 


2ot+1/ 


7  = 


O^         ft  ■Sm 


irv'W'  *-o 


cosh  ^-  +C08  f 


^-^  .     2kw 


+ 


2m+ 


i) 


Jooshn-coB  le-er+-^)  J  cosh  l_co8  (^+-2*!!_) 

Y  \  2m+l/  ^  2  \    2        2to+1/ 

^  t^T.-'    /  2^        V    2     ^2m  +  l>/ 


eo8hl-C08(^  +  ^) 

2  \    2        2m+l) 


This  includes  as  a  particular  case  half  an  infinite  plane  under  the 
action  of  an  electrified  point ;  here  m  ^  0,  and  therefore 


=  ^£ 


(COSh-f  +C08 — -— 


»^2rrO  ^coshn-cosCe-tT)  J  «„tJL  _co8^=^ 

-008(6+6-)  J^,hJL 


vcoshii 


cos— ^ 
2  2 


1895.]        Electrical  Distribution  on  a  Oonduetor,  S^c. 


163 


22 


or,  in  terms  of  the  cylindrical  coordinates, 
tan-* 


y/Jy^ 


^-iB•+2^/r7co8^)^(v^T^N^-2v/TT'co^ 


^/fJ^+r'*'+z'-2rr'co8  {O-ff) 


tan-i<//v^M^4-«'+2yrr'co8^)/(v^f+7'+^ 


—     e+e' 


cos 


) 


v/r»+r'Hi5»-2rr'cos  (O+ei') 

Thus  the  potential  can  be  expressed  in  terms  of  algebraic  and  circular 
functions  when  a  is  a  submultiple  of  2ir. 

4.  Form  of  the  Function  in  other  Oases, 

In  all  other  cases  the  reduction  of  the  expression  for  the  potential 
involyes  transcendental  functions :  e.g.,  when 

3ir 


a  ^ 


3mdbl' 


it  can  be  expressed  in  terms  of  complete  elliptic  integrals  of  the  first 
and  third  kinds ;  for  then,  as  above, 


F  =  — ^        S 


di 


\/coshf— coshiy 


sinh4- 


sinh-4- 
3 


cosh^-cos(-^+^-^)      cosh  ^ -cos  (^-+3-^) 


Now, 


1 

3 


r 


d( 


sinh  4- 


ycoshf— coshii  cosh  —  — 


J»o(«— y)V(a;— 


dx 


x^)(a?+xx^-\-x^^—i) 


X-aJo+yJo4\(aJo-y)H-(X- 


aJo+ y)'  sn»  u      ^\  (k-x^  +  y)  ' 


where 


and 


4\«  =  12aJ-3,    4^*  =  2X-3aJo, 
Xf^=  cosh -5-. 

m2 
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Hence 


du 


7  =  — i=*'"s""|2^X^±3cl2L*f' 

X-a:^+y;Jo4X(a^-yO  +  (^-a^+yi)*8n*u 
_Af_l L_U 

This  inclndes  as  a  particular  case  a  conductor  bounded  by  two  planes 
intersecting  at  right  angles,  the  dielectric  angle  being  three  right 
angles,  under  the  influence  of  an  electrified  point. 


where 


and 


6.  The  Image  of  a  Line  of  Uniform  Density  placed  between  Two  Planes 
Intersecting  at  any  Angle,  the  Line  being  Parallel  to  the  Intersection 
of  the  Planes, 

Let  p  be  the  density  per  unit  length  of  the  line ;  then  the  potential 
due  to  it  by  §  1  is  given  by 


a  \/2rr'  J  -•      J«  \/co8hf— coshiy 

sinh  — 


sinh  — 


a 


cosh  ^ -COS— (tf-tf')      cosh^-cos— (6  +  *') 
a  a  a  a 

where  cosh  17  =     \7    =  cosh  170+  ^,. 


Changing  the  order  of  integration, 

'/trf  (eoah  r-eoth  fg) 


^-7^L< 


dC 


VlrKloortic-oodiV  ^cOshf-COShiy^-  ^, 


< 


sinh-^ 
a 


sinh  — 


cosh  ^- cos  — (0 -60      cosh  !^ -cos -^(6+6') 
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=  ^Cd( 


Binh  — 


sinli  — 


**  J  '0      f  cosh  ~  —cos  —  (6 


-O 


cosh  ^ -cos— (6+ 0^ 
a  a 


Hence 


7  =  plog 


cosh^^o^coB-Ca+e') 

a a 

cosh  ^- cos— (6-60 


or 


F  =  p  log 5 

^-/.  4.ri*/.«  2r-/*/-/*  cos  —  (6-6') 

a 


This  shows  that  the  result  obtain^  by  Greenhill,  Quarterly  Journal 
of  Mathematics,  Vol.  XY.,  is  true  when  a  is  not  restricted  to  be  a  snb- 
multiple  of  ir.  It  could  be  deduced  from  the  form  for  F  in  §  1, 
involving  Bessel  functions,  by  the  use  of  the  equality 


where 


r>r'    and     »  >  0, 


which  is  easy  to  establish. 


6.  The  Integral  j 


^.(•K/.)^ 


^/coshC—coshtf 


It  is  easy  to  show  that  this  integral  is  equal  to  v^2  Q(»^.).|  (oosh  i}), 
where  Q{n,im)-i  is  the  zonal  harmonic  of  the  second  kind  and  order 

1,  that  is,  a  toroidal  function  of  the  second  kind.     The  corre- 

a 

spending  expression  for  P(»,/.).|  is 


V2)., 


e 


tnwtia 


di 


\/coshi|— coshf 


The  expressions  for  P(,„/.)_j  (cos  6)  and  ©(«»/.) -i  (cos  6)  can  be  easily 
written  down  and  are  complex.  It  will  be  observed  that  these  forms 
for  the  toroidal  functions  correspond  exactly  with  the  forms  for 
Mehler's  functions  P„^/..|,  Ac.,  Heine,  Vol.  ii.,  §62.  From  §1,  it 
follows  that  a  zonal  harmonic  of  the  second  kind  can  be  Qx^xQ&%^%i^ 
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an  integral  of  the  product  of  two  Bessel  functions  of  order  |  higher, 
the  relation  being 

G,. J  (cosh  f,)  =  T^/Iy  r  7.  («r)  7.  (rrO  *c, 


where 


coshii  ts 


2n^   ' 


and  n  is  any  positive  real  quantity.     This  result  may  be  applied  to 

2n4-l 
show  that  the  addition  theorem  for  Bessels  of  order  — ^^  is  the 

differential  form  of  the    expansion   of   (cosh  17— cos  0)*'    in    zonal 
harmonics. 


7.  PotenHcU  due  to  a  Conductor  formed  by  Two  ItUer$ecHng  Bphares, 

The  potential  at  any  point,  due  to  a  conductor,  charged  to  potential 
Fq,  whose  bounding  surface  consists  of  two  segments  of  spheres, 
standing  on  the  same  circle  and  intersecting  at  any  angle  o,  can  be 
obtained  from  the  above  by  making  q  equal  to  —  Fo/,  and  inverting 
with  respect  to  the  point  /,  0\  the  radius  of  inversion  being  /.  Take 
as  coordinates  in  the  inverted  system  17,  f,  where  e*  is  the  ratio 
(greater  than  unity)  of  the  distances  of  any  point  from  the  points  in 
which  the  plane  through  the  point  and  the  centre  of  the  circle  of 
intersection  of  the  segments  perpendicular  to  its  plane  meets  it,  and 
£  is  the  internal  angle  between  these  distances.     Then 

f  =  »-o', 

the  i|  of  the  new  system  is  the  i|  of  the  former,  and,  if  i2  is  the 
distance  of  any  point  in  the  plane  js  =  0  of  the  old  system  from  r\  0\ 

R/y/'Zrr'  =  \/coshiy— cos£. 
Hence  the  potential  F  at  any  point  in  the  new  system  is  given  by 


F=F-. 


Fo  \^cosh  1; — cos  { 


1: 


d( 


V^coshf— cosh»/ 


sinh  — 


sinh  — 


cosh  -^  —cos  — =^ 


cosh  ^ -cos -(£+2)8) 
a  a 
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where  the  boimdiiig  surfaces  of  the  conductor  are 

^  =  -/3,    i  =  «-/S, 
a  being  the  dielectric  angle.     When  x/a  is  an  integer  J9,  F  is  given  by 


y  —  V^—  F^v^ooshi;— cosf 


-ji-i 


*-^     |A/c08hl|-C0s(f+?^)         JcOSh  ,,-008(^+2/3+^) 


ft-JI-1 


or    F  =  FoV^cosh  ly— cos  £   2 


*"'  Wcosh^-cos  («+2/3+  ^) 


4-p-l 

— F^v  cosh  ly— cos  f   S 


ycoshif— COB  u+ — j 


which  is  the  potential  due  to  a  series  of  electrified  points  arranged 
along  the  line  of  centres  of  the  spheres  as  in  Maxwell,  Vol.  i., 
Art.  166. 


When 


using  §  3,  F  is  given  by 


a  := 


2711+1' 


V^V,- 


2F« 


km%m 

X    2 


\/co8Tn»— coal 


2  vuu»u.,-»»B^  .tan-'    /  ^  \g     am+x/ 


"*!+'»•(  a +STl) 


vcosh^— cos£ 


tan" 


^cceh,-co8(«.2/3  +  ^)  Jcosh|-cos(4+/3+^) 


eosh|-,cos(i+/3+^J 


Making  m  =  0,  we  have  the  case  of  the  spherical  bowl  c>\v»2c^g^  Vi^ 
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7=  7o-^N  tan- 
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fco8h-2-  + 


1   p^y+co«t 


V      cosh  ly— coat       ,       1 
cosh  17 -cos  (C+^) 


that  is, 


foo8h|-+oo8(|-+^) 


OOSh-^ COB 


7  = 


27 


tan" 


,    rcoah|-coB|- 

^00flh^+00B-|- 


/      coshiy-cosj ^.1 

^V  cosh  ly-cos  (£+2/3) 

the  equation  to  the  bowl  being 

f +/3  =  0. 


oosh-|.+oos(|-+i8) 

cosh -| -COB  (|-+/3) 


The  case  of  the  circular  disc  is  obtained  by  putting  ^ = t,  which  gives 


7  =  — *tan 


,      .4)8h-|--C0B| 

^  cosh-^+oos-|- 


By  means  of  §  4>,  the  potential  when 

a  =  3T/(3md=l) 

could  be  expressed  in  terms  of  elliptic  integrals  of  the  first  and  third 
kinds,  which  would  include  as  a  particular  case  the  conductor  formed 
by  two  orthogonal  spheres,  the  dielectric  angle  being  three  right 
angles,  but,  as  it  will  be  shown  afterwards  that  the  capacity  can 
always  be  expressed  in  a  finite  form,  it  is  unnecessary  to  do  so. 
The  expression  for  the  density  at  any  point  of  the  conductor  could 
be  written  down  by  differentiating  7  with  respect  to  f,  and  multiply- 

2 

ing  by  the  necessary  coefficient  r — ;  (coshiy— cosQ. 

aut 
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8.  The  Oa^padty  of  the  Conductor, 

The  capacity  of  the  conductor  formed  hj  the  intersection  of  two 
spheres  at  any  angle  a  can  be  determined  from  the  above.  It  can  be 
easily  proved  that  the  capacity  of  any  conductor  is  equal  to  the 
potential  at  any  point,  of  the  electricity  induced  on  the  inverse  con- 
ducting surface  with  respect  to  this  point,  due  to  a  charge  — /  at  the 
point,  where  r'  is  the  radius  of  inversion. 

It  follows  that  the  capacity  of  the  conductor  under  consideration 
is  given  by 


a  a 


JLainli^ 


sinhC 


, ^ ). 

^  a  a  a  I 


To  evaluate  this  integral,  let 


ir/o  =  |?/g. 


where  ^  and  g  are  integers ;  then 


n  ^'i_jr     dj      C       ^sinhjj^ p  sinh^    ,     ysinhgC   \ 

2ir  J  J,    J,  jrf  X  coshj?^— cos2py      cosh  jjf— 1      cosh  gj—  1 )  ' 


where  y  =  jS/g.     Putting  e~^  =  »,  this  becomes 


»  J,l-«*la(*'-2«*co8  2py  +  l         l-as*    ^     1-a^    5     " 


Now, 


2py  + 


(1 -as")  (**  -  2**  COB  2py + 1) 


S    ( 

*-l 


sin— ^^  sin 


yJL 

^    (cos2pr-co8?^)(aj»-2ajcos— +l) 


+  s 


sin(y+^) 


*"•  28in(3y+^)  «'-2xco8  (y+^)+l 


17a 


and 
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3aj  *-i        q 


Jew  m 

XOOB 1 

L_ 


_    s    (_)»£.oot2e « 

2         «    «'-2«oo«*I+l 


_  am  — 

kqir  p 


—    2    cosec         , 

*-i  t>      •     n  Anr 


Hence 


^    aj^— 2a5C08 hi 


Bin 


2fepir 


cosZpy— cos— 3^  ^  " 

3 


4  sin 


k.i  q     2q\         qj        *-o      Op:„^ 


2  8m^ 


There  are  two  cases,  viz.,  q  an  odd  integer  and  q  an  even  integer. 
(1)  g  =  2mH- 1  an  odd  integer.     Then 


—  =  *s"f-iy^ 

2r'       *-i  ^     ^  2q 


Sin — '^— 


cos  2py— COS 


2Xn7ir 

_/>na       *  — 


.  *"4-*  »  C               f     ,  h7r\  lcqir\    ,    ir  _ 

"*"         "Z  i  cosecgfyH )— coseo--*-  j  +  — cosecgy, 


•» 
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r 


kmm  _. 

S  (-1)*- 

*-i  a 


Bin 


2kr' 


2irl3 

cos  — t-  —COS 


a  .fcr» 

«__.  — cot 

2)5?  a 


a 


+    S   i^  {co8ec(/3+fei)— co8ecfe»}+iooflec/3. 


(2)  q  s  2m  an  even  integer.     Then 


r         *-i    ^  o  V        jy  i 


£fcw 

Bin 

a 

COB  — ^— cos 

a  a 


—cot 


kw 


..^..l-i.tan-.tani(r+^^^ 


+    S 


-A'-j) 


2flin08+A») 


sinXKi 


In  the  above  r  is  tlie  diameter  of  the  circle  of  intenecstion,  (  =  —  /3 
one  of  the  bounding  surfaces,  ^  =  a— /3  the  other. 


9.  Particular  Cases, 

1.  When  g  =  1,  this  is  the  case  when  the  problem  is  solvable  by 
the  method  of  point  images  and  the  capacity  is  given  by 

0=    S    -5- {cosec(/3+fei)— cosecfci}  + -^cosecjS, 

which  gives  for  the  sphere  [j?  =  1] 

(7  =  -3-  co8ec/3  =  the  radius. 

2.  When  g  =  2,  the  capacity  is  given  by 

.■-r,--'""-""'(^?),^ 

*.o  27sin(/34-^)  2ir 

which  gives  for  the  spherical  bowl  Q)  =  1) 

2»^2irsinj3' 
agreeing  with  Lord  Kelvin's  result. 


*-j-'/(i-fc/p) 

ft-i       sin  ^a 


172       On  Electrical  DistrUmtian  on  a  Conductor,  ^c.     [Jan.  10, 
3.  When  9  =  3,  the  capacity  is  given  by 

A  singer 

3  13  2p^  2t«r 

[  ~«3    -««3 

+   2    -rr- [oo8eo03+^)— ooseo^l  +  -7r  coseojS. 
*-i   2  ^  •'2 

A  particular  case  of  this  result  is  the  conductor  formed  by  two 
spheres  catting  at  right  angles,  the  dielectric  angle  a  being  8ir/2.  In 
this  case  p  =  2,  and  the  capacity  is  given  by 

1-cos^ 

^     1+2  cos  — 

o 

From  this  the  capacity  of  a  hemisphere  can  be  found  by  putting 
/3  =  IT,  which  gives 

0  =  r  ^1-  -~)  =  r'  -42266,  nearly, 

where  r  is  the  diameter,  that  is,  the  capacity  is  '8453  of  the  radius, 
approximately. 

10.   Solvable  Oases  which  can  be  obtained  from  the  preceding. 

The  case  of  the  conductor  formed  by  two  intersecting  spheres  under 
the  influence  of  an  electrified  point  can  be  obtained  by  an  inversion 
from  §  8,  and  therefore  the  distribution  on  such  a  conductor  under 
the  influence  of  any  fixed  distribution. 

If  a  sphere  is  described  with  its  centre  on  the  line  of  intersection 
of  the  two  planes  in  §  1,  the  functional  image  of  an  electrified  point 
for  the  space  enclosed  by  the  planes  and  the  sphere  can  be  obtained 
by  adding  to  the  expression  there  given  the  functional  image  of  an 
electrified  point  placed  at  the  inverse  with  respect  to  the  sphere  of 
the  first  point ;  whence,  by  inversion,  can  be  obtained  the  potential 
due  to  a  conductor  formed  by  three  intersecting  spheres,  two  of 
which  intersect  at  any  angle  whilst  the  third  intersects  them  at  right 
angles  (the  latter  two  dielectric  angles  being  t/2).  The  capacity  of 
this  latter  conductor  could  then  be  expressed  by  the  method  of  §  8  in 
finite  terms,  and  the  distribution  on  it  due  to  an  electrified  point 
could  be  obtained  by  another  inversion.  This  last  includes  some 
interesting  particular  cases,  e.g.,  a  complete  sphere  with  a  circular 
which  passes  through  its  centre)  projecting  from  it. 
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Note  on  some  Properties  of  a  Oeneralized  Brocard  Circle,  By 
John  GBimrHS^  M.A.  Received  January  8th^  1895.  Read 
January  10th,  1895. 

Notation. 

The  notation  in  the  following  pages  is  identical  with  that  employed 
in  a  former  note  on  the  generalized  Brocard  circles  of  a  triangle  ABO, 
See  Proe.  Lond.  Math.  Soc.,  Vol.  xxv.,  Nos.  479,  480.  A  brief  ex- 
planation of  it  will  be  sufficient. 

1.  The  abbreviation  OBO  (UU'WAVWKa)  denotes  the  gener- 
alized Brocard  circle  of  the  first  system  drawn  through  the  nine 
points  U,  TT,  ...  a\  which  are  all  discussed — with  the  exception  of 
the  last — ^in  the  note  in  question.  [In  fact,  a'  is  a  new  point  of 
the  circle,  and  the  principal  theorem  in  this  paper  consists  in  showing 
that  it  is  derived  from  A'  in  the  same  manner  as  F,  V,  and  0  are 
from  CT,  [T,  and  TT.] 

2.  The  isogonal  and  trilinear  coordinates  of  a  point  P  are  con- 
nected by  the  relations 

_«^  __  j^ _«_  __  Sag 

o  ""  /3  ""  y  ~5a/3y' 

which  give  5  a  («— y«)  =  0. 

Hence  a  linear  equation    \X'^fiy+yz  =  i 
denotes  a  circle. 

3.  The  equation  of  OBO  {UTT ...  a')  may  be  written  in  the  two 
forms 

a;  cosec  ^  sin  J9  sin  0  sin  (20— ^  )  cosec*  0 + y  sin  B  (cot  0 -h  cot  B) 

+«  sin  0  (cot  tf -hcot  0) 
=  2  cosec  ^  sin  B  sin  0  cot  ctf ; 

a;sinJ5sinO  {oosec'il— (cot«— cotO)']  +ysinB  (cotw— cotC) 

-{•zsiaO  (cotw— cotJ5) 
=  2  cosec  A  sin  B  sin  G  cot  ia ; 
where  cot  O  =  S  cotil, 

and  cot  w  =  cot  tf +cot  5+ cot  0. 
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Section  I. 
Common  Property  of  the  Points  ET,  TTj  A\  and  W. 

Let  any  one  of  the  four  be  denoted  by  P,  and  the  mid-point  of  BO 
by  M ;  also  let  the  circle  BOP  be  met  again  by  AP  (produced,  if 
necessary)  in  P',  and  by  P'M  in  P*' ;  then  P"  is  also  a  point  on 
OB0(U,  U\  ...  a). 


Fio.  1. 


There  is  no  difficulty  in  verifying  this  construction  by  the  employ- 
ment of  isogonal  coordinates.  Taking  (xyz)^  (aj'yV),  {x"y"z")  to 
denote  P,  P',  P"  respectively,  we  have 


x'  =  X,    y  = 


z  = 


X 


and 


// 


X     =  X, 


//      osinO        sin*JB-f-sin'(7  .    x  sinO 

y    =J&-: — a? — : —. -|- 

sinJ.  siuilsinP         y  sinB 


// 


z    = 


pSinP        sin'PH-sin'O  ,    x  sinP 
sin  J.  siuilsinO        z    sin  (7 


(See  Proc.  Lond,  Math.  Soc.,  June,  1894.) 

Hence,  if  P  and  P"  both  lie  on  the  circumference  of  a  G.B.  circle 
of  the  first  system,  it  follows  that 

a;sinPsinC{cosec'^— (cotw— cotO)']  -|-ysinP(cot«— cotO) 

H- i5  sin  0  (cot «  —  cot  P) 

=  2co8ecil8inPsin(7cotw    , (1), 
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and  xBmBBmO[ cosec'il — (cot «— cot  O)*} 

-l-i  J — . — ^ . — j sine;)  (cotw— ootCT) 

\        siiiil  BUiA  y  /  ^  ' 

sin^sinO        Bm'5+Bm'O  .    x    . 


\  81 


—  X 

siiiil  siu^ 

=     2  cosecil  sin  B  sin  G  cot  oi, 


+  —sinBj  (cotirf— ootB) 


2cot^  .  cot«— cot(7  .  cotw— cotJ5         i.«     .  «     j.  j     x       i 

.  =  cor  irf4-2cotil  oott#— 1 


assin^l 


^sinJ? 


«sinO 


(2). 


Now,  since  Xy  y,  z  are  proportional  to  the  trilinear  coordinates  of  P, 
and  ix  BiR A  =^ 'Syz  sinAf  it  is  easy  to  see  that  (2)  represents  a 
quartic  curve  passing  through  the  two  circular  points  at  infinity,  and, 
consequently,  that  F  is  an  intersection  of  the  Q.B.  circle  with  this 
curve. 

It  thus  appears  that,  excluding  the  pair  of  circular  points  at  in- 
finity, the  construction  gives  six  positions  of  F  for  each  of  which 
the  companion  point  P"  is  also  on  the  circle.  But,  obviously,  P" 
coincides  with  F  in  two  special  cases,  viz.,  when  P  is  the  intersection 
of  the  Q.B.  circle  with  the  median  AM.  Hence  there  remain  four 
positions  of  P  to  be  considered,  and  it  is  found  that  they  coincide 
with  Z7,  U\  A\  and  TT.     The  companion  points  are  F,  F',  a',  and  0. 


Section  II. 

Verification  of  the  above  Construction, 

1.  Let  P  coincide  with  Z7,  whose  coordinates  are 

sinO 


X  = 


sin£' 


-1 


ysinP  =  (cotw— cotCT)"  ,    «  =  sinO(cotw  — ootP). 

U  will  therefore  lie  on  the  quartic  represented  by  the  equation 

2'(cot  at — cot  B — cot  0)      cottoi— cotO      cottt»— cotP 
xaiaA  ysmB  zBinC 

=  coi?«+2cot.4cot«— 1, 
if    2(cot«--cotP-cotO)(cotil+cotO)  +  (cot«--cotO)"-|-cosec'0 

=  cot'  01  +  2  COtil  cot  irf— 1, 
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//      sinO      _       //      ci^'^^O       sin'B+sin'O  .    »  sinC 
sin£  siniL         siniLsinB         y  sin£ 


Here  the  fondamental  relation 


takes  the  form 


%x  Bin  A  =  SyssiniL 
y  -sinB      ' 


since 


X  s 


sinO. 
sin^' 


we  therefore  have 


//  __  2  8^^C^  _  BinO  sin'J-f  sin'O  ,    f   __  sin  (B—0)  ")  sinO  __ 

siniL      sinB     sinil  sin£         C  sinB       )  sin£  ~~     ' 

^/._  1       sin(J-a) 
s  sinB 

In  other  words,  P''  becomes  V.    See  Proceedings,  qnoted  supra. 


2.  Let  P  take  the  position  U'  given  by 
sinB 


X  = 


sin0 


,    y"*  sinP  =  (cot «— cot  0)"\    z'^  =  sinO  (cot  w— cotP)« 


It  is  then  found  that  P  will  lie  on  the  qnartio  if 

ScotPootC=l, 

as  before.    In  this  case  P*  coincides  with  V,  whose  coordinates  are 

M     sinP        H       1    ,  sin(0— P)        // 
X  ^ z. .     y  ^  —  + : — 7; —  I     *   =  ^y- 


sinO* 


sinO 


3.  Let  (a;,  y,  e)  coincide  with  A',    Here 


X  = 


sin2« 


Bin(2«+il) 


,  y  =  ajsin(7(cot«  — cotO),  «  =  ajsinP(cot«— cotP), 
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This  point  will  therefore  lie  on  the  qnartic 

2  (cot  (o— cot .B— cot  (7)   ,  cot «  —  cot  G  .  cot «— cot.B 
X  sin  A  y  sin  B  z  sin  G 

=  cof«  +  2cot.loot«-l  =  "°  (2"+/) , 

sinil  sin'w 

.^  2  (cotw—cotB-ootO)  2         _  2cotitf 

sinil  sinB  sinO        sin^l  ' 


or 


cotB+cotO=- 


sinil 


sinBsinC 


The  corresponding  position  of  P*',  which  I  call  o',  is  defined  by 

sin2<ii 


X    = 


y  = 


sin(2«+ul)' 

2  sinB  sin  C  cos  2w — sin ii  sin  2m 
sinB  sin  (2ii»-f-'^) 


+  - 


sin  B  (cot  w — cot  G) ' 


./  _  2  sin  B  sin  G  cos  2w — sin^i  sin  2w 
sin  0  sin  (2w  +  il) 


+  - 


sin  C  (cot «— cotB) 


4.  Let  P  take  the  position  TF,  whose  coordinates  are 


a;  = 


sin  2^ 


y-:T. 


sin^ 


sin^ 


sin(2tf-il)'     ^      sin(^+B)'    '^  ""  sin  (tf+C)  ' 
where  cot^  =  cot«— cotB— cot(7. 

By  writing  these  in  the  form 

xsinil  =  2cottf  {cosec*il— (cot«— ootO)'}"\ 
j^sinB  =  (cot«— cotO)"  ,     zsinO  =  (cot«— cotB)'  , 
it  is  seen  that  W  will  lie  on  the  qnartic  if 

cosecM— (cot «— cot  0)*+ (cot «- cot  (7)'+ (cot «— cotB)* 

=  cot^w  +  2ootilcot«— 1, 
or  2  cotil  =  cot  O,    2  cosec'il  =  cosec*  O. 

The  corresponding  position  of  P^  is  defined  by 


«"  = 


sin  2^  ^_      2singcos(g-hO) 

sin(2tf-il)'     ^ 


sin  {2$" A) 
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In  other  words,  P"  coincides  with  0. 

It  may  be  here  remarked  that  the  four  pairs  of  points  UV,  TTV, 
A'a,  and  WO  form  an  involution  on  the  O.B.  circle,  since  the  chords 
UV,  <fcc.,  all  meet  in  a  point  on  BO,  More  generally,  the  join  of  the 
two  points  of  intersection  of  a  given  circle  with  a  circle  through  B 
and  0  passes  through  a  given  point  on  BO,  viz.,  the  intersection  of 
this  side  with  the  radical  axis  of  the  g^ven  circle  and  the  circum- 
circle  ABO.  This  follows  at  once  from  the  fact  that  the  radical  axes 
of  three  circles  taken  in  pairs  are  concurrent. 

Hence,  since  (1)  TT,  0  are  concyclic  with  B  and  C,  (2)  W,  U  with 
C  and  4,  and  (3)  W,  XT  with  A  and  B,  the  intersections  of  WO,  BO ; 
WU,  OA ;  and  WTT,  AB  lie  on  the  radical  axis  of  GBO  (JJTTWO)  and 
the  circumcircle  ABO.  There  is  nodifficulty  in  arriving  at  the 
relations  which  connect  the  isogonal  coordinates  of  the  two  points 
of  intersection  of  a  generalized  Brocard  circle  with  a  circle  drawn 
through  two  vertices  of  the  triangle  of  reference.  For  instance, 
if  {ityz),  (xyz)  denote  two  points  on  QBG {VU'WO)  which  ai-e 
concyclic  with  B  and  C,  we  have 


X   ^=i  X 


■'» 


_  sinC  cot-g— cotO        sin'O  (cot  w— cotg)  — sin'g  (cot  w— cot G) 


smA  cot ta  —  QoiO 


^x 


smAwnB  (cot«— ootC?) 


.     sin^  cot w— cot -B 
sinJ5  cot «— cot  (7* 


sinB  cot  C— cot g        sin* g  (cot  ca -  cot (7)  —  sin* 0  (cot  w -: cgt^B) 
HinA  cot  w— co4J5  siuil  sinC  (cot  w— cot  B) 


sinB  cot«— cotO 


sinO  cotw— cotjB 
These  transfoimations  give 
y  sin  jB  (cot  w  —  cot  G)  +  /  sin  0  (cot «— ootB) 

=  y  siuB  (cot  M— cot  0)  +a;  sin  C  (cot «— cotB), 
(See  equation  of  generalized  Brocard  circle,  supra.) 
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Section  III. 
lUuttralion  of  the  ConttruotUm  ty  a  Diagram. 

The  figure  shows  that  a  G-.B.  circle  can  be  constmoted  when  its 
O-point  is  known. 

iS  and  fi  are  taken  to  be  tlie  mid-points  of  the  aide  BO  and  the 

perpendicular  AD,  respectively  ;  0  is  a  given  point  on  the  line  OMA{ 


diawn  parallel  to  AD ;  the  circle  BOO  meets  OMA'x  again  in  A'l  and 
AA[  in  W,  AW  A",  meets  Mfi  in  K,  Mid  EA'  is  parallel  to  BO.  The 
circle  A^KWO,  described  npon  OK  as  diameter,  is  a  6.B.  circle  of 
the  first  Bfatcm. 

Hence  we  have  the  following  properties,  viz., 

(1)  B,  0,  IT,  0  are  concyclie. 

(2)  The  sides  AB,  AC  sabtend  eqnal  angles  at  W. 

(3)  The  join  of  K  and  W  passes  through  the  vertex  A  of  the  tri- 
angle ABO. 

SiCTION  W. 

The  Iniertecfion  of  the  Chord  Wa'  and  the  Median  AM  ties  on  the 
Eadical  Axis  of  GBO  {OWa')  and  the  Oirettmdrde  ABO. 

This  theorem,  is  immediately  anggested  by   the  form  of  the  ex- 
pressions for  the  coordinates  of  a',  viz., 

H  2 
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where  (XYZ),  (xyz)  denote  a  and  IT,  and 

sin  2m  8in20 


a  ^ 


8m(2i#+il)      8in(20-ii)' 

/3BinB=5  (28inBBmOcos2ti— Binii8in2w)  -»- sin  (2i#+iL)  sysinC 

(See  Section  II.) 

Hence  a\  TT,  and  the  point,  r,  say,  whose  trilinear  coordinates  are 
proportional  to  a,  j3,  y  are  collinear.    Now,  since 

/SsinBaysin  0, 

r  most  lie  on  the  median  AM.    It  also  lies  on  the  radical  axis  in 
question.     For,  if 

be  the  equation  of  OBO  (OTTa^,  we  have 

XZ+/ir+vZ  =  3  =  \aj+fiy+rz,     or     SX  (Z— «)  =  0, 

and  consequently  SAa  =  0. 

In  other  words,  r  is  a  point  on  the  radical  axis. 
The  theorem  is  thus  proved. 

Section  V. 

The  four  positions  of  P*  corresponding  to  CT,  TTy  A\  and  W  (see 
Fig.  1)  are  concjclic.  In  fact,  they  are  on  the  circumference  of 
another  O.B.  circle  of  the  first  system,  viz.,  the  inverse  with  respect 
to  If  of  OBO  (TJJTA'W),  the  constant  of  inversion  being 

For  MF.MF'  =:MB.MO=Z'-  ia«. 

(See  a  former  note,  Proc.  Lond.  Math,  Soc.y  June,  1894.)  [In  Fig.  2, 
the  points  A{  and  ai,  the  projections  through  3f  of  0  and  W  on  the 
circle  BO  WO  become  the  A*  and  a  points  of  the  new  or  inverse 
G.B.  circle.] 

Section  VI. 

An  Application  of  the  Theory  of  Inversion  with  respect  to  the  Point  M, 

Theorem, — If  the  coordinates  of  any  point  P  on  a  G.B.  circle  are 
known,  those  of  a  certain  other  point  on  the  circle,  say  Q,  are  also 
known. 
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Since  tlie  equation  of  a  circle  of  tlie  first  system  may  be  written  as 
follows,  viz., 

X  sin  J5  sinO  {cosec'-4— (£— cot  O)'] 

+y  sinB  (i-cot 0) +«  sinO(£--cotB)  ==  2  ?^^!^ f, 

where  £  =  cot  w, 

we  may  assume  that  the  coordinates  a;,  ^,  it;  of  a  point  P  on  the 
circnmference  are  functions  of  ^,  and  certain  constants  dependent  on 
the  form  of  the  triangle  ABO.    Hence  we  may  take 

«=/(«).    y  =  ♦(«).    and    «  =  ^(Q. 
This  being  so,  the  coordinates  X,  Y^  Z  oi  Q  are 

X  =  /(cotB+cotO-f), 

r  =  2  5JH0  ^  sin'B-hsin'Cf^  (cotB+cotO-{) 
siuil        sinJ.  sm^ 

-^^(cotB+cotCf-Q, 

Z  =  2  £j°g  -  "^'^  +  "^•f /  (cotB+ootO-i) 

BUI  A        sm^sinC 

-^*(cotB+cotO-.f). 
smG 

Ex. — Let  P  be  17,  given  by 

sinO       -,*v 
sini> 
y  =  cosecP  (f— cotO)~  =  ^  (£), 
«  =  sinO  (f-cotP)  =  ^  (£). 
Hence  we  have  for  Q 
sin  (7 


Z  = 


sinP' 


y^^smO_sin«B4-sin«a8inC^sing^^p.    ^Q     .. 
siuil        sinulsinP     sinB      sinB 

Z_     sinP      sin'P+sin'O  sinO      sinP  „,     .  „     «,. 

=     -^-7 .     .    .   ^ ^"5 :— ;=cosecP(cotB— 4)-  ; 

sinJ.        smulsinG     smB      smCJ 

or  Z=a!,     r=«*,     g=,i.  +  Bm(B-0) 

s  smB 

In  other  words,  Q  is  F. 

[The  coordinates  of  A\  a  can,  in  like  manner,  be  derived  from 
those  of  0  and  TT  respectively.  J 
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Ootutruction  of  the  O.B.  Circlet  of  the  Firat  System,  eorretpoadittg  to 
m  =  B  and  u  =  0,  in  iUtutration  of  th«  Method  of  Invertion, 


IMA-.MOt-MB.MO-MUi.Mr-MV'.MK  *«■     «»',  i", C,' are  paraUel  to 
CA,  AB,  TsspectiTelr-] 

For  the  circle  corresponding  to  ■  =  0,  we  hare  tke  following 
properties,  viz., 

(1)  The  points  U,  W,  V  and  a  coincide  with  B. 

(2)  A'  lies  on  the  side  OA,  and  E  on  BA. 

(3)  The  circle  touchoa  the  circumcircle  ABO  at  B. 

(4i)  The  triangle  A'ffB  is  inversely  similar  to  ABO,  and  belongs 
to  the  STstem  of  similar  in-tritmgles  whose  centre  of  similitude  is  the 
point  on  the  Broeard  circle  of  ABO  given  by  the  coordinates 

a!  =  ~i    y  =  — .    «  =  2cosO. 


Hence  the  circle  Jl'BB  has  double  contact  with  the  conio  which 
tenches  tbe  sides  of  ABC  and  has  the  centre  of  similitnde  in  qneetion 
for  a  focus. 

The  circle  corresponding  to  w  =  B  may    be  constructed  in  like 
manner.    The  pair  are  inverse  to  each  other  with  respect  to  if. 
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It  may  also  be  remarked  that  there  is  another  pair  of  G.B.  circles 
of  the  first  system  which  touch  the  circle  ABO,  and  are  inverse  to 
one  another  with  regard  to  the  mid-point  of  BO, 

In  general  four  circles  in  each  of  the  three  systems  can  be  drawn 
to  touch  a  given  circle. 


Thursday,  February  14sth,  1895. 
Mr.  A.  B.  KEMPE,  F.R.S.,  Vice-President,  in  the  Chair. 

The  Chairman  announced  the  decease,  since  the  January  meeting, 
of  Professor  Cayley  and  Sir  James  Cockle,  and  stated  that  the 
Society  had  been  represented  at  the  funeral  of  the  former  by  the 
President,  himself,  and  Professors  Elliott  and  Henrici. 

Messrs.  Walker,  Glaisher,  and  Elliott  paid  tributes  to  the  memory 
of  the  deceased  members.  A  resolution  was  passed  unanimously  that 
the  President  should  be  requested  to  convey,  in  such  form  as  he 
should  think  fit,  votes  of  condolence  from  the  Society  to  Mrs.  Cayley 
and  Lady  Cockle. 

The  following  papers  were  read : — 

On   certain    Differential   Operators,   and    their   use  to  form  a 

Complete  System  of  Seminvariants    of  any  Degree,  or  any 

Weight :  Prof.  Elliott. 
On  the  Electrification  of  a  Circular  Disc  in  any  Field  of  Force 

Symmetrical  with  respect  to  its  Plane  :  Mr.  H.  M.  Macdonald. 
Notes  on  the  Theory  of  Groups  of  Finite  Order,  iii.  and  iv. : 

Prof.  W.  Bumside. 

The  following  presents  were  received : — 

«♦  Proceedings  of  the  Royal  Society,"  Vol.  Lvn.,  Nob.  340-341. 

^'Vierteljahrssclirift  der  Natorforschenden  G^esellsolialt  zu  Ziirich,*'  Jahrgpang 
39,  Heft  3-4  ;  Zurich,  1894. 

**Beiblatter  zu  den  Annalen  der  Physik  und  Ghemie,"  Bd.  zvni.,  St.  12; 
Bd.  XIX.,  St.  1  ;  Leipzig,  1894. 

<'  Proceedings  of  the  Royal  Irish  Academy,"  Series  3,  VoL  m..  No.  3  ;  Decem- 
ber, 1894. 

'*  Revue  Semestrielle  des  Publications  Mathdmatiques,"  Tome  m.,  Partie  V^  ; 
Amsterdam,  1895. 
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« Memoirs  and  Prooeedings  of  tlie  Manfthwiter  liteniy  and  Fhiloaopliioal 
Society,"  VoL  ix.,  No.  1 ;  1894-^6. 

**  Proceedings  of  the  Fhysioal  Society  of  London,"  VdL  xnr.,  Pts.  2,  8  ;  Jan.- 
Feb.,  1895. 

«  Nantioal  Almanack  for  1898." 

<*  Nienw  Archief  voor  Wiskimde,"  Beeks  2,  Deel  z.  1  ;  Amstesdam,  1894. 

<(  Wiskondige  Opgaven  met  de  Oploesingen,"  Deel  6,  St.  4 ;  Amsterdam,  1896. 

Van  den  Berg,  F.  J. — ''  Over  Co-ordinaten  Stelsels  Toor  Cirkels  in  het  Platte 
Tlak  en  door  BoUen  in  der  Ruimte,"  pamphlet,  8yo ;  Amsterdam,  1894. 

*'  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  VoL  z.,  No.  4. 

<*  Nyt  Tidsskrift  for  Matematik,"  A.  Femte  Aargang,  Noe.  6,  7-8 ;  B.  Femte 
Aargang,  Noe.  3,  4 ;  Copenhagen. 

"  Bulletin  des  Sciences  Math^matiqnes,"  Tome  xzx.,  Jan.-Fey.,  1896 ;  Paris. 

Bierens  de  Haan,  D. — "  Bonwstoffen  toot  de  Gkschiedenis  der  Wis-  en  Natour- 
kondige  Wetenschappen  in  de  Nederlanden,"  Deel  2,  No.  1,  1<^  Sectie  ;  Amster- 
dam, 1893. 

'*  Nachrichten  von  der  Konigl.  Gesellschaft  der  Wissenschaften  su  GhSttingen," 
1894,  No.  4. 

<<  Atti  della  Reale  Accademia  dei  Linoei— Bendioonti,"  VdL  m.,  Faso.  11-12, 
Sem.  2  ;  Vol.  iv.,  Fasc.  1,  Sem.  1 ;  Roma,  1894-96. 

**  Educational  Times,"  February,  1896. 

'*  Journal  of  the  College  of  Science,  Imperial  Uniyersity,  Japan,"  Vol.  vn., 
Pts.  2,  3. 

McClintock,  £. — '*  Theorems  in  the  Calculus  of  Enlargement,"  4to  pamphlet. 

«  Annali  di  Matematica,-"  Tomoxxin.,  Fasc.  1 ;  Milano,  1895. 

"Journal  fur  die  reine  und  angewandte  Mathematik,"  Bd.  oziy.,  Heft  3  ; 
Berlin,  1895. 

'*Bendiconto  dell' Accademia  delle  Scienze  Fisiche  e  Matematiche  di  Napoli," 
Vol.  vm.,  Fasc.  11-12;  1894. 

"  Acta  Mathematica,"  xvni.,  4 ;  Stockholm. 

**  Indian  Engineering,".  Vol.  xvz.,  Noe.  25-26 ;  Vol.  xvn.,  Nos.  1,  2,  3. 

Beale  Istituto  Lombardo^"  Bendiconti,"  Serie  2,  Vols,  xxv.,  xxvz. ;  '*  Indice 
Qenerale  all'  anno  1888 ;"  "Memorie,"  Vols,  xvn.,  xvin.  della  Serie  3,  Fasc.  2, 3  ; 
Milano,  1892-3. 

*<  American  Journal  of  Mathematics,"  Vol.  xvn„  No.  1 ;  Baltimore,  1895. 
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On  certain  Differential  Operators^  and  their  use  to  form  a  Com^ 
plete  System  of  Seminvariants  of  any  Degree,  or  any  Weight. 
By  Prof.  Sluott,  F.R.S.  Received  and  read  Febmary 
14th,  1895. 

1.  There  is  a  one-to-one  correspondence  between  seminvariants  in 
the  nnending  series  of  letters  a,  &,  c,  (2,  e,  ...,  and  products  of  these 
letters  which  have  been  called  by  MacMahon  power  enders,  t.e.,  pro- 
ducts which  when  arranged  from  the  beginning  in  alphabetical  order 
end  in  a  higher  power  of  a  letter  than  the  first.  Thus  abc\  <?y  acP^ 
Vef^y  ...  are  power  ending  products. 

This  fact  has  been  exhibited  in  various  lights  by  Major  MacMahon 
and  the  late  Professor  Cayley — alas !  that  we  must  now  say  the  late 
— in  a  number  of  papers  in  the  American  Journal  of  Mathematics, 
The  main  object  of  this  short  paper  is  to  exhibit  the  fact  in  another 
light  by  showing  that  a  complete  system  of  seminvariants  may  be 
deduced  from  a  complete  system  of  power  ending  products,  one  from 
one,  by  differential  operations  only.  Two  ways  of  doing  this  will  be 
arrived  at. 

2.  We  regard  a,  n6,  — ^ — - — c,  ...  as  the  coeflEicients  in  a  binary 

quantic  of  infinite  order  n,  or,  as  will  do  equally  well,  of  a  binary 
quantic  of  order  n  which  exceeds  «?,  the  weight  of  gradients  of  the 
type  with  which  we  are  at  any  time  dealing.  It  is  well  known  that, 
if  any  seminvariant,  obtained  for  such  a  quantic,  involves  the  first 
j-i-1  letters  only,  then  it  is  equally  a  seminvariant  of  the  j-ic  whose 

coeflRcients  are  o,  j6,  ^  i~n     ^»  •••  • 

Let  0  =  a34+269,+3c9rf+4d9.+..,  tooo, 

Oi  =  69a-h  cSft-h  i9c+    e3rf+...  tooo, 
0,=  c3*-4-2i3.-f3e3rf-f ...  tooo, 

where,  for  instance,  d^  means  -- .  We  have,  if  the  operators  stop  at 
weight  n, 

nO^—O^^  0, 

where  0  is  the  second  annihilator  of  invariants  of  the  binary  ii-ia« 
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We  at  once  see  that 

OOi— OiO  =  a9.+69j+o9.+  ...  to  00 


=  », 


when  tlie  operation  is  on  a  homogeneous  function  of  degree^, 
OOj-  0\CI  =  (OOi -  OiO)  0,  +  Oi  (OOi- OjO) 

and  generally  OOj  -  0*0  =  hiO\'\ 

Thus,  if  u  be  any  homogeneous  function  of  order  t, 

(nOj-OjO)!*     =»tt, 
(Q0!-0lO)Ou  =2iO|Ott, 

(ooj— ojo)  o«tt  =  3»oja«f*, 
(ooj-o{o)  n*u  =  4to!n*t*, 

<fec.         <fec., 

and  if  u  be  rational  and  integral  and  of  weight  w,  i.e.,  be  a  gradient 
of  type  w,  iy  these  equalities  from  the  (to +  2)***  onwards  are  mere 
identities  of  zeroes,  for  O"**  t*  =  0. 

Hence,  by  addition  of  multiples  of  the  above,  so  chosen  that  terms 
on  the  right  except  the  first  cancel  against  second  terms  on  the  left, 

in  which  the  series  on  the  left  certainly  terminates  in  consequence  of 

O  *«u  =  0, 
so  that  no  doubt  arising  from  questions  of  convergency  can  enter. 
The  result  may  be  written 

/,     loOj.  1  nolo     1  oo;o«  ,     \„_o 

in  which  form  it  shows  that  any  gitidient  u  is  of  the  form  Civ.     More- 
over, a  possible  v  corresponding  to  any  u  is  of  the  form  OiW. 
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This  result  miglit  have  been  obtained  by  putting  n  =  oo  in  a  paper 
of  my  own  {Froceedings^  Vol.  xxiii.,  pp.  298,  <fcc.)  on  the  exactness  of 
Cay  ley's  number  of  seminvariants  of  a  given  type.  It  was  there 
proved  that,  when  the  number  n  +  l  of  a,  b,  c,  (2,  ...  is  finite,  any 
gradient  in  them  can  be  derived  by  operation  with  O  on  another 
gradient  in  them  if  in— 2t^7  is  positive,  as  is,  of  course,  the  case  when 
n  is  infinite.  We  now  see  that  in  all  cases  a  gradient  can  be  derived 
by  operation  with  O  from  another  gradient,  if  the  latter  gradient  be 
allowed  to  involve  a  longer  series  of  the  letters  a,  6,  c,  dy  e,  ...  than 
the  former  does. 


3.  Again,  returning  to  the  definitions  in  §  2, 
O0,-0,O==2(694+2c3e+3(29rf-h...  tooo) 
=  2i£;, 

OOj-OjO  =  (O0,-0,0)  0,+ 0,(00,-0,0) 

=  2(u;+l)0,  +  0,.2w;, 

since,  Mwi^  the  weight  of  u,  t(7  + 1  is  that  of  0,ti, 

=  2(2t(;+l)0„ 
O0',-0;o  =  (OO,- 0,O)  0\^  0,  (OO,- 0,0)  0,+  0\  (O0,-0,0) 

=  2  {w+2)  ()5+0,.2  («7+l)  Oi+(f^.2w 

and  generally 

O0*-0jO=  {2(m;  +  Aj-1)+2(«7+Aj-2)  +  ...  +  2«;}05"* 

Thus,  u  being,  as  before,  a  gradient  of  weight  ta, 

(O0,-0,O)t4    =2un*, 

(O(^-0|O)Ott  =  2  (2t(?=T[  +  l)  0,0f*, 

for  Qu  is  of  weight «(;— 1, 
=  2(2w7-l)0,Ou, 
(OOj-  OjO)  Q'u  =  3  (2t^^+2)  OjO't* 

=  3  (2t(7-2)  o\n\ 
&o,        <Sec., 
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and,  generally, 

(OOj-OjO)  0*-^u  =5  k  (2t«7-i+l  +  Aj-l)  0{"*O*-*f* 

Here  for  the  value  k;  +  2  of  ib,  and  for  higher  values,  both  sides 
vanish.  Moreover,  the  value  w-^-l  oik  makes  the  factor  2t(7— ^+1 
equal  to  u;,  which  does  not  vanish  when  w  is  positive,  as  it  must  be 
except  for  gradients  a*  involving  a  only.  Also  all  lower  values  of  k 
make  this  positive,  and  so  non- vanishing.  Thus,  eliminating  right- 
hand  sides  except  the  first. 


{-^ 


no. 


aojo 


o(^o« 


2w  '  l.2,2w(2w-'l)      1.2.3.2w(2tt7-l)(2w-2) 


+  ... 


+  (-1) 


10*1 


CIOJ^^CV 


1.2.3...(w+l).2tt?(2«;-l) 


2w—D  ,„w  J 


which  holds  for  all  gradients  u  except  those  of  weight  zero. 


Hence 


«=oo.y 


o,o 


(?o^ 


-2)     •••}''' 


2m    1.2.2w(2t(7-l)     1.2.3.2t(7(2i£;-.l)(2t(;-2) 

in  which  the  series  certainly  terminates  in  tc?+l  terms  at  most,  no 

difficulty  arising  in    consequence   of  vanishing  of  denominators  or 

questions  of  convergency. 

We  have  thus  again  the  same  result  as  before,  excluding  the  case 

of  weight  zero,  for  which  no  information  is  this  time  given,  that  a 

gradient  u  is  necessarily  of  the  form  Ov.     We  have  also  the  new 

information  that  a  possible  v  for  any  u  is  of  the  form  O^W,    This 

last  is  not,  of  course,  the  case  when  u  is  of  zero  weight,  t.6.,  is  a',  so 

that  . 

v=La'-% 

there  being  no  seminvariant  of  unit  weight  to  add ;  for  every  term  in 
an  0|Tr  must  contain  either  c  or  (2  or  &c. 


4.  Now,  take  any  gradient  whatever  of  type  w^  t,  and  call  it  ti.  Ou 
is  then  a  gradient  of  type  t(;— 1,  i,  and  may,  as  follows  from  either  of 
the  last  two  articles,  be  any  gradient  whatever  of  that  type.     Put  Ou 


1895.] 


certain  Differential  Operators,  8^e. 


189 


for  w  in  the  two  results  proved.    Thej  become 

n\  n/i       10,0.1^       1     O^Q*    .       \         n 
(l)O|l___^_  +  __L_____  +  ...|«  =  0, 

(2)  ofi L_M  + 1 p:o* 

*■  •'      \       2w-2    1    ^f2»-2)r2w-3)  1.2 


.<^( 


1 a^a 

(2w-2)(2«>-3)(2w-4)  1.2.3 


+  ... 


...  +  (-1)' 


\ 0:0"     1     _o 

-3)...r«;-l)  1.2.3...«/  ' 


(2«;-2)(2to-3)...(«;-l) 

the  first  being  general,  and  the  second  applying  when  w  is  2  or  a 
greater  number.     Write  these 

(1)  O{l-d,}«=0, 

(2)  O{l-d,}«  =  0, 

where  ^i,  •&,  are  differential  operators  whose  full  expressions  afe 
given.     We  have  thus  two  conclusions : — 

(1)  u  being  any  gradient  whatever,  (I~d|)  u  either  vanishes  or  is 
a  seminvariant. 

(2)  u  being  anj  gradient  of  weight  2  or  more,  (1— d,)ti  either 
vanishes  or  is  a  seminvariant. 

Also,  regarding  the  forms  of  di,  ^^  which  are 

we  draw  the  following  conclusions : — 

(1)  If  (1— d|)  tt  is  not  a  seminvariant  but  vanishes,  u  is  of  the 
form  OiV. 

(2)  If  (I— ^))u  is  not  a  seminvariant  but  vanishes,  u  is  of  the 
form  OjV. 

5.  Now,  we  know  that  the  number  of  asjzjgetic  seminvariants  of 

type  wS  ifl 

(w;  *,  Qo)  — (w— 1;  *,  oo), 

where  (t^ ;  »,  oo  )  is  the  number  of  products  of  a,  &,  c,  (2,  e,  ...  of 
weight  w  and  degree  i.  Now,  this  difference  is  also  the  number  of 
power  eliding  products  of  type  wS  of  a,  &,  c,  (2,  e,  ... .    For  ever^  Tisst^- 
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power  ender  of  type  wji  can  be  obtained  from  a  product  of  type 
u;— 1,  t  by  replacing  its  last  letter,  once  only,  by  the  next  most 
advanced  letter,  and  no  two  of  iype  to— 1,  %  thus  altered  g^ve  the 
same  one  of  type  w,i^  but  every  one  of  the  first  type  gives  one  of  the 
second. 

What  will  be  proved  is  that  there  is  a  one-to-one  correspondence 
between  the  seminvariants  and  the  power  enders ;  in  fact,  that  every 
power  ender  when  operated  on  by  either  1— dj  or  1— J^t  gives  » 
seminvanant,  and  that  no  two  give  the  same ;  or,  in  other  words, 
that  the  most  general  seminvariant  of  type  w^i  is  obtained  by 
operating  either  with  1— ^^  or  with  1— d,  on  the  most  general  linear 
function  of  the  {w\  *',  oo  )  —  (lo— 1 ;  i,  oo  )  power  enders. 

This  will  follow  if  we  can  show  that  no  power  ending  product  or 
linear  function  of  power  ending  products  can  be  of  tbe  form  0|t;,  or 
equally  if  we  can  show  that  none  is  of  the  form  O^v,  If  none  is  of 
the  form  OxV,  then,  by  (1)"  of  the  preceding  article,  every  one  when 
operated  on  by  1 — di  gives  a  seminvariant  and  not  a  zero.  Moreover, 
all  the  seminvariants  thus  given  are  linearly  independent  if  no  linear 
function  of  the  power  ending  products  is  of  the  form  Ox  v ;  for,  if 
P,  P',  P^,  ...  be  the  power  ending  products,  and  S,  8\  8'\  ...  the 
derived  seminvariants,  so  that 

(1-^0  p  =  s,   (i-dOP'  =  s',   (i-dOP"=s",  ..., 

and  if  XS-hX'iSf'+A"fir+...  =  0, 

then  (i-^^)(XP+VP'+rP'+...)  =  0, 

and  this  would  require  that  XP+X'P'-|-X''P"-f ...  be  of  the  form  OiV, 
And  quite  similarly  with  regard  to  d,  and  Oj. 

6.  We  have  then  only  to  prove,  either  that  no  linear  function  of 
power  ending  products  is  of  the  form  OjV,  or  that  none  is  of  the  form 
0,v.  Either  fact  will  suffice ;  but  both  are  proved  with  equal  ease 
as  follows. 

Take  v  any  gradient  whatever.  Call  the  most  advanced  letter 
which  occurs  in  it  a„  so  that 

where  A,  B^  C,  D^  ...  are  free  from  a^,  and  P,  0,  D,  ...  do  not  all 
vanish.     Then 

=  a^+i  (P-|-2a^O-|-3aJ2}+...)+terms  free  from  a^^i. 
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Thus,  B,  G,  D,  ...  not  all  vanishing,  and  being  free  from  a^  and  a^^i, 
OiV  must  contain  terms  which  end  in  the  single  power  a^^i,  and  so 
are  not  power  enders.     Thus 

cannot  be  of  the  form  O^v, 

Neither  in  like  manner  can  it  be  of  the  form  0|t7. 

It  is  then  completely  established,  and  in  two  ways,  that  all  the 
linearly  independent  semin variants  of  type  wS  ore  obtained  from  all 
the  different  power  ending  products  of  that  type,  one  from  each,  by 
differential  operation.  Operation  either  with  1— ^i  or  1—^,  suffices, 
the  former  applying  to  all  cases  whatever,  the  latter  to  all  cases 
where  the  weight  is  2  or  more. 

In  fact,  the  latter  gives  all  semin  variants  just  as  much  as  the 
former.  For  there  are  no  power  ending  products,  nor  seminvariants, 
of  unit  weight,  and  there  is  no  failure  for  the  zero  weight  of  a*. 


Notes  on  the  Theory  ofOrowps  of  Finite  Order,     By  W.  Bubnside. 
Read  February  14th,  1895.     Received  February  18th,  1895. 

[June  21^,  1895. 

Shortly  after  the  following  notes  had  been  communicated  to  the 
Society,  I  became  acquainted  with  a  paper  by  Herr  G.  Frobenius, 
"  Ueber  aufl5sbare  Gruppen,"  Berliner  Sitzungsherichte^  May,  1893. 
In  this  paper  Herr  Frobenius  has  completely  anticipated  the  result 
of  my  Note  III.  I  have,  however,  with  the  consent  of  the  referees, 
allowed  the  note  to  stand  in  its  original  form ;  as,  had  I  replaced  it 
by  a  reference  to  Herr  Frobenius'  work,  the  remainder  of  my  paper 
would  not  have  been  self-contained,  and  in  places  would  have  been 
barely  intelligible.  In  the  paper  mentioned  Herr  Frobenius  makes 
two  other  statements  that  bear  on  the  present  communication.  He 
says  that  on  some  other  occasion  he  will  prove  that  simple  groups 
whose  orders  are  of  the  forms 

V7Pt     and    l>,l>,...P«.a2^^.iK, 
where  Px<Pf.  <Pni  and  t^©  symbols  all  represent  primes,  do  not 
exist.     I  cannot  find  that  he  has  yet  done  so. 

Secondly,  he  states  his  belief  that  the  only  non-soluble  groups 
{i,e,^  g^ups  whose  factors  of  composition  do  not  consist  entirely  of 
primes),  whose  orders  are  the  products  of  five  primea^  wc^  t^^  ^gcwo::^'** 
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of  order  120,  and  three  simple  groups  of  orders  2*.  3 .  7,  2* .  3  .  5 .  11, 
2^ .  3 .  7  .  13.  The  first  part  of  this  statement  is  obviously  incorrect, 
for,  if  p  is  any  prime,  the  group  defined  by 

^'  =  1,     5«  =  1,     0»  =  1,     JD'  =  1, 

ABO  =  l,    AD  =  DA,    BD  =  DB,     CD  =  DG, 

has  2'.3.5  .jp  for  its  order,  and  60  and/?  for  its  factors  of  composition. 
I  take  this  opportunity  of  expressing  my  regret  that  in  my  former 
**  Notes  on  the  Theory  of  Groups  of  Finite  Order"  (Vol.  xxv.,  pp.  9-18) 
I  was  led,  by  my  ignorance  of  Herr  Frobenius'  investigations  on  the 
subject,  to  giving  as  new  a  proof  of  Sy low's  theorem  which  was  in 
fact  six  years  old.  His  two  papers  "  Neuer  Beweis  des  Sylowschen 
Satzes,"  Crelle,  Vol.  c,  pp.  179-181,  and  "  Ueberdie  Congruenz  nach 
einem  aus  zwei  endlichen  Gruppen  gebildeten  Doppelmodul,"  Crelle, 
Vol.  CI.,  pp.  273-299,  contain  a  proof  of  the  two  parts  of  the  theorem 
with  which  mine  is,  in  essence,  identical.! 

The  following  notes  are  numbered  consecutively  to  those  just  re- 
ferred to.  They  are  concerned  chiefly  with  the  proof  of  certain  tests 
that  may  be  applied  in  particular  cases  to  determine  whether  it  is 
possible  for  a  simple  group  of  given  finite  order  to  exist.  Incidentally 
some  other  results  of  interest  in  connexion  with  the  composition  of 
finite  groups  are  obtained. 

If  j9j,  j9„  /)„  ...  are  distinct  primes  in  ascending  order,  the  main 
results  proved  are  the  following : — 

(i)  There  are  no  simple  groups  whose  orders  are  of  the  forms 

P,Pt.^.Pn.2Pn-lPZy      PiPt''Pn-2Pl-lPn^      Kft'*S^»       PiPTP,- 

(ii)  Groups  whose  orders  are  of  the  foims 

P\Pt>.^Pn.lP:^       P\Pt-.Pn.tPl.lPn 

cannot  be  simple  unless  they  contain  a  sub-group  of  teti*ahedral  type, 
in  which  case  jPi  =  2  and  />s  =  3. 

.   (iii)  A  group  whose  order  is 

in  which  the  sub-groups  of  ordera 

Fi  y  Fi  ^  •••  F^_^ 
are  all  cyclical,  cannot  be  simple. 

(iv)  The  only  simple  groups  whose  orders  consist  of  the  product 
of  five  primes  are  three  known  gix>ups  of  ordera  2' .  3 .  7,  2' .  3  .  6  .  11, 
and  2«.3.7.13. 
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III.   Cki  Groups  in  whose  Order  there  is  no  repeated  Prime  Factor, 

A  group  of  order  P\P%{pi>  f^^,  where  p^  and  p,  are  primes, 
necessarily  contains  a  single  self -con  jugate  sub-group  of  order  j?,.  If 
there  is  also  a  self-conjugate  sub-group  of  order  p^,  the  group  is 
cyclical  and  contains  (j9i  —  l)(2?j—l)  operations  of  order  PiP^\  while 
otherwise  the  group  must  contain  pj  conjugate  sub-groups  of  order/?,. 
These  results,  which  depend  on  very  simple  considerations,  are  proved 
in  Herr  Netto's  Suhstitutionentheorie,  pp.  134,  135.  They  may  be 
stated  in  the  following  form. 

A  group  whose  order  is  p^p^  contains  (pi  — 1)  Pj  operations  whose 
orders  are  equal  to,  or  multiples  of,  jp„  and  /?,— 1  operations  whose 
orders  are  equal  to  p^. 

Consider  now  a  group  G  whose  order  is 

where  the  factors  are  different  primes  in  ascending  order  of  magni- 
tude. I  propose  to  show  that  the  number  of  operations  in  0  whose 
orders  are  pr,  or  the  product  of  pr  by  primes  greater  than  itself,  is 

Suppose  that  this  theorem  has  been  proved  for  gix)ups  whose  order 
consists  of  the  product  of  n— 1  different  prime  factors  ;  and  consider, 
first,  the  case  in  which  G  contains  no  self-conjugate  sub-group  of 
prime  order. 

Any  cyclical  sub-group  of  order  p^  (r  <  n)  must  then  be  contained 
self -con  jugately  in  a  certain  sub-group  H  of  order 

Nu^PaPb'PdPrP.Pfi     "Pi,        (,Pa<Pb<..<Pr<P.<")y 

and  in  no  sub-group  of  higher  order ;    so  that  the  number  of  conju- 

N 
gate  sub-groups  of  order  p^  is  --_  - . 

Since  its  order  cannot  consist  of  the  pi'oduct  of  moi*e  than  m— 1 
different  prime  factors,  H  must  contain 

{pr-\)p.Pf,...p, 
different  operations  whose  orders  are  p^  or  product-s  of  p^  by  greater 

N 
primes.     Hence  the  set  of  —  groups  conjugate  with  H  contain 

—  (p,-l)p,;)^...p,  =  —- (l---) 

^H  PnPb  ...  Pil   >  Pt  f 

such  different  operations.     For,  if  two  of  the  conjugate  set  of  groups 
contained  a  common  operation  of  order  prPm,  they  would  also  contain 
a  common  opeitttion  of  order  p^,  and  this  would  be  contrary  to  the 
supposition  that  H  is  the  most  extensive  sub-greup  that  co\\l^va&  "^ 
VOL.  XXVI. — NO.  612.  0 
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cyclical  sub-group  of  order  pr  self-conjugately.  Moreover,  G  can  con- 
tain no  operations,  whose  oixiers  are  pr  or  multiples  of  pr  by  a  greater 
prime,  other  than  those  enumerated,  since  every  such  opei*ation  must 
occur  in  ^  or  in  a  sub-gi'oup  conjugate  to  H, 

Hence  m^  ^ (1 ) . 

PmPb-'Pd^  Pr  ^ 

Now,  since  N  is  the  number  of  operations  in  O, 

N=l+  5 — (l — -) 

r-l  p.pi  ...pt\  Pr  ' 


N 


(-i)- 


Pi  Pi 

or 


or  1 =  2   ^^— 

PlPi'-'Pn         r~ip„pi,...pa\  p, 

Since  p^^  jp^,  ...  pd  are  all  less  than  pr,  the  firatterm  on  the  right-hand 
side  is  necessarily  1  —     -  .     Suppose,  now,  that  the  first  term  on  the 

right-hand  side  for  which  ^^ajp* '-  Pd  is  not  the  same  as  pip^  ...pr^i  is 
the  r^^  term.     Transposing  the  first  r — 1  tenns,  the  equation  becomes 

^-  (i i^)  =  i^_(i-±). 

.../),_!    V  Prpr.X'Pn'  rp„pi,...pa\  Pr   ^ 

1 =^PlPi   ••    jPr-lS (l ). 

Prpr.l--Pn  r  P« /?&...  /?d  \  Pr  ^ 

But  all  the  t^rms  on  the  right-hand  side  ai-e  positive,  and,  on  the 
supposition  made,  the  least  possible  value  of  the  tii'st  term  is 

\         p,f 
which  is  necessarily  greater  than  the  left-hand  side. 
Hence  the  supposition  is  impossible,  and  therefore 

PaPb  •"  Pd  =  P\Pi     "Pr-X 

for  all  values  of  r  up  to  n. 

It  follows  that  in  the  case  under  consideration  lUr  has  the  value 
given. 

Consider,  next,  the  case  in  which  G  contains  self -con  jugate  sub- 
groups of  prime  order,  less  than  p^^  and  let  pr  be  the  smallest  prime 
for  which  such  a  sub-group  occurs.     The  expression 

^«  =  {p»—^)P'^\    -'Pn 
will  then,  again,  by  the  above  reasoning,  give  the  number  of  opera- 
tions whose  orders  are  p.  or  multiples  of  p,  by  higher  pnmes  for  all 
values  of  p,  from  p,  to  pr.\ ;  but  the  values  of  w,.  must  be  indepen- 
dently investigated. 

For  this  purpose,  let  P  be  one  of  the  operations  of  the  sub-group 
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of  order  j9„  and  let  all  the  operations  of  the  group  be  arranged  in  the 
following  familiar  scheme,  viz. : 

1        P  P*  P^* 

*S„    SjP,     SiP*,     ...  SiP^'  , 


I  •  •  •  •  I 


S„    S,P,     S.P',    ...  8,P''-', 

•  ••        •••        •••        •••       •••        •••       ••• 

8^.1, 8,, iP,  5,.iP*,  ...  8,.iP^''   , 

where  ^  =  PlPt  "•  Pr-lPr*\  "-Pn- 

Since  the  first  line  in  this  scheme  is  a  self -con  jugate  sub-group  of 
O.  it  follows  that  the  sets  of  operations  in  the  different  lines  combine 
together,  line  by  line,  in  the  same  way  as  the  operations  of  a  group 
of  order  r.  Hence  there  must  be  some  factor  fi  oi  v  such  that  each 
of  the  operations  of  the  line 

5.,  S.P,  S.P*.  ...  S.F"-', 
when  raised  to  the    power  /u,  gives  an  operation  of  the  first  line. 
Suppose,  then,  that 

and,  since  j9^  is  relatively  prime  to  ^,  S,  P'  must  be  of  order  fi*p„  where 
^'  is  equal  to  or  a  factor  of  /i.  There  must  therefore  be  an  operation 
S'i  of  the  group,  of  order  /i',  such  that 

6',P  =  5;P^. 

Hence  one  and  only  one  of  the  set  of  operations 

o„  o«P,  ...   8iP  "^ 
is  of  an  order  prime  to  p,. 

Now,  it  has  been  seen  that  0  contains 

r-l 
2  (P»  —  ^)P»*\   "Ph  '=P\P\     "Pn—PrPr*\  -  •  -  Pn 

operations  whose  orders  contain  as  a  factor  at  least  one  prime  lestt 

than  prf  and  the  reasoning  just  given  shows  that  of  the  remainder 

V  —1 

*^ have  pr  as  a  factor  of  their  order. 

Pr 

V  —1 
Hence  m,  -^^ (N—PiPi  ■  •  Pn-^-PrPr^i   -Pn) 

Pr 
=  (Pr''^)Pr*\  "'Pn* 

In  exactly  the  same  way  it  may  be  shown  that,  if  O  contains  a  self- 
conjugate  sub-group  of  order  2?,,  where  jp,.<jp,<j9„,  then 

0  2 
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Hence,  finally,  whether  the  snb-group  of  order  p^  is  self-conjugate  or 
not,  the  expression  (pr-^l) Pr*\  "'P»  gives  the  number  of  operations 
of  the  group  whose  orders  are  divisible  by  p^,  and  by  no  smaller 
prime,  on  the  supposition  that  a  similar  expression  holds  when  the 
order  is  the  product  of  n— 1  factors.  But  it  has  been  shown  to  be 
true  for  a  group  whose  order  consists  of  the  product  of  two  prime 
factors,  and  it  is  therefore  true  universally.     Since 

wi«  =/?«— 1, 

the  operations  of  order  p^  form  a  single  sub-group,  which  is  therefore 
necessarily  self -con  jugate  in  G. 

Hence  a  group  whose  order  contains  no  repeated  prime  factors 
cannot  be  simple  ;  and  from  this  it  follows  at  once,  by  a  consideration 
of  the  composition-series  (Reihe  der  Zusammensetzung)  of  the  group, 
that  it  must  contain  a  self-conjugate  sub-group  whose  order  is  the 
product  of  w— 1  prime  factors,  and  therefore  that  an  algebraical 
equation  the  order  of  whose  group  contains  no  I'epeated  prime  factors 
is  necessanly  solvable  by  radicals. 

An  interesting  special  case  of  these  groups  is  that  in  which  all  the 
operations  of  the  gix)up  are  of  pnme  order.  When  this  is  so  the 
order  of  the  greatest  sub-group  H  that  contains  a  cyclical  group  of 
oi*der  pr  self-conjugately  can  have  no  factor  jp.  greater  than  j9„  since 
there  would  in  that  case  be  opeitttions  of  order  prP^  in  O.  On  the 
other  hand,  since  the  number  of  operations  of  oinier  pr  in  G  is 

the  order  of  H  must  contain  every  pi-ime  factor  of  A""  which  is  not 
gi-eater  than  pr,  or  N„  =  p,p,  ...  Pr. 

In  order  that  this  may  be  possible,  the  congruence 

Pr=l     (mod.  Pr.,) 

must  be  satisfied  for  all  values  of  r  fi*om  2  to  w,  and  for  all  values  of 
s  from  1  to  r— 1,  since  otherwise  an  operation  of  order  jj^.,  could  not 
transform  an  operation  of  p^  into  a  power  of  itself  ;  and,  conversely, 
when  these  conditions  are  satisfied  a  group  of  order  N  whose  opera- 
tions are  all  of  prime  order  can  always  be  constructed. 

The  composition  of  such  a  group  may  be  determined  in  the  follow- 
ing way. 

Let  P„,  P„_i  be  any  two  operations  of  G  of  order  p„,  p„.\.  Then, 
since  the  cyclical  sub-group  of  order  p^  is  self -con  jugate,  P„.i 
necessanly  transfoims  P^  into  a  power  of  itself,  and  therefore  P„  and 
Pfi-i  genei*ate  a  sub-group  of  order  Pn-xPn-     This  sub-group  contains 
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(j9„_i  — l)p„  operations  of  order  jp^.i,  that  is,  all  the  operations  of  this 
order  contained  in  O,  and  is  therefore  self-conjugate  in  O.  If,  now, 
P„.a  is  any  operation  of  0  of  order  p,.2,  it  may  be  similarly  shown 
that  P,,,  P„-i,  P«-8  generate  a  sub-group  of  order  Pn-iPn-\Pn  which 
contains  all  the  operations  of  0  of  orders  p^-tt  Pn-i  and  p„,  and  no 
others,  which,  again,  is  therefore  self-conjugate  in  O ;  and  this 
process  may  be  continued  till  the  maximum  self -con  jugate  sub-group 
of  order  p%Pz  -"Pn  is  reached.  Also,  since  the  number  of  operations 
of  G  of  order  p^,  viz., 

(Pl  —  l)PtPi'''Pn, 

is  greater  than  any  factor  of  N,  there  can  be  no  self-conjugate  sub- 
group containing  j3j  as  a  factor  of  its  order.  Hence  in  this  case  the 
composition  series  of  G  must  consist  of  the  factors 

Ply  Pv   '"  P^^ 

in  the  order  written.  In  this  ccuse  also  the  composition-series  is  clearly 
identical  with  the  "  chief "  composition  series  (Hauptreihe  der 
Ziisammensetzung) . 

A  simple  example  of  such  a  group  is  that  generated  by  the  three 
operations  /S,,  iS„  8j  which  satisfy 

^2=1?  ^  =  1»  ^7  =  It 

Returning  now  to  the  general  case,  the  preceding  reasoning  regard- 
ing the  composition  of  the  group  may  be  repeated  almost  word  for 
word.  Thus  P„  and  P„_i,  any  two  operations  of  order  p^  and  p^.i, 
again  generate  a  sub-group  of  order  Pn-iPn  which  contains  all  the 
operations  of  G  of  orders  Pn-u  Pm-iPn^  andp,,,  and  which  is  therefore 
self -con  jugate.  So,  again,  P„,  P„.i,  and  P„.2  generate  a  self -con  jugate 
sub-group  of  order  p^.2Pn^iPn\  and  the  process  may  be  continued,  at 
each  step  taking  in  the  next  smaller  factor  of  Ny  till  the  group  G 
itself  is  arrived  at.  Hence  in  every  case  the  composition-series  may 
consist  of  the  prime  factor  of  the  order  of  the  group  taken  in  ascend- 
ing order  of  magnitude,  while,  when  they  are  taken  in  ascending 
order,  the  corresponding  groups  of  the  series  are  all  self -con jugate  in 
the  main  group. 

When  the  factors  of  N  are  assigned  primes,  the  number  of  possible 
different  groups  is  generally  very  limited.  As  an  example,  the 
smallest  number  consisting  of  the  product  of  four  different  primes 
may  be  taken,  namely, 

iV=2.3.5.7=210. 
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Corresponding  to  this  order  there  are  only  two  distinct  groups. 
Thus,  if  8^  and  8j  are  any  two  operations  of  orders  5  and  7,  they 
must  be  permutable,  since  5  is  not  a  factor  of  7—1.  The  sub-gronp 
of  order  35  is  therefore  cyclical.  If,  now,  8^  is  any  operation  of 
order  3,  it  must  transfoi^m  the  operation  8^8 j  into  some  power,  say 
the  71^,  of  itself.     Hence 

Sz  8^8^  =  ^, 

8i  8j8i  =  5*7, 

or  7i'  =  1  (mod.  5),         n'  =  1   (mod.  7), 

and  therefore  n  =  I. 

The  sub-group  of  order  105  is  therefore  cyclical,  and  can  be  generated 
from  a  single  operation  Siq^  of  order  105.  Finally,  if  5,  is  any  opera- 
tion of  order  2,  it  must  transform  8\fn  either  into  itself  or  its  inverse. 

■ 

Hence  the  group  is  defined  by  either 

(i.)  S'^l,     r«=  L     ST=  TS, 
or  (ii.;  .S'  =  1,     r«  =1,     ST^  T'S. 

The  method  of  the  present  note  may  be  obviously  extended  at  once 
to  groups  in  whose  oixler  the  highest  prime  factor,  only,  occurs  in  a 
higher  power  than  the  first. 

Thus,  if  N  =  Pjp7     (Pi>Pi), 

the  sub-group  of  order  pl^  is  necessarily  self-conjugate,  and  the  group 

therefore  contains  {pi—'l)Pi  operations  in  which  jp,  enters  as  a  factor 

of  the  order,  and  ^  —  1  operations  in  which  it  does  not  so  enter. 

If,  now,  the  symbol  niy  is  used  in  the  same  sense  as  before,  and  it 
be  assumed  that 

holds  for  a  given  m,  when  the  number  of  different  prime  factors  in  N 
does  not  exceed  n  —  l,  precisely  the  same  proof  will  apply  to  show 
that,  for  the  same  7>i,  the  formula  still  holds  when  N  contains  n 
different  prime  factoi*s  ;  and  that  therefore,  since  when  n  is  2  the 
formula  holds  for  any  value  of  m,  it  holds  universally. 

Since  the  group  contains  exactly 

^/4— I 

operations  whose  oixlera  are  equal  to  or  poweins  of  p^,  a  sub-gi*oup  of 


order 
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order  p^H  must  be  contained  in  it  self-conjugately,  and  therefore  the 

gronp  cannot  be  simple.     A  consideration  of  the  composition-series 

of  the  group  again  shows  that,  since  there  is  no  simple  group  of 

order  p^p^  -"  Pn-xt  tliis  self -con jugate  sub-group  of  order  j?^   cai^- 

not  be    a  maximum  self -conjugate  sub-groap,  and  that  the  order 

of    such    a    maximum  self -con  jugate   sub-group   is  necessarily    of 

N  t 

the  f onn  — ,  where  p^  is  one  of  the  unrepeated  factors  of  'N*     (  There 

may,  of    course,  also    be    maximum    self-conjugate    sub-groups   of 

-•) 

It  follows,  again,  that  an  equation  the  order  of  whose  group  is  of 
the  form  con8]dei*ed  is  solvable  by  radicals.  It  also  follows,  exactly 
as  in  the  preceding  case,  that  the  main  group  contains  a  series 
of  self -conjugate  groups  of  orders  p'i,  Pn.\P*Hy  Pn-iPH-\p7,  ... 
PiPi '" Pn-iPm  '*  SO  that,  when  N  and  the  type  of  the  sub-group  of 
order  j?J*  are  given,  all  possible  types  of  gix)up  may  be  formed  by 
successively  constructing  this  series  of  self -conjugate  sub-groups  in 
all  possible  ways. 


IV.   On  Groups  of  Order  N  =pj"»j9j*- ...  /)"",  in  which  the  Suh-Gratips 
of  Orders p"^', p'^%  ...  ^^r-i*  ^^^  "^^  Cyclical 

The  main  result  obtained  in  the  preceding  note  is  a  particular  case 
of  that  obtained  in  the  present  one.  By  dealing,  however,  with  the 
special  case  first,  it  appeared  possible  to  bring  out  the  nature  of  the 
method  employed  more  simply,  and  to  avoid  detailed  explanations 
which  would  have  been  otherwise  necessary. 

An  application  of  the  method  of  the  previous  note  leads  to  the 
following  theorem. 

If  a  group  contains  a  cyclical  operation  of  order  /?" ,  where  pi  is  the 
smallest  prime  factor,  and  j?"  the  highest  power  of  p  contained  in  the 

«•*  — 1 
order  N,  then  the  group  contains  exactly  ~~-  A"  distinct  operations 

Pi 
whose  orders  are  equal  to  or  multiples  of  p^ 

Suppose  that  the  theorem  has  been  proved  for  all  values  of  the 
index  less  than  n,  and  in  the  group  G  of  order 

N=p'lqr, 

where  q  and  r  are  not  necessaiily  primes,  let  the  cyclical  sub-group  of 
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order  j9"  be  contained  self-conjugately  in  a  sub-group  If  of  order^jj^^, 
and  in  no  sub-group  of  higber  order.  Since  p^  is  tbe  smallest  prime 
contained  in  the  order  of  this  sub-group,  the  operation  P  of  order  jj^^ 
which  generates  the  cyclical  sub-group,  must  be  permutable  with 
every  operation  of  H,  and  by  constructing  a  scheme  similar  to  that 
used  before,  it  follows  (i)  that  H  contains  fp" — 1)  q  operations  whose 
orders  ai*e  divisible  by  p„  and  (ii)  that  of  these  (j?" — P^'O  3  have  p** 
for  a  factor  of  their  orders.  Hence  the  set  of  r  sub-groups  conjugate 
with  H  contain  (jpj*— /?"~^)  qr  operations  whose  orders  contain  j^**  as  a 
factor,  and  these  must  be  all  distinct,  as  otherwise  there  would  not  be 
r  distinct  sab-groups  of  order  p".  By  putting  n  =  1,  this  proves  the 
theorem  when  the  index  is  unity. 

Now  the  sub-group  of  order  p*,  which  arises  from  the  operations 

J*^»  ,  is  certainly  permutable  within  fl",  but  it  may  be  permutable  in 
a  more  extensive  sub-group.  Suppose,  then,  that  it  is  permutable 
within  a  sub-group  H^  of  order  p"  qr  (where  r  =  rV"). 

The  group  h^.  which  is  merihedrically  isomorphous  with  U^  in 
regard  to  the  self-conjugate  sub-group  of  order  ^^,  hasp""""g/  for  its 
order,  and  its  sub-groups  of  order  jp"'"*  are  clearly  cyclical,  and  therefore 
it  contains  (pj*""*— 1)^^'  operations  whos^  orders  are  multiples  of  |3j 
by  the  supposition  that  has  been  made  (the  index  here  being  less 
than  n).  To  each  of  these  operations  there  corresponds  in  H^  a  set 
of  p^  operations  whose  orders  are  divisible  by  a  higher  power  of  p, 
than  p^  ;  for,  if  it  were  not  so,  to  two  suitably  chosen  opei^ations  of 
^  of  orders  p'^t  and  t  (s  :!^  n—m  and  t  a  factor  of  qr)  would  corre- 
spond the  same  set  of  operations  of  H^,  which  is  impossible.  To 
each  of  the  remaining  </r'  operations  of  the  merihedrically  isomorphous 
group  correspond/?"*—!  operations  of  H^  whose  orders  are  divisible 
by  j9„  and  a  single  operation  whose  order  is  prime  to  py. 

Moreover,  of  these  {pl'  —  ^)qr  operations  of  H^  whose  orders  are 
divisible  by  a  power  of  p,  not  higher  than  2?",  (p^— pj""')^'  have 
2?"  for  a  factor  of  their  orders.  The  r"  conjugate  groups  of  which  H„ 
is  one  thus  contain 


.m-l 


distinct  operations  whose  oi*ders  contain  pj",  and  no  higher  power  of 
/?„  as  a  factor. 


Hence  G  contains 


m        ^m  - 1 

^4  J.1  - 


uf^X  j 
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or 


^-1 


N, 


opei'ations  whose  orders  are  mnltiples  of  p^  Thus  the  theorem  is 
true  for  n  if  it  is  true  for  n— 1  ;  and,  being  true  when  »  =  1,  it  holds 
generally. 


If,  now. 


-^  =  K'ft""-K", 


where  jPi,  /?j ..,  ai*e  in  ascending  order,  and  if  the  sub-groups  of  orders 
^"'  and  p^'*  are  both  cyclical,  it  may  be  shown  in  a  similar  manner 
that  the  number  of  operations  of  the  group  which  contain  p^  as  a, 
factor  of  their  order  and  do  not  contain  p^  is 


N, 


For,  if  H,  of  order  p\p^*p^  ...  p^^  is  the  sub-group  that  contains 
/?""  self-conjugately,  the  isomorphous  group  of  order  p\' p"^* ...  p'"*  con- 
tains exactly  jjj"  ...  p'"'*  operations  whose  orders  do  not  have  pi  for  a 
factor  by  the  preceding  theorem.  Hence  H  contains  (joj^'— 1)  pj*  •  •  •  J'*^" 
operations  whose  orders  are  divisible  by  p^  and  not  by  p, ;  and  of 
these  {p^*—p'^~^)Pi  ...  p'"'*  have  pj^*"  for  a  factor  of  their  orders.  The 
corresponding  operations  in  the  sub-groups  conjugate  to  H  are  all 
distinct,  and  the  main  group  therefore  contains 


N 


operations  whose  orders  are  divisible  by  p"*  and  are  not  divisible  by 
Pj.     Now,  if  r^  is  less  than  mj,  this  number  is  greater  than 

K 

the  total  number  of  operations  whose  orders  are  not  divisible  by  p^, 
which  is  impossible.     Hence  the  order  of  H  must  be  of  the  form 

VTPTP'^i"' 

An  operation  of  order  p*»'*  is  certainly  self -con  jugate  in  ff,  and  may 
be  self -con  jugate  in  a  more  extensive  group.  In  either  cajse  the  pre- 
ceding reasoning  may  be  repeated  to  show  that  the  number  of 
operations  in  the  group  whose  orders  are  divisible  by  pJI*'*  and  not 
by  p,  or  p™»  is 


p;""^~p"''- 

pTpI" 


a; 
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and  hence,  generally,  that  the  number  of  operations  whose  orders 
are  divisible  by  /?,  and  not  by  |?i  is  * 

©•"•—1 

The  process  may  be  repeated  step  by  step,   so  that  the  number  of 
operations  whose  orders  ai*e  divisible  by  jp,  and  by  no  smaller  prime  is 

_A_rL  A-  or  ip:'-i)p::-...p:'. 

Pi    p2      ...pt' 


The  sub-group  of  order  p*^*  is  therefore  self -con jugate,  and  the  group 

is  not  simple.  Moreover,  all  the  conclusions  an*iyed  at  in  the  pre- 
ceding note,  for  the  case  in  which  the  indices  are  all  unity,  hold  again 
here  both  as  regards  the  composition  of  the  group  and  the  mode  of 
constinicting  the  possible  types  when  N  is  given. 

V.  On  Grmips  of  Order  N  ^=^pxp^  ••.pm  where  /)„  p„  ...pn  are  distinct 

Primes  in  Ascending  Ord-er  of  Magnitude, 

When  the  sub-groups  of  order  pj  contained  in  the  group  are  cyclical, 
the  groups  here  considered  are  a  particular  case  of  those  dealt  with 
in  the  preceding  note ;  and  it  has  been  seen  that  they  cannot  be 
simple,  nor  can  they  contain  a  sub-group  which  is  simple.  I  assume, 
then,  that  the  sub-groups  of  order  ;'J  are  not  cyclical,  and  therefore 
that  any  one  of  these  is  generated  by  two  permutable  operations  of 
oi-der  |?„  and  contains  7>i  -h  1  cyclical  sub-groups  of  order  p^.  Suppose 
that  the  greatest  sub-group  H  which  contains  a  sub-gi'oup  of  order 
^J  self -con  jugately  is  of  order 

'^  —  p\P.Pf"P,' 

Then,  since  pi  is  the  smallest  prime  in  the  order  of  H^  no  opeiTition  of 
JET  can  transform  one  of  the  operations  of  order  p^  into  a  power  of 
itself.  Moreover,  since  H  contains  only  />i  + 1  sub-groups  of  oi'der  /?„ 
no  operation  of  H  can  transform  one  of  these  sub-gixDups  into  another, 
since 2?.  is  necessarily  greater  than  px-\-\>  The  one  exception  to  this 
last  statement  is  when  7)1  =  2  and  p^  =  3.  Putting  aside,  then,  the 
case  in  which  ^'a  =  3  for  later  consideitition,  eveiy  operation  of  order 
Px  contained  in  if  must  be  permutable  with  every  operation  of  H. 
If,  now,  the  main  group  contains  s  different  conjugate  sets  of 
cyclical  sub-greiips  of  order  />!,  then,  since  there  is  only  one  set  of  con- 
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jugate  sub-groups  of  order  jjj,  the  sub-group  of  order  pj  contained  in 

K  must  itself  contain  representatives  of  each  of  the  8  sets.      Let 

Pj,  P„  ...  P,  be  operations  contained  in  H  representative  of  each  of 

the  8  sets.     Then  F^  is  certainly  contained  self-conjugately  in  IT,  and 

may  be  contained  self-conjugately  in  a  more  extensive  sub-group  of 

N 
order  wwy.     If  so,  it  generates  one  of  a  set  of  conjugate  cyclical 

sub-groups,  each  of  which  is  contained  in  m^  sub-groups  of  order  jjj. 

N 
Now,  the  —  conjugate  sub-groups  of  order  p\  each    contain  /'i  + 1 

n 
cyclical  sub-groups  of  order  p,.     Hence 

N      ""         N 
(i?i  H- 1)     -  =  2  m^ .  —  . 

n        rmi         nnir 

There  are,  therefore,  pi  +  l  distinct  conjugate  sets  of  sub-groups  of 
order  p^  contained  in  the  main  group.  If  now  jjjm  is  the  order  of  the 
sub-group  H'  that  contains  Pj  self-conjugately,  where  for  brevity  m 
is  written  iov  p^pf, ,,,  p^nii,  the  group  may  be  expressed  in  the  form 


1, 


aSiP„ 


...     S   \ 


ft-1 


...    0|  x^        , 


Si, 


OiX],  ...     ^i-ti       , 


I  •  ■  •  •  • 


o  ^  P  ^  pPi-» 

and  the  different  lines  of  this  scheme  combine  together,  as  do  the 
operations  of  the  merihedrically  isomorphous  group  of  order  pim. 
Such  a  group  contains,  by  Note  III,  (pi— l)m  operations  whose 
orders  are  equal  to  or  multiples  of  p^.  If  now  the  (i-|-l)***  line  of 
the  above  scheme  corresponds  to  an  operation  of  order  p^m'  (rn  a 

factor  of  m)  of  the  isomorphous  group,  then  (5^,- Pi)"**  belongs  to  some 
line  of  the  scheme  other  than  the  first,  and  therefore  in  this  case  no 

operation  of  the  (t-f-l)*^  line  can  be  written  in  the  form  S»Pi,  where 

2,  is  an  operation  whose  order  is  not  divisible  by  p^. 

If,  on  the  other  hand,  the  (t-hl)^**  line  corresponds  to  an  operation 

of  order  m',  of  the  isomorphous  group,  its  operations  can  be  written  in 

the  form 

S^PJ     (r  =  0,  1,  ...;?,-l), 

where  2^  is  again  an  operation  whose  order  is  not  divisible  by  p^. 
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Hence  the  sub-group  H'  contains   (l>i  — l)w    distinct  operations 
which  can  be  written  in  the  form 

SyP;     (r  =  l,  2,  ...pi-l). 

The  — —  conjugate  sub-groups  therefore  contain 

Ft 

such  opei*ations,  and  these  clearly  exhaust  all  the  operations  per- 
mutable  with  any  opei*ations  of  the  set  of  conjugate  sub-groups  to 
which  Pi  belongs. 

Now,  it  has  been  seen  that  there  are  p-^-l  sets  of  such  conjugate 
sub-groups,  and  hence  the  main  group  contains 


^-1 


N 


o])erations  whose  orders  are  equal  to  or  multiples  of  j^^. 

If,  now,  a  sub-group  of  order  p,  is  contained  self -con  jugately  in  a 

group  K  oi  order  plPtPt  ^-^Pt,  where  a  may  be  0,  1  or  2,  the  meri- 

hedrically  isomorphous  group  k  of  order  plpfi  ,..  pt  contains,  by  what 

has  just  been  pix)ved,  (pi-'l)p0  ."  Pi  operations  whose  orders  have  pi 

as  a  factor,  and  to  these  con*espond  opei'ations  of  K  whose  order 

contains  pi  as  a  factor.     To  each  of  the  remaining  p^,  .,.p^  operations 

of  A;  correspond  (jp,— 1)  operations  of  iT,  whose  orders  do  not  contain 

jj„  and  do  contain  p^^  as  a  factor.     Hence  K  contains   (|;,  —  1)  p^  ...  pt 

N 
such  operations,  and  the  main  group  contains    (Pi~^)  of  such 

PiP% 

N 
operations  which  are  all  distinct.     This  number  must  be  less  than  — ^ , 

Pi 

which  is  the  total  number  of  operations  whose  oi-ders  do  not  contain 

Pi  BA  B,  factor.     Hence  the  number  of  opei<ations  containing  p^,  and  not 

j3],  as  a  factor  of  their  order  is 

In  exactly  the  same  way,  it  may  be  shown,  taking  the  prime 
factors  successively  in  ascending  order  of  magnitude,  that  the  number 
of  operations  containing  p.,  and  no  lower  prime,  as  a  factor  of  their 
ordens  is 

(/>.  — I)jPfl  "'Ph' 
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From  this  it  follows  again  that  the  group  is  necessarily  composite, 
and  that  it  contains  self-conjugate  sub-groups  of  orders  Pn^  Pn~ipm  •••» 
PiPi'-'Pn'  Moreover,  since  simple  groups  of  order  pj  do  not  exist, 
the  sub-group  of  order  PtPi^.pn  cannot  be  a  maximum  self -con  jugate 
sub-group,  and  hence  there  must  be  a  self -conjugate  sub-grpup  of 
order  P\Pi".  Pn- 

Exactly,  then,  as  in  the  previous  cases  when  N  is  given,  the 
successive  self -con  jugate  sub-groups  of  orders  p^^  |J«-iP»,  <fec.,  may  be 
constructed  in  all  possible  ways,  and  every  type  of  group  correspond- 
ing to  the  given  N  may  be  deteimined. 

If  now  j),  =  3,  so  that  jjj  =  2,  and 

JV=2'3/),  ...p„, 
two  cases  may  occur. 

First,  the  group  may  contain  no  sub-group  of  tetrahedral  type, 
I.e.,  no  sub-group  of  order  12  which  consists  of  a  self -conjugate  sub- 
group formed  of  identity  and  3  operations  of  order  2,  together  with 
8  more  operations  of  order  3.  In  this  case,  the  preceding  reasoning 
may  be  repeated,  word  for  word,  to  show  that  there  are  three  different 
conjugate  sets  of  sub-groups  of  order  2,  and  hence  that  the  main 
group  contains 

2^ 
operations  of  even  oixier. 

There  is,  then,  no  difficulty  in  proceeding  as  before  to  show  that 

the  number  of  operations  whose  oi'den?  are  divisible  by  p,,  and  by  no 

lower  prime,  is 

(p.-l)/),  ...p,., 

and  thus  in  establishing  completely  for  this  case  the  previous  results. 

Suppose,  now,  secondly,  that  the  group  does  contain  a  sub-group 
of  tetrahedral  type.  Within  this  sub-group  the  three  operations  of 
oinler  2  form  a  single  conjugate  set,  and  therefore  the  operations  of 
order  2  in  the  main  group  also  form  a  single  conjugate  set. 

Hence  in  this  case  the  main  group  contains  only 


-2r--^=*^/'»-i^" 


opei'ations  of  even  order. 
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The  number  of  operations  in  the  main  g^up  whose  orders  are 
divisible  by  3,  and  not  by  2,  will  be 

2«(3-l)p,...|>., 

2  (3-l)p,...i>«, 

or  (3-l)|>,  ...jp«, 

according  as  2®,  2\  or  2'  is  a  factor  of  the  order  of  the  sub-group 
within  which  an  operation  of  order  3  is  contained  self-oonjugately. 
The  number  of  operations  whose  orders  are  divisible  neither  by  2  nor 


3  will  therefore  be 


or 


6p,  ...  p„, 


In  the  first  case,  the  group  cannot  be  simple,  for  the  number  of 
operations  whose  orders  are  divisible  .by  p„  and  by  no  lower  prime, 
will,  as  before,  be 

In  the  latter  two  cases,  however,  this  number  may  be 

where  a?,  is  a  factor  of  2*3/?,  ...|?,-i ;  and  where  the  ar*s  are  connected 
by  the  equation 

S  x,(p,—l)p,,\  ...pn  =  A.;>8  .  .P«— 1,     A  =  5  or  7. 

•  ■3 

There  is  also,  by  Sylow's  theorem,  the  additional  relation 

a-«  =  1     (mod.  p^). 
When  n  =  3  it  is  easy  to  see  that  the  only  solution  of  this  equation  is 

X  =  5,     ar,  =  6,    p^  =  5, 

which  corresponds  to  a  known  result. 

When  n  =  4,  the  only  solutions  are  given  by 

A  =  7,    iTj  =  6,    x^  =  12,    p^  =  5,    p4  =  11, 
A  =  7,     x^^6,    ar„  =  14,    p,  =  7,    p^  =  13. 

The  orders  of  the  corresponding  groups  would  be  2*.  3.  5. 11  and 
2' .  3 .  7 .  13.  It  is  known  that  there  is  a  simple  group  corresponding 
to  each  of  these  orders.  A  general  discussion  of  the  equation  would 
seem  to  be  far  from  simple. 
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A  consideration  of  the  preceding  investigation  will  show  at  once 
that  the  expression  -n^  —  1 


J 


N 


for  the  number  of  operations  in  the  gix)up  whose  orders  are  divisible 
by  pi  liolds  for  any  group  in  whose  order  the  lowest  prime  factor 
appears  to  the  second  power,  so  long  as  the  group  does  not  contain  a 
tetrahedral  sub-group.     Suppose,  now,  that  the  order  is 

and  that  the  sub-groups  of  ordera  pj"*  •••  Pn^i^  ^^^  *11  cyclical.  Then, 
with  the  same  limitation,  that  the  group  does  not  contain  a  tetra- 
hedral sub-group,  the  reasoning  of  the  present  and  the  preceding 
note  may  be  repeated,  almost  woi*d  for  woixl,  to  show  that  the  number 
of  opei-ations  in  the  gi-oup  whose  order  is  divisible  by  |?„  and  by  no 
lower  prime,  is  again 

(2':'-i)K;r'-i':"; 

so  that  again,  in  this  case,  the  gi*oup  cannot  be  simple,  nor  can  it 
contain  a  simple  sub-group  (other  than  the  cyclical  sub-groups). 

VI.  On  Groups  whose  Orders  are  of  the  Forms  PiPt  ...  p^.^p^f 
PiPi"Pn-ipn,   Pi  Pi,   pi  p\  and  PiPi  Py 

The  method  that  has  been  used  in  the  thi'ee  preceding  notes  may 
be  applied  without  change  to  a  rather  more  general  case,  as  follows. 

Let  ^  =  P\  Pi    '•'  P„ 

be  the  order  of  a  group,  and  suppose  that  the  sub-group  of  ordera 
P\\  Pi^i  •••  P^'^  ai^e  all  cyclical.  Then,  pix)ceeding  step  by  step,  it  may 
be  shown  that,  for  all  values  of  s  fix)m  1  to  r,  the  group  contains 

(p:--i)p::r-p:" 

operations,  whose  ordei-s  are  divisible  by  p,,  and  by  no  lower  prime, 
so  that  the  number  of  operations  whose  orders  contain  no  prime  less 
than p^^ lis  „,    i  «„ 

The  same  result  will  also  hold  if  m^  =  2,  even  if  the  sub-group  of 
order  p^  is  not  cyclical,  so  long  as  ^,  is  not  equal  to  3.  These  results, 
which  do  not  now  seem  to  require  separate  proof,  will  be  used  in  dis- 
cussing groups  whose  orders  are  of  the  forms  in  the  heading  of  this 
note. 
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(i)  N  =  pipt  '-.  pI-iPh- 

If  the  sub-groups  of  order  p^^  ^  in  a  group  whose  order  is  of  the 
above  form  are  cyclical,  Note  IV  shows  that  the  group  cannot  be 
simple ;  and  in  any  case  Note  III  establishes  that  the  number  of 
operations  of  the  group  into  whose  orders  no  prime  smaller  than 
p„,i  enters  is 

If,  now,  no  operations  of  order  p„_i  transform  a  sub-group  of 
order  ;)„  into  itself,  there  must  be  more  than  pl,i  conjugate  sub- 
groups of  order  p,„  and  this  is  clearly  impossible.  If  the  operations 
of  a  sub-group  of  order  pl^^  all  transform  a  sub-g^up  of  order  p^ 
into  itself,  the  p\.\Pn  operations,  into  whose  orders  no  prime  less 
than  jp^_i  enters,  fonn  a  sub-group  which  must  be  self -conjugate. 

If,  finally,  a  sub-group  of  order  p^  is  transformed  into  itself  by  an 
operation  of  oi*der  jp„.i,  the  resulting  sub-group  of  order  p«_ij?« 
must  be  cyclical  unless  p^^  1  (mod.  p«_i).  If  it  is  cyclical  and  not 
self -con  jugate,  it  must  form  one  of  Arp„-|-I  conjugate  sub-groups, 
which  will  contain 

(kp„-\'l)p^.^  (Ph-1) 

distinct  operations  whose  orders  contain  p^  as  a  factor.  This,  again, 
is  impossible.  If  it  is  not  cyclical, p„.i  is  a  factor  of  ^„— 1.  Now,  in 
this  case, 

where  the  two  terms  on  the  right-hand  side  repi^esent  the  number  of 
operations  of  orders  j^n-i  ^"^  Pn  contained  in  the  gi-oup.     Hence 

(Pn.i-'^)(Pn-i'\-l'-o)p,  =  (/3-  l)(/>,.-l), 
and  thei-efore,  since />„_i  is  a  factor  of  p«  — 1, 

a  =  l, 
and  p„  :j^  pl_^—p^^^l. 

There  is,  therefore,  a  single  set  of  p^  conjugate  sub-groups  of  order 
p^.u  a^d  at  the  same  timep,,  conjugate  sub-groups  of  order  j??,  i ;  and 
this  is  certainly  inconsistent  with  the  inequality  connecting  p,^  and 
Pn.i'     The  group  can,  therefore,  in  no  case  be  simple. 

(ii)  N  =  p]p^  •■•  pl-\Pn  • 

When  Pi  is  not  3  it  may  be  shown  in  precisely  the  same  way  as  in 
the  previous  case  that  a  group  of  order  P\Pi  ...  Pn.ip,,  cannot  be 
simple,  and  cannot  contain  a  simple  sub-group. 
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(iii)  N=:py^,    N  =  p^p^p^,    N  =  p^p\. 

Let  p*^  be  the  highest  power  of  a  prime  p  that  divides  the  order  of 
a  group  Q,  and  let  jp*"  be  the  ordey  of  the  greatest  group  which  is 
common  to  any  two  of  the  conjugate  set  of  sub-groups  of  order  p*^ 
contained  in  O.  Let  h  be  such  a  sub-g^up  of  order  p^,  and  let  h  be 
contained  in  the  two  sub-groups  H  and  H*  of  order  p"*.  Within  H, 
h  must  be  self -con jugate  in  some  sub-group  of  order  p*""*^*,  generated  / 
by  h  and  some  operation  P  of  H,  which  is  not  contained  in  jf\;*  and  ^^^ 
similarly  in  H*,  h  must  be  self -conjugate  in  a  group  generated  by  P' 
and  h.  Hence  h  is  self -con  jugate  in  the  group  generated  by  P,  P' 
and  h.  If  the  order  of  this  group  were  a  power  of  p,  there  would  be 
two  sub-groups  of  order  p"^  containing  a  common  sub-group  of  order 
p""*^,  contrary  to  supposition,  and  therefore  the  sub-group  h  must  be 
transformed  into  itself  by  some  operation  whose  order  is  not  a  power  of/?. 

Consider  now  a  group  of  order  p^p^.  If  a  sub-group  of  order  p"^ 
is  not  self -conjugate  it  must  be  one  of  a  set  of  p^  conjugate  sub-groups. 
If  the  operations  of  these  are  all  distinct,  the  operation  of  order  p^  is 
self-conjugate.  If  they  are  not  all  distinct,  then  by  the  theorem  just 
pix)ved  there  must  be  a  sub-group  of  order  jp**  which  is  transformed 
into  itself  by  an  opieration  of  order  p„  and  which  being  common  to 
the  Pi  sub-groups  of  order  /)J"  must  be  self -con jugate.  The  group  is 
therefore  in  any  case  composite. 

Again,  a  group  of  order  p  p'^p  must  if  simple  contain  p^  or  PiP^ 
conjugate  sub-groups  of  order  p"^.  Now  the  group  contains 
(/>!— l)/?*"  jp  operations  whose  orders  are  multiples  of  pi.  Hence  if 
the  operations  of  the  sub-groups  of  order  p^  are  all  distinct  there 
must  be  p^  such  sub-groups,  and  the  sub-g^up  of  order  p^  is  self- 
conjugate.  If  there  are  j?,  sub-groups  of  order  p^  whose  opei*ations 
are  not  all  distinct,  a  sub-group  of  order  |?J  must  be  contained  self- 
con  jugately  in  one  of  order  p[*^P^  or  P^P^^^P^  (PiP^*^  ^^^  being  a 
possible  value  for  the  order,  since  the  sub-group  of  order  p'  is  con- 
tained in  more  than  one  sub-group  of  order  /?,*')•  The  sub-group  of 
order  p*^  is  therefore  self -conjugate,  being  common  to  the  p^  conjugate 
sub-groups  of  order  p^.  If  there  are  p^p^  conjugate  sub-groups  of 
order  p"^,  whose  operations  are  not  all  distinct,  the  same  reasoning 

♦  This  property  of  groups  whose  order  is  the  power  of  a  prime  most  be  known, 
bat  I  am  unable  to  give  a  reference  to  any  work  in  which  it  is  explicitly  stated. 
It  may  be  proved  as  follows  : — Suppose  that  there  is  no  riub-g^up  of  order /?*"^*  in 
if  containing  A  self-oonjugat^ly,  and  let  <$  be  a  self-conjugate  operation  of  A.  Then 
the  number  of  sub-groups  of  J£  conjugate  to  and  other  than  h  which  contain  iS  is  a 
multiple  of  p^  as  also  is  the  number  which  do  not  contain  8^  so  that  the  total 
number  in  the  conjugate  set  is  congruent  to  unity,  mod.  p,  which  is  impossible. 
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holds  to  show  that  they  must  have  a  common  sub-gronp.     Hence  in 
no  case  can  the  group  be  simple. 

A  group  of  order  pj^jp*,  if  simple,  must  contain  p^  conjugate  sub- 
groups of  order  |?j".  If  the  operations  of  these  are  all  distinct,  the 
sub-group  of  order  2?^  is  self -conjugate.  If  they  are  not  all  distinct 
the  greatest  sub-group  h,  of  order  jpp  common  to  more  than  one  sub- 
group of  order  jpj",  must  be  self -conjugate  within  agroup  of  order  j?'**p^ 
or  |?'■*'p^  where  t  is  not  less  than  unity.  Unless  p^^l  (mod.  pi),  only 
the  latter  case  can  occur,  and  therefore  the  group  is  certainly  composite 
unless  this  condition  is  satisfied.  When  the  condition  is  satisfied,  I  have 
not  been  able  to  show  generally  that  the  group  cannot  be  simple,  but 
for  some  of  the  smaller  values  of  m  this  maybe  done  without  difficulty. 

Thus,  if  the  order  of  a  group  be  p^p]  and  p,  be  not  3  (there  is  no 
simple  group  of  order  2*. 3*)  there  must,  if  the  group  be  simple,  be 
^'  conjugate  sub-groups  of  order  p*.  If  two  of  these  have  a  common 
sub-group,  it  must  be  self-conjugate  within  a  group  of  order  j5*p' 
which  contains  more  than  one  sub-group  of  order  p\  Hence  «  =  3, 
and  the  sub-group  of  order  jp,  in  question  is  self- conjugate  in  the 
main  group.  If  no  two  of  the  j^J  sub-groups  of  order  j?^  have  a 
common  operation,  the  sub-group  of  order  ^^^  must  be  self -con  jugate. 

Again,  if  the  order  of  a  group  be  p*  p^,  and  p^  be  not  3  (there  is  no 
simple  group  of  order  2*.  3*)  there  must  be  either  p^  or  p*  conjugate 
sub-groups  of  order  |?Ji  ^^d  as  in  the  previous  case,  it  may  be  shown 
that  if  two  sub-groups  of  order  p]  have  a  common  sub-group  of  order 
jj„  it  must  be  self -conjugate  in  the  main  group.  Again,  there  must 
be  2>3  conjugate  sub-groups  of  order  p*.  If  two  of  these  have  a  sub- 
group in  common  of  order  ^J,  it  must  be  self -conjugate  in  a  group  of 
order  p^  /?„  and  the  group  cannot  be  simple. 

If  pi^  is  the  order  of  the  highest  common  sub-group  of  two  of  the 
sub-groups  of  order  p*,  it  must  be  permutable  with  an  operation  of 
order  j9„  and  then  this  operation  would  be  self -con  jugate  in  a  group 
of  order  p'jpj  at  least.  This  is  inconsistent  with  the  existence  of  p^ 
sub-groups  of  order  p^^ ;  and  the  supposition  that  the  highest  common 
sub-group  of  two  sub-groups  of  order  p*  is  of  order  p^  leads  to  the 
same  contradiction. 

Finally,  if  the  operations  of  the  sub-groups  of  order  p*  are  all  dis- 
tinct, the  sub-group  of  order  p^  must  be  self-conjugate.  Hence  in  no 
case  can  the  group  be  simple.* 


♦  The  ca«6  <rf  groups  of  order  p*p  would  be  covered  by  a  proof,  that  Ilerr 
Frobeniu*  give«  in  his  first-mentioned  paper,  of  the  non-existence  of  simple  groups 
of  order  p* p'^y  were  this  proof  correct.     Herr  Frobeniu^,  however,  arrives  at  this 
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VII.   On  the  Simple  Groups  whose  Orders  consist  of  the  Product  of 

Five  Primes. 
On  an  enumeration  of  all  the  different  forms  which  the  order  of  a 
group  can  take  when  it  consists  of  the  product  of  five  primes,  it  will 
be  found  that  the  previous  general  results  cover  all  cases  with  the 
exception  of 

(i)  2V,.  (ii)  2'3'^..  (iii)  P,P\v\. 

(iv)  py^p^p^'>         (v)  pJjPjP,; 

80  that  the  only  simple  groups,  whose  orders  are  the  products  of  five 

primes,  of  forms  different  from  the  above  are  the  g^ups  of  order 

2* .  3. 5  .  11  and  2* .  3  .  7  .  13.      These  remaining  five  cases  may  be 

dealt  with  as  follows.  ,..    __      ^-^  ^ 

(i)  N  =  2'3p*. 

Such  a  group  can  only  be  simple  when  12  contains  a  factor  of  the 
form  hp^-\-\,  and  this  can  only  be  the  case  when p, is  5.  It  is,  how- 
ever, known  that  there  is  no  simple  group  of  order  300.  (Cf.  Dr.  Cole, 
Am^can  Journal  of  Mathematics^  Vol.  xv.) 

(ii).JV=2'3V,. 
Sylow's  theorem  again  here  shows  that  the  only  admissible  values  of 

7?3  are  5,  7,  11,  and  17  ;  and  a  reference  to  Dr.  Cole's  paper  proves 

that  there  are  no  corresponding  simple  groups. 

(iii)  N^^py^f^. 
There  must  be  either  p^,  jp^,  jp^c   or  p^p^  conjugate  sub-groups  of 

order  p^.  In  the  two  latter  cases  the  group  would  contain  pj  + 1  con- 
jugate sets  of  sub-groups  of  order  p^^  and  could  not  be  simple  ;  while, 
if  there  were  p^  such  sub-groups,  the  group  evidently  could  not  be 
simple,  since  its  order  contains  the  factor  p^.  If  there  are  pj  sub- 
groups of  order  pJJ,  each  is  self -conjugate  in  a  group  of  order  p  pj ; 
and  the  group  can  only  be  simple  when,  within  this  group,  the  sub- 
groups of  order  j3]  are  not  all  self-conjugate  ;  while  at  the  same  time 
a  sub-group  of  order  p^^  which  within  this  group  forms  one  of  a  con- 
jugate set  of  2>i,  is  permu table  in  the  main  group  with  an  operation 
of  order  p,.  But,  if  this  is  the  case,  the  sub-group  of  order  p,  must 
be  self-conjugate  within  a  group  of  ov^er  p^p^ p^  at  least,  since  a  group 
of  order  p^p\  can  only  contain  a  single  sub-group  of  order/?*.     The 

result  by  showing  that  in  such  a  gn^up  the  sub-group  of  order  p^  must  be  self- 
oonjug^te.  This  is  certainly  not  the  case,  as  nothing  is  easier  than  to  construct 
groups  of  the  order  in  question,  in  which  a  sub-g^up  of  order  />"*  is  not  self- 
conjugate.     E.g., 

-4»-  1,   53=  1,    (^7?)«»  1,    (?*  =  !,    i>»=  1,  ^C«  CA,    BC^  CB,  AD  ^  DA, 

BD  -  DB,     CD  -  DC. 

p2 
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existence  of  a  sub-group  of  order  p^  p^p^  is,  however,  clearly  incon- 
sistent with  the  group  being  simple, 

(iv)  N=ip^f^p^p^, 
If  pi  is  not  a  factor  of  the  sub-group  H  that  contains  a  group  of 
order/?*  self-conjugately,  there  are  |>,  +  1  distinct  sets  of  sub-g^ups 
of  order  p^,  and  it  follows  by  the  method  of  Note  V  that  the  group  is 
not  simple.  The  same  holds  also  if,  p^  being  a  factor  of  the  order  of 
if,  all  the  sub-groups  of  H  of  order  p^  are  transformed  into  them- 
selves by  the  operations  of  H  whose  orders  are  p^  Suppose,  now, 
that  this  is  not  the  case,  so  that  within  H  a  set  of  p^  sub-groups  of 
order  jPj  ai'e  conjugate.  If  one  of  these  sub-groups  is  permutable 
with  no  opei-ation  of  order  p^  within  the  main  group,  there  will 
correspond  to  it  w^ithin  the  main  group  a  set  of 

operations  whose  orders  are  divisible  by  p^  and  not  by  jOj ;  and,  if  the 
same  is  true  of  each  set  of  pi  conjugate  sub-gpx)ups  within  H,  the 
total  number  of  operations  whose  orders  are  divisible  by  p,  and  not 
hyp,  will  be  (p]-^) PiPv 

from  which  it  follows,  as  before,  that  the  group  is  composite. 

If  a  sub-group  of  order  p^  which  within  H  forms  one  of  a  set  of  pi 
conjugate  sub-groups  is  permutable  within  the  main  group  with  an 
operation  of  order  jpi,  it  must  be  contained  self -con  jugately  in  a  gix)up 

of  order  P^pIp^^    PiP\Pi'     °^    PiP\PiPi^ 

and  the  first  case  only  could  correspond  to  a  simple  group.  Now,  the 
group  of  order  p  p^p  would  necessarily  contain  pip^  conjugate  sub- 
groups of  order  p^,  so  that 

PiPi=l  (mod.p,), 
and  the  method  of  Note  V  shows   that  it  contains  a  sub-group  of 
order  p,  self-conjugately.     Also,  since 

Pt^l  (mod.  !>,), 

the  operations  of  order  p^  must  be  permutable  with  all  operations  of 

order  p,  of  the  sub-group.     But  this  is  in  contradiction  with  the 

existence  of  pip^  conjugate  sub-g^ups  of  order  p^.     Hence  this  case 

cannot  occur. 

(v)  N=p\p^p^, 

Suppose,  first,  that  there  are  p^  conjugate  sub-groups  of  order  p\. 
Each  is  contained  self-conjugately  in  a  sub-group  of  order  p\p^i  so  that 
the  group,  if  simple,  is  transitive  in  p^  symbols.  Then,  unless  p^  =  3, 
there  must  in  a  sub-group  of  order  p^p^  be  either  1  or  p\  sub-groups 
of  order  p^.  If  there  are  jpj,  the  sub-group  can  contain  no  operation 
of  order  pi Pi,  and  hence  the  sub-group  of  order  p\  must  be  Abelian  in 
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type ;  for  if  it  were  not  its  7?i  —  1  self -conjugate  operations  would  be 
transformed  into  themselves  by  an  operation  of  order  p„  and  the  sub- 
group would  contain  operations  of  order  PiPt-  Now,  if  two  sub- 
groups of  order  p^  and  Abelian  type  contained  a  common  operation  it 
would  be  self -con jugate  in  a  group  containing  more  than  one  sub- 
group of  order  j?',  and,  therefore,  in  the  main-group.  Hence  the  p^ 
sub-groups  of  order  jjj  contain  CpJ— l)ps  distinct  operations,  each 
keeping  one  symbol  fixed.  The  operations  of  order  p^  must  each 
keep  1  or  p^  symbols  fixed ;  for  if  they  kept  jjj  or  p\  the  group  would 
contain  operations  of  order  p^  p^.  If  the  operations  of  order  p^  keep  1 
symbol  fixed,  they  ai*e  p^  (p  —1)P 

in  number,  and  the  sub-group  of  order  p,  is  self -con  jugate.  If  the 
operations  of  order  p^  keep  p,  symbols  fixed,  they  are 

in  number,  and  the  group  must  contain 

operations  of  order  p^ 

Now  there  must  be  Pt^PiPi  or  p^^p^  sub-groups  of  order  p^.  The 
first  two  cases  cannot  give  the  above  number  of  operations  of  order  p^^ 
and  the  last  leads  to  the  conditions 

Pi  =  2,     4p,-3p,  =  1, 
which  cannot  give  a  simple  group. 

If  the  sub-group  of  order  j?Jp,  contains  a  single  sub-group  of 
order  j7|,  it  must  keep  one  symbol  only  fixed,  and  must  be  permutable 
with  every  operation  of  the  sub-group  of  order  p].  If  now  the  sub- 
groups of  order  /)J  had  a  common  operation,  it  would  be  permutable 
with  two  different  operations  of  order  p„  and  would  be  necessarily 
self -conjugate  in  a  group  of  order  p^p.^Py  This  would  make  the 
group  composite.  If,  on  the  other  hand,  no  two  sub-groups  of  order 
p\  have  a  common  operation,  the  operations  of  a  sub-group  of  order 
p^p.^  all  keep  just  one  symbol  fixed,  and  the  sub-group  of  order  jj,  is 
8elf-conjugate. 

Suppose  now,  secondly,  that  the  group  contains  piP^  sub-groups  of 
order  p\.  If  the  operations  of  these  sub-groups  are  all  distinct  the 
group  is  clearly  composite.  If  there  were  a  sub-group  of  order  p\  p,, 
the  main  group  clearly  could  not  be  simple,  and  if  there  was  one  of 
order  jpjpj  the  group  could  be  expressed  as  a  transitive  group  inp, 
symbols.  If  there  are  no  sub-groups  of  orders pjp^  or  pjpj,  tlie  common 
operations  of  two  sub-groups  of  order  pj  must  be  contained  self-con- 
jugately  in  a  sub-g^up  of  order  pj  p^  or  pj  p,.     This  involves 

p,  =  1  (mod.pi),      p»  =  \  (mod.  p^. 
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Now  the  congmence       j?,  p,  ^  1  (mod.  p^) 

is  inconsistent  with  the  two  previous  ones,  and,  therefore,  there  can  be  no 
sub-group  of  order  p]py  Every  sub-group  of  order  p„  therefore, 
which  is  common  to  two  sub-groups  of  order  ^s'  is  permutable  with  an 
operation  of  order  p^.  The  main-group  can,  in  this  case,  be  expressed 
as  a  ti-ansitive  group  in  pi  p^  symbols,  and  a  simple  enumeration  of 
the  operations  of  the  pip^  sub-groups  of  order  p^  p  shows  that  they 
contain  p^  p^  sub-groups  of  order  pi  p^y 

and  Pi  Pi  sub-groups  of  order  /?„ 

each  of  the  latter  being  self -con jugate  in  a  sub-g^up  of  order  pj. 
Also  each  sub-group  of  order  p^  contains  pi  conjugate  sub-groups  of 
the  set  which  are  permutable  with  operations  of  order  p„  and  these 
are  the  only  sub-groups  which  can  be  common  to  two  sub-groups  of 
order  p^^.  Hence,  besides  these  sub-groups  and  its  self -conjugate  sub- 
group, every  sub-group  of  order  jj'  must  contain 

operations  which  occur  in  no  other  sub-group  of  order  p*.  There 
remain 

operations  in  the  group.  Now  this  number  is  negative,  and  therefore 
the  case  supposed  cannot  occur.  Hence  if  the  group  is  simple  it 
must  contain  a  sub-group  of  order  p^p .  Unless  Pi  =  S  this  sub- 
group must  contain  its  operations  of  order  p^  self-conjugately,  and 
therefore  there  must  be  p^  sub-groups  of  order  p^.  This  being  so.  it 
is  easy  to  show  that,  if  the  group  is  simple,  there  must  be  p' o  con- 
jugate sub-groups  of  order  p,.     The  congruences 

p,  =  1   (mod.  Pi),         Pj  =  1   (mod.  p^), 

Pj  =  1   (mod.  p,),     pJPj  =  1   (mod.  pj, 

must  therefore  be  simultaneously  satisfied.  The  last  of  these  is 
obviously  inconsistent  with  the  first  three,  and  therefore,  unless 
p,  =  3,  the  group  cannot  be  simple. 

Finally,  if  pi  =  2,  p,  =  3,  then 

i^  =  24p„ 

and,  by  Sylow's  theorem,  p,  can  only  be  5,  7,  11,  or  23.  Of  these  the 
only  value  that  corresponds  to  a  simple  group  is  7  (cf.  Dr.  Cole's 
paper,  loc,  ciL),  and  there  is  only  one  corresponding  simple  group. 

In  conclusion,  then,  the  only  simple  groups  whose  orders  consist  of 
the  product  of  five  primes  are  those  of  orders  2*.  3  .  7,  2' .  3  .  6  .  11, 
and  2».3.7.13. 
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The  Dynamics  of  a    Top. 

By  A.  G.  Gbeenhill. 

Read  January  10th,  1895.     Received  February  4th,  1895. 

A  statement  by  Jacobi  (Oesammelte  Werke,  t.  ii.,  p.  480)  that  the 
general  motion  of  a  top  or  gyrostat,  moving  under  gravity  about  a 
fixed  point  in  its  axis,  can  be  resolved  into  the  relative  motion  of  two 
bodies  moving  a  la  Poinsot  about  the  fixed  point  under  no  forces,  has 
attracted  considerable  attention  of  recent  years,  as  testified  by  the 
valuable  and  interesting  articles  on  this  subject  by 

Halphen,  Gomptes  Rendus^  t.  c,  1885 ; 

Darboux,  in  Note  xx.  to  Despeyrous'  Gouts  de  Mecanique,  t.  ii., 
p.  525  ; 

Routh,  Quarterly  Journal  of  Mathemaiics^  Vol.  xxiii.,  p.  34;  and 

Marcolongo,  Annali  di  MatemaUca^  Vol.  xxii.,  1894. 

Dr.  Routh  commences  with  an  investigation  of  these  two  associated 
concordant  states  of  motion  under  no  forces,  and  shows  afterwards 
how  they  may  be  combined  so  as  to  give  the  motion  of  a  top ;  but  in 
the  present  paper  it  is  proposed  to  reverse  this  procedure,  and  to 
start  with  the  analysis  of  the  motion  of  the  top,  and  thence  to  derive 
Jacobi's  two  associated  states  of  motion ;  it  is  hoped  that  this  new 
procedure  will  help  to  throw  light  upon  this  interesting  and  impor- 
tant theorem  in  Dynamics. 

1.  We  begin,  then,  with  the  equations  of  motion  of  the  axis  of  the 
top,  as  given  in  Routh's  Rigid  Dynamics,  following  as  closely  as 
possible  the  notation  of  the  article  in  the  Quarterly  Journal  of  Mathe- 
matics, Vol.  XXIII. 

The  equations  connecting  </r,  the  azimuth  of  the  axis  OG,  and  $,  the 
inclination  of  the  axis  to  its  highest  vertical  position  00,  can  then 
be  written 

iA(f)'+i^8in'tf(g)'=Tr<,(d-Aco8tf) (1), 

J,8in'tf^  +  0,n,co8tf=(?, (2). 

dt 
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Take  a  point  P  in  OC  at  a  distance  I  from  0,  such  that 

then  P  may  be  called  the  centre  of  oscillation,  as  in  plane  vibi*ations ; 

I  "    A,    "'*' 

so  that  2v/n  seconds  is  the  period  of  small  plane  oscillations. 

The  quantities  employed  in  this  paper,  here  and  subsequently,  are 
expressed  in  Dr.  Routh's  notation  by 

Writing  equations  (1)  and  (2) 

dt  A^ 

and,  eliminating  -— , 

dt 

''""^[Tt)   =^^*  (-^--cos(?)(l-cos'd)-(-^— ^-^ ) 

=  2M«e (3), 

suppose,  where 

e=(A«cosa)(i-cos«a)-i^^i:^?i^^^ (4). 

To  solve  (3)  we  suppose  9  to  be  split  up  into  three  factors,  such 

that 

9  =  (cosO— cosh  6,)  (cos  6— cos  0,)  (cos  6— cos  0,) (5), 

80  that  the  inclination  0  of  the  axis  oscillates  between  f^,  and  0,, 
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2.  The  solution  of  equation  (3)  hj  elliptic  functions  is  given  by 

pu—Ci  =  ^O  (cos  0— cosh  0,)  1 

pu— e,  =  iO(co8a-cos»,)    [  (6), 

pt*— e,  =  iO  (cos  tf — cos  ©,)    J 

the  letter  O  being  employed  as  the  homogeneity  factor  so  as  to  agree 
with  M.  Darboux's  notation  (Despeyrous,  t.  ii.,  p.  514)  ;  and  now 

t«  =  ^^-l-w,     or    5^+«j   (7) 

for  cos  $  to  oscillate  between  cos  0^  and  cos  0^ ;  and,  since  from  (5) 
and  (6) 

"»-(a)'=^{|)' <»>• 

2n'0  =  ^'(pu-eO(pti-e,)(pti-6.)  =  §V''n (9); 

therefore  ^'^Ir)'"^^     ^^^^' 

In    Jacobi's    notation,    the    modulus    ic    and   its   complementary 
modulus  K  are  given  by 

^.8,,ei— e,..  cos^,-cos^,  .^^v 

Cj— c,      cosh^i— cosd, 

^.^  __  gi— gj  ^  cos^  ^1 "  ^Q^  ^« , , ,                         (12) 
Cj— Cj      cosh^i— cos^i 

Denoting  the  real  quarter  period  of  Jacobi's  functions  by  K,  then 
the  time  occupied  while  0  grows  from  0^  to  0^  is 

K K 

gv^(gi— gj)       ny{i  (cosh  ^1— cos  tf,)} 

seconds ;  and  this  is  the  fraction 

1 

4\/{2  (cosh tfi— cos  tf,)} 

of  the  complete  period  of  the  top  when  making  plane  oscillations,  by 
swinging  through  the  angle 

4 sin  *i:  =  4sin  \/(  — r— i ■ — r  )• 

V  \cosh  ^i— cos  64/ 
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3.  If  u  assumes  the  values  v^  and  v^  when  cos  0  is  + 1  and  ~  1,  then, 
from  (6), 

pu-pv^  =  ^Q  (1+coB  ff)    (13), 

pvi^pu  =|0(1— oos^)    (14), 

so  that  pv,— pr,  =  O    (1^)» 

and,  since 

— 00  <  —  1  <  cos  d,  <  cos  tf  <  cos  tf,  <  1  <  cosh  d,  <  00, 

we  therefore  take 

rj  =/)w„     t'l  =  «i4-rui, (16), 

where  p  and  r  are  real  fi-actions. 

Also,  putting  cos  6  =  =F  1  in  (4)  and  (9), 

(^^)=-gp'..,.      («.:i^y=_gp^.,    ...(17); 

and  therefore,  from  (10), 

_0, -hfin,    _.  _  2tp'v,       _^, ZLpiJb_  =  ?iP  ^'i  (18) 

y/(A,Wgh)  01    '      y/(A,Wgh)         Qi     ^^ 

Thus,  if  O^  —  Oifii  is  negative,  we  must  suppose  r  negative,  or  put 

t'j  =  w, — rw,    (19). 

Adding  and  subtracting  equations  (18),  making  use  of  (15), 

-7^^=     i^^^^^^ (20), 

(7,n,v/Q     _,     ^pt\-\-pv^  ^21), 

^(A.Wgh)  pvi-pvj  " 

4|fe  =  -'"-'-''"'-*'('-'  +  '")     (''>• 
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4.  We  shall  find  that  (Vol.  xxv.,  p.  281) 


makes 
Writing 


u  =  t?i— v, 


cos  0  sz  —- 
h 


(24). 


e=  (£-co8(9)(l-co8'0)-^^i^g^^^?^ (26), 


then 


w  _.  ^ Gi  —  CjUi 

h       2A,Wgh 


(26), 


and  this  is  the  quantity  denoted  by  r  in  Dr.  Routh's  article  ;  and 
we  find  that  (p.  281) 


(27), 


XJT 

U  =  Vj  +  V, 

makes 

cos^  =  ^ 

so  that,  putting 

Vi  +  v,  =  r, 

Uj  — Uj  ==  to, 

^  f — pt*  =  |0  (JSf -cos  ^) 

pv— Ci    =  jO(^— cosh^i) 
pv-Ct    =^n(E— costf,) 

pr— c,   =iO(^— cos^,) 

pw— pn  =  ^Cl  (—■ —COB  0\ 
pic—  e,  =  in  (j^  —cosh  tf,] 
=  in(|--co8«,) 

=  i0(|-C08^.)     ^ 


pw-  Cj 


PIT-  e, 


6.  Writing  equation  (2)  in  the  form 


(28). 


(29). 


(30), 


.  _     <?!— fin,      f Bm6d$  Oj  +  G,nj      f sinOdfl 

*      ^/{2A^Wgh)  ]  (1-C08  »)  Je      ^(2A^Wgh)  J  (1  +  cos  ») . 
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then  \l/  is  the  sum  of  two  elliptic  integrals  of  the  third  kind,  with 
Jacobian  parameters  Vj  and  v, ;  and  Legendre's  theorem  for  the 
addition  of  these  parameters  shows  that  these  two  integrals  depend 
upon  a  single  integral,  of  the  form 

C^n^—O^E     f        Bin  Ode  .oix 

2y(,2A,Wgh)  ]  {E-co8ti)y/Q  ^     ^' 

and  we  find,  in  fact  (as  is  readily  verified  by  a  differentiation), 

^  =  giJ-tan->^(^-^i^g^)^^ 
^      2A^  Oin^-O^coBd 

"^  2~^(2AiWgh)  J  (^-costf)v/e     ^  ^' 

6.  To  agree  again  with  Darboox's  notation,  we  put 

iX^w^"^'   U^wih"      ^    ^' 

so  that,  from  (22)  and  (23), 

L»  =  -pt,,-pv,— pi? (34), 

^  =  — prj— pt?,— ptt7 (35), 

V-B'^pw-pv (35»). 

Then,  from  equation  (25), 

co8hO,  +  co8a,+cosaj  =  E-\-  -"- .....(36), 

and,  from  (28),  by  addition, 

3pv  =  |0^  -  ^O  (cosh  ©i  +  cos  e, + cos  a,) 

=:aE-L'    (37), 

so  that,  from  (28),  or  (13)  and  (14), 

OcosO  =  QE-'2pv-h2pu 
=  L'+pr-|-2ptt 

=  2pw-prj-pv, (38); 

and  therefore 

0  cosh  01  =  X*+py  +  2ei  \ 

Ocose,    =:  V  +  pv-\-2e^}    (39). 

ficos^a    =L-  +  pt-f2e. 
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Again,  from  (25), 

cos  flj  cos  fl,  +  cos  6^,  cosh  Oi  +  cosh  flj  cos  0^ 

so  that,  multiplying  by  O',  and  employing  (39), 

— -— -\J-  -  =  Q'  ( 1  +  cos  fl,  cos  fl,  +  cos tf,  cosh  6^  +  cosh  tf,  cos  0,) 

=  n«  +  3i/*H-6XVt;  +  3p'i;-^, (40); 

this  relation  is  implied  in  Darbonx's  (18),  Despeyrous,  ii.,  p.  515. 
From  (25),  again,  as  well  as  (37), 

^         2v^(i4,Tr^^) 

=  _(W^^ uiE 

2^{A,Wgh) 

2y/{AiWgh)  ^  ' 

so  that,  multiplying  by  L, 

or  Bn  =  X»  +  3Xpi;  +  «>'r (41»)  ; 

and  therefore,  from  (40), 

0*  +  3Z*  +  6L'pv+3p'r-^,  =  4L*  +  12L«^i7  +  4Li>'r, 
or  O'  =  L* + 6L*p  v  +  4Lt>'i;  -  3p»  r  +  ^r, 

=  (L'+3ptO'+4L*>'t;~2p"t' (42). 

With  this  value  of  Q  we  shall  find 

tanh  6,  =  2-^ V^(^»ZlR|It  ^(P^Z^^ijJ^.E:zhl    (43), 

tanfl,  =  2     .^(?lIl^.-^P.^-^£^ (45), 

and  the  complete  motion  of  the  top  can  be  made  to  de^  end  upon 
the  constants  c„  e,,  c„  pr,  and  L. 
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7.  When  v  is  of  the  form 

t^  =  «x+— • (46), 

where  P  and  /i  are  integers,  the  solution  can  be  effected  bj  the 
associated  psendo-elliptic  integral  of  order  /lc,  which  we  can  write 
in  the  form 

where  (Proc,  Lond.  Math.  Soc,  Vol.  xxv.,  p.  209) 

=  4(5-50(*-*,)(*-«.) (48), 

(r—8  =  pv—ipu=z  ^Q(E--coB$) (49), 

and  whei^e  S  denotes  the  value  of  8  when  «  =  cr. 
Then 

^  ^_  f  sjnjjg     ^j  ^  ,  y{2A,Wghe) 

2  yO  J  yc20;  ^  2^,      '^  0,ni  -  G^,  cos  0     ^^ 

2x/Q  '^  Oini-G,cosd     '^^^ 

or 

.^-''15^  »*  = -.tan-' -<iM.j2^)  _,(„.+ A,) 
so  that  fiij/,  with  the  addition  of  the  secular  term 

-'-0^" (''). 

can  now  be  expressed  cus  an  inverse  circular  function  of  0. 
The  secular  term  can  be  made  to  disappear  by  taking 

and  then  (BinOy  cob  fiyp    and     (sin  Oy  Bra fiyj/ 

are  rational  functions  of  cos  0,  which  can  be  determined  by  a 
venfication  consisting  of  differentiation  and  sqnanng  and  adding. 
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respectively,  tlien  equations  (39),  (41),  (42)  can  be  written 

Qcosh^i  =  2/'— 0*1+ «r,  4- 0*8 

QCOS0,      =  X'+O*!  — '^f  +  O'l 

Q  cos  ^,    =  X'  +  ffj— <r,— «r, 


(53), 


(64), 


O'  =  (L«  +  crj  +  iT,  +  cr,)'  +  4Ly(-S)-4  ('T,iT,  +  cr,ffi-hiri«r,)...(56). 

There  are  cnsps  on  tlie  circle  6  =s  0^  when  te;  =  o), ;  and  then 

«        <i         G^,        1  +  cosh  6i  cos  fl. 

cos  u»  =  —  =  *-  = ■ . 

h       CjWj        cosh  <^i  + cos  <^j 

8.  Thus,  for  instance,  with  2fi  =  4,  we  can  take  (Proc.  Lond.  Math, 
Sac.,  Vol.  XXV.,  p.  212) 


if,  =  (1  +  c)*,     «,  =  c\    5,  =  0,     p  =  2, 


cr  =  c+c»,      v^(-S)=2(c  +  c*) 


(66), 


and  then 


X,      .1     N       1  f2(c4-c«-g)~4(c4-c') 


(iff 


-,       y/s             •    .,  v/[(l+c)'-ff.c*-«} 
cos  * 2 —  =  sin  *     -^-^^ 


c-hc'— « 


C-\-(?^8 


(57). 


The  secular  term  attached  to  2i//  is  destroyed  by  taking  2/  =  —  ^, 
80  that,  putting 

c=H2a-l),     l  +  c  =  H2a  +  l), 


Q«  =  a«(a»  +  2) 


(68), 


cosh  6j  = 


cos  6^  = 


cos  fl,  =  — 


a4-2 


x/(a'  +  2)' 

g— 2 
^/(«'  +  2)' 

2a' -hi 
2av/(a'  +  2)' 


sinh  0, 


sin  0|  = 


=  v/ 


4o+2\ 
a? +2  J 


Vo'+2>/ 


""^'  =  iV  (^)  ' 


(59). 
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(A      - 


C\fil    _      9a 


A^Wgh      av/(a'  +  2)'     A^Wgh       (a* +2)1 

9a» 


(60). 


L«  =  J,    ^  = 


(60»). 


4(aV2) 
and  the  cone  described  by  tbe  axis  of  the  top  is  given  by 

sin'  0  ^  =  ?^|^  y (COS  0-CO8  B^ 

-hi  j  COstf+— — -^ — j-r  \  -v/(C08hfli  — C088.COS6,— C086)...(61). 

When  a  =  1  or  c  =  ^,  there  are  four  cosps  on  the  circle 

e  =  fl,  =  co8->(— jy3); 

and  the  time  occupied  by  the  axis  of  the  top  in  describing  the  fonr 
loops  is  4x3*'  times  the  period  when  making  plane  oscillations 
through  an  angle  ^  ^^^,  ^ 

9.  So  also  with  2/1  =  6,  and  the  corresponding  parameters 

^^  =  <^i  +  3  •»>     or     «,  +  |w„ 
we  take  «i  =  (1  — c)',     ^^  =  c',     i?,  =  (c— c')', 

cr  =  2o(l-c)«,     or     2c»-2c», 
f)  =  2(2-c)(l-2c),    or    2(l  +  c)(l-2c)  (62), 

v^(-S)  =2c(l-c)*(2-c)(l-2c), 
or  2c'(l-c)(l  +  c)(l-2c)  (62»), 

and  then  the  corresponding  pseudo-elliptic  integrals  [Troc,  Lond. 
Math,  Soc,  Vol.  XXV.,  p.  218) 

J(«i  +  J«,)     or     I(«i  +  §w,) 

will  serve  to  construct  other  solvable  cases  of  top  motion. 

Putting  /S  =  4  («— «j)  (« — 5,)  (s — «s) , 

these  integrals  are 

I  (Wi  +  Jft),) 

_  ,  r2(2-c)(l-2c)[2c(l-c)'-«]-6c(l-c)'(2-c)(l~2c) 


=*f 


{2ca-c)'-»}v/S 
_    .  _,  {«-(l-c)'(2-3c+2c')}v/(c'-«) 

{2c(l-c»)-«}* 
(2-c)(l-2c)v/{(l-c)«-*.5~((f-c*)«} 

=  cos"*  : ^ ; — — 

(2C(1-C)*-5J^ 


df 
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=  1  [2.(l+cX(l-2c)(2.-'-2c'-x)-6c'(l-c)(H-e)(l-2c) 


=  cos 


(2c'-2c'-»)» 

.      ,  (I  +f)(l-2r;)y  fc'-«.  «-(c-c')'} 
=  8in" -  '        _    -    _> i_z  . 

10.   First,  when  i'  =  <^i+a^j» 

and  P  =  2(2-c)(l-2r), 

the  secular  t«rm  associated  w-ith  3'^  is  made  to  vanish  by  putting 

L  =  -|p=-i(2-c)(l-2c), 
and  now,  from  (42)  and  (53), 

810*  =  (1  +  c)*  [27  (l-c)«-2  (l-4c  +  c«)'). 
90co8hfli  =  (l  +  c)(13-33c  +  21c'-5c«), 
90   cos  tf,  =  -(5-16c  +  12c*-16c«+5c*), 
90   cos  Oj,  =  -(l  +  c)(5-21r-f  33o«-13c*). 


(2« 


From  (39),  (43),  (44),  (45), 
3n8inhtfi  =  2(l 
30  sin  ^,  =  2(1 
30   sin  fl,  =  2(1 


■0(2-0)  ^/(l-2c), 
•c  +  c')v/(l-2c.2c-c«), 
c')(l- 20)^/(20-0*). 


The  equation  connecting  0  and  i//  can  now  be  written  in  the  form 
sin»  ^  cos  3i^  =  (Q  cos  tf — E)  x/(cos  tf,-co8  fl), 


or 


Bin'^sin3</r  =  (cos'fl— C  cos  tf+D)  ^Z (cosh  ^i— cos  tf  .  cos^  — cos^,), 
and,  we  find  by  squaring  and  adding,  that 

a  =  —  I  (cosh  tfi  -hcos  0^) 


=  _  2(14-0^  (2- o)(l-2r) 

90 


YOL.  XXTI. — XO.  514. 
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-,_      (lH-cy(19-84c-H41c^-160c'4-141c*-84c*-H9c^ 
^  -  810« 

Q_      2>/2(lH-c)'(2-5c-h2c»)(5-8cH-5c») 
^  ~"  (90)1 

^_      2y2(l+c)'(2-5cH-2c')(7-12c--3c*+32c»--3c*-12c^-h7c<') 
^~"  (90)i  ' 

and  by  a  logarithmic  differentiation,  and  comparison  with  (30), 

L  =       ^1  y^       -  _  2-5c-|-2c» 
2  y(^iTr^/i)  3 

^^      O,n,v/0      ^  (lH-c)«(2~5c+2c»)(5     Sc-hSc*) 
2v^(^iTF^/i)  270 

A  point  on  the  axis  OC  now  describes  a  closed  spherical  cnrve  with 
six  loops  or  waves ;  and,  when  c  =  2  —  y/S,  there  are  six  cusps  on 
the  circle  0  =  0,  =  f  ?r ;  and  the  time  of  describing  the  six  loops  is 
3'  times  the  period  when  making  plane  oscillations  through  an  angle 
of  60°. 


II.  Secondly,  when  r  =  co,  4  |ai„ 

and  p  =  2(l+c)(l-2c), 

the  secular  term  associated  with  34^  disappears  when 

I^=-iP  =  -Hl  +  0(l-2c); 
and  now  810»  =  (2-c)»  {2(2-2c-c')'  +  27c«], 

90  cosh  0^  =     10-20c+6c'  +  4c»-5c*, 
90    cos  «,  =  -(2-r)(4-6c-6c'-5c»), 
90    cos  ^,  =  -(2-r)(4-6c-6c'  +  13c"). 
The  equations  connecting  6  and  i//  are  now  of  the  form 

sin'tf  cos3\//  =  (Qcos^—E)  v/ (cosh  ^,-- cos  fl), 
or 

siu*tf8in3i/r  =  (cos*^— Ccosfl  +  D)  ^/(cos^,— cos^  .  costf— costf,), 

and  we  find 

(7  =  -  i  (cos  a.  +  CO.  «.)  =  2Ji±f:)-C2 -}!1L-_2l)  , 

n  _      (2-0)'  (8-24(;  +  48<!'-20c'-6(;«+30c'-19(^) 

810« 

obtainable  from  the  preceding  values  by  writing  1  —  c  for  c. 


1893.]  Dynamics  of  a  Top.  227 

A  point  on  the  axis  OG  describes  a  closed  spherical  curve  with  three 
loops  or  waves  ;  and,  when 

c  =  y4-y2, 

there  are  three  cusps  on  the  circle 

(9  =  (9,  =  ir-tan-*  y2; 

and  the  time  of  describing  the  three  loops  is 

3 


>/2y(3-y2)y(V4-hl) 
times  the  period  of  plane  oscillations  throagh  an  angle 

4tan-^(2-y4). 

> 

So  also  for  higher  values  of  2/i,  namely,  8,  10,  12,  14,  16,  18,  ... ; 
the  even  values  being  taken  because  the  resolution  of  the  cubic  S 
is  requii*ed  in  these  dynamical  applications. 

Jacohi's  TheoreTns  on  the  Motion  of  a  Top, 

12.  So  far  the  treatment  of  the  motion  of  the  axis  of  a  top,  as 
given  in  the  Proc.  Lond,  Math.  Soc,  Vol.  xxv.,  p.  291,  has  been 
amplified  to  a  certain  extent ;  but  now  we  proceed  to  introduce 
Jacobi's  theorems  (Oesammelte  Werke,  Vol.  ii.,  p.  480). 

Measure  off  a  length  OG  along  the  upward  vertical  from  0,  repre- 
senting to  an  appropriate  scale  the  dynamical  quantity  Gi ;  and 
measure  off  OG  along  the  axis  of  the  top,  to  represent  to  the  same 
scale  the  dynamical  quantity  (/jni ;  draw  the  horizontal  plane  through 
G  perpendicular  to  OG,  and  call  this  the  invariable  plane  of  G ;  and 
draw  the  plane  through  0  perpendicular  to  0(7,  and  call  it  the 
invariable  plane  of  G  (Fig.  1). 

Then,  if  the  vector  OH  represents  to  the  same  scale  the  resultant 
angular  momentum  of  the  system,  the  point  H  must  lie  in  the  line  of 
intersection  of  the  invariable  planes  of  G  and  (7,  because  the  com- 
ponents of  angular  momentum  about  the  vertical  OG  and  about  the 
axis  OG  are  Gi  and  Cj?»i  respectively. 

If  this  line  of  intersection  cuts  the  vertical  plane  GOG  in  K,  then 

CB'-GE^  =  GJC^GIO^  OO'-OC  =  G[-G\n\  (^%Y 

Q  2 
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13.  The  point  B  moves  in  the  inT&riable  plane  of  0  with  velocitj 
etjoal  to  the  moment  of  the  impressed  ooaple  of  gravitj,  and  parallel 
to  the  axis  of  this  conple. 

The  velocity  of  2"  is  therefore  in  the  direction  BK,  perpendicular 
to  the  plane  OOC,  and  equal  to  Wghaind;  and  the  moment  of  this 
velocity  about  Q  is 

Wgh  aia  $.  OK  =Wgk  (00 -Oa  COB  e)  (64), 

■othat  p'^=Wgh(C^ni-a^coB$)    (65), 

if  p,  V  denote  the  polar  coordinates  of  B  in  the  invariable  plane 
of  (?. 


L  the  notation  of  Routh's  Rigid  Dynamia,  m,  and  w,  t 
mponenta  of  the  an^lar  velocity, 

OB*  =  A\(>^',  +  .^\)  +  (?,n\ 

-(f --§>«!-: 

=  2A,Wgid-kcoB$)  +  Cln]    (f 

■o  that,  from  (26)  and  (28), 

aw  =  p'  =  2A,  Wg  (d-i COB  6)  +  CJnJ-  ffj 
=  2A,Wgh  (E-cose) 
=  tia»  ,,.-„.)     (6 
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Therefore,  fi-om  (65), 

dvr  __  C^n^  —  Oi  cos  6 
dt  "^  'ZAi^E- cos  OJ 


1 


2  A, 


2A^         E-coad' 


nr  = 


0,t        0,ny-G,E 


2^,  '  2y(2^iTr^^)  J  (JS7-co8^)ye 
2^,      *   Jpu— pw 


(68). 


which,  combined  with  (67),  give  the  well  known  relations  of  a 
herpolhode ;  thns  H  describes  a  herpolhode  in  the  invariable  plane 
of  (?,  with  parameter  v ;  this  is  one  of  Jacobi's  theorems. 


14.  A  reference  to  (32)  shows  that  the  angle  between  the  vertical 
planes  000  and  OOH,  or 

1.-^  =  tan-  ^-(Mi?2i^ 

CiTii  —  GiCoaO 


=  sin  * 


=  cos"' 


ye 


sin«y(£7-cos^) 

Oi  n,  —  Gy  cos  6 

sin^y(2^,ir^^)  ^(E-coaO) 


(69). 


so  that  the  herpolhode  of  H  is  algebraical  when  ij/  is  pseudo-elliptic, 
and  when  the  accompanying  secular  term  is  at  the  same  time  made 
to  vanish. 

The  tangent  at  H  being  perpendicular  to  the  plane  000,  it  follows 
that  this  plane  is  stationary,  as  H  passes  through  a  point  of  inflexion 
on  the  herpolhode ;  the  herpolhode  must  therefore  have  points  of 
inflexion  when  the  path  of  a  point  0  on  the  axis  of  the  top  is  looped. 

Generally,  the  component  velocity  of  0  perpendicular  to  the  plane 
000  is 


«2     2 


Cn,  sin^^  =  ^  Gi-C,n,cose 
'   '  dt        Ay         Cinisinfl 


«2     S 


=  %"' tan  CGIT, 

Ax 

Aisme^=:G,n,ta.nCGK=  CK .^^^ 

at 
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This  yanisbes,  and  the  plane  000  is  stationary,  when  0  lies  in 
the  invariable  plane  of  (?,  and  is  therefore  coincident  with  K; 
and  the  an^le  between  the  planes  000  and  OOH  is  then  a  right  angle. 
Fig.  1  shows  immediately  that  the  angle  between  the  planes  000 
and  OOH,  or 

nr — il/ =- cos     —  =  cos     -z — ; — ^— ^ . 

^  OH  Bme^(,2A,Wgh)  ^(E-cob6)  ' 

because  OH*  =  2A^Wgh  (J^— cos  6), 

and  OKsinH  =  OO-OOoosO  —  C^n^-  G^ioosfl; 

and  therefore  also 

KH*  =  2A,Wgh  (^-cos 6)-  ffl^i^Q^iCos^)* 

=  2A.W,H^^^Al{§y  <'l)' 

CE^  =  KW^KC=A\[(f)\sin^0{'^)'}     ...(71-). 

* 

15.  Similarly,  the  angle  between  the  planes  OOC  and  HOC  is 

COS-' ^=  cos-' g,-g,n,co6ff .yg. 

Cfl-  8in<?^(2^.Tr(7A)v/(D-co80)     '^     ''' 

on  putting  4  = -^  (73); 

this  property  will  enable  us  to  prove  the  second  of  Jacobi's  theorems, 
which  assei*ts  that  the  path  of  H  in  the  invariable  plane  of  0  is 
another  herpolbode,  and  that  its  parameter  is 

t\  — 1»,  =  w 

(Oesammelte  Werke,  Vol.  ii.,  Note  B,  p.  476). 

Employing  accented  letters,  p  and  m\  to  denote  the  polar  coordi- 
nates of  fl"  in  the  invariable  plane  of  (7,  then,  from  (66)  and  (24), 

p'^  =  CH'=OH*-OC 
=  2AiWg(d-h  cos  e) 

=  2A,Wgh{D-' cos  e) 
^^-^^(P^c^pn)    (74). 
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The  angle  v'  being  measured  from  a  straight  line  OA,  fixed  in  the 
body  at  right  angles  to  0(7,  and  the  angle  between  the  planes  AOO 
and  QOC  being  denoted,  as  in  Enler's  notation,  by  ^,  then  the  angle 
between  the  planes  QOG  and  HOO  is  «r'— ^ ;  so  that 


«r'— ^ 


=  cos"* 


G,— fin^  cos  6 


amdy/(2A^Wgk)  v/(jD- cos  0) 


=  sin  * 


v^e 


sine  y(D- cos  «) 


(75), 


analogous  to  (69). 

But,  from  Euler's  relations, 

-r-=  n.— coso— - 
dt         ^  dt 


so  that,  with 


dcoa$ 
dt 


dvr' 
It 


G^  —  (7,  n,  cos  d 


.^  +  ^  COS-* 

dt      dt  sin  0  ^  {2A^Wgh)  ^(D- COB  0)' 


and,  after  reduction,  we  find 


dm 
dt 


cosfl 
coaO) 


ye 


\       *aJ^  ^2 ^(2AiWgh)  J  (D-C08 0) 
=  ('l-i^)v+i»f^^^^^ (77), 

which,  combined  with  the  value  of  p^  in  (74),  proves  the  second  paH 
of  Jacobi's  theorem,  that  H  describes  in  the  invariable  plane  oi  C  Sb 
herpolhode  of  parameter 


w  =  V,— r- 
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16.  By  means  of  Enler's  three  angles  0,  ^,  J',  the  position  of  the 
top  as  a  solid  body  is  completely  determined,  the  formulas  being 

M=5^  +  (i),    or    qt+w^^ 
tan' ie  =  \=^l  =  P  "  ^''\'')  -P" (78), 

1+C086         pU  —  p^  (V  —  W) 

.  »         •     -1  V  © 

0  =  «r  —sin  *    . --r TT 

^  sin«y(D-co8^) 

=  (l-i5l)»,^-8in-'   .----^^--  +lnog^^^ 
\  A^J  sine?  v/ (2^— cos  ^)  <r(tt  — ic) 

(79), 

I  -1  V  ^ 

ifr  =  nr  —  sm      -    —  —    

^  sin«v/(Zi;-C08«) 

2^1  sindv/v^-costf)      ^      ^cr(n-i;)  ^     '^ 

17.  Since  the  axis  01  of  instantaneous  rotation  lies  in  the  plane 
HOCj  the  direction  of  motion  of  C  is  perpendicular  to  this  plane ; 
and  therefore  the  path  of  G  cuts  th€  vertical  plane  GOG  at  an  angle 

tan    -  ' =  cos (oil, 

V{2A,\VghQ)  BmO^(D-co8d)  ^     ^' 

or  it  cuts  the  horizontal  circle  through  G  at  an  angle  «r'  — o  ;  and  this 
is  a  right  angle  when  the  plane  GOG  is  stationary. 

As  H  passes  through  a  point  of  inflexion  of  the  herpolhode  in  the 
invariable  plane  of  G,  the  plane  HOC  is  stationary  ;  and  G  at  the 
same  time  passes  through  a  point  of  inflexion  on  its  spherical  path. 

18.  When  the  momental  ellipsoid  at  0  becomes  a  sphere,  or 

Cj  =  A  I, 

the  axis  01  of  instantaneous  angular  velocity  oi  coincides  with  OH, 

and 

OH^zA^uf    (82). 

But  in  the  general  case,  when  the  momental  ellipsoid  at  0  is  a 
spheroid,  take  a  fixed  point  F  in  OC,  such  that 

9l^4i (83), 

00       Cj  ^     ^ 

and  call   the  piano  through    F  perpendicular  to   OF  the  invariable 
"     'anenfF(Fv^.  1). 
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Now,  if  Hl^  dmwii  pai*allel  to  OC,  cuts  the  invariable  plane  of  F 
in  J,  the  vector  01  will  represent  A^w,  or  A^  times  the  resultant 
angular  velocity ;  and  I  describes  a  herpolhode  in  the  invariable 
plane  of  F  equal  and  parallel  to  the  herpolhode  described  bj  H  in 
the  invariable  plane  of  C. 

It  can  readily  be  proved  now  that  the  angle  between  the  vertical 
planes  GOC  and  GOI  is 


sin  ft  y  {  2'J,  Wgh  (E-cor  d)  j 
reducing  to  (69)  when  A^  =  Cy 


(84), 


Darhotws  Mechanical  Representation  of  the  Motion  of  the  Axis  of  a  Top. 

19.  M.  Darboux  has  shown,  in  Notes  xviii.  and  xix.  of  Despeyrous' 
Cours  de  Mecanique,  how  the  generating  lines  of  an  articulated 
deformable  hyperboloid  can  be  employed  to  imitate  the  motion  of 
the  axis  of  a  top. 

We  begin  with  the  consideration  of  the  properties  of  the  confocal 
system  of  quadrics,  given  by 

^■,  + -^-r  +  I- =  1     (85), 

a'  +  X      p'  +  X       X 

-.T-+fft+-  =  l    (86)' 

-&  +-X- +  -  =  1    (87), 

a  -^y       fy-^y        y 
having  the  focal  ellipse 

-!  +  -?J  +  ^'  =  i <8^)' 

a  /:>  U 

and  the  focal  hyperbola 

ziji'^i^-=j^=' (««)• 

We  can  now  put,  employing  m  as  a  homogeneity  factor, 

a'-hX  =  m'  (ci-pr^),     />*-|-X  =  m'  (^j-prj),     X  =  ?m'  (e,-prj) 

a'  +  y  =  m'  (ej-p7'i),     /3'-|- v  =  m'  ('^i-tJ^'j),     y  =z  mr  (ej-pTj) 

V^^\ 
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y'  = 


«>  = 


6|  — Cj  .  Cj— Cj 


-  ^f^i-P'^i •  ««-P«* •  ei-P^'i 


=  m 


Cj  — 6j  .  Cf  """Ci 


^    ...(91), 


-  ^i^a-P^^i-^a-P^^-^a-P^i 


=  m 


Cj  — 6|  .  Cj' 


where        v,  =  j^oi,,         for  the  ellipsoid, 

tt  =  w,  +  ^^,    for  the  hjperboloid  of  one  sheet, 
v^  =  Wj+rw,,  for  the  hyperboloid  of  two  sheets  ; 


and  now 


/3'  «  ^-e,  _ 


ej-e. 


=  «*. 


(92), 


so  that  the  modulus  of  the  elliptic  functions  is  the  ratio  of  the  axes 
of  the  focal  ellipse. 


Then  (Salmon,  Solid  Qeometry,  Chap.  V[ii.) 

««  +  y«+2;«  =  a'+X+ZP  +  Zi  +  v 


(93), 

and  the  squares  of  the  semi-axes  of  the  central  section  made  by  a 
plane  parallel  to  the  tangent  plane  of  the  hyperboloid  (86)  are 

/u— X     and     fi— v; 

so  that,  if  6  denotes  the  angle  between  the  generating  lines  of  the 
hyperboloid  of  one  sheet  (86), 


cos  d  =  ^-'^"'^"  =  ^pn-pv.-'pv. 


(94), 


(95), 


and  we  notice  that 

makes 

while 
makes 


X  =  /i     or    pu  =  pVj 

cos  0  =  —  1, 
H  zn  V    or     pu  =  pVi 
cos  0=1, 


as  before,  in  the  top ;    so  that  we  can  carry  on  with  the  previous 
notation  of  §  3. 
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Also,  from  (23)  and  (QQ), 


i^A.Wgh, 


n 


(96), 


80  that,  with 


m' 


=  ^'    (97). 


we  may  take  the  point  H  at  (x,  y,  z)  on  the  hyperboloid  of  one  sheet, 
which  is  then  moved  so  that  one  generating  line  through  H  is 
vertical,  and  then  the  other  generating  line  will  keep  parallel  to  the 
axis  of  the  top. 

20.  To  hold  this  hyperboloid  in  position,  M.  Darboiix  employs  a 
second  hyperboloid  of  half  the  size,  two  generating  lines  being  co- 
incident with  those  passing  through  H,  and  the  opposite  pair  being 
the  lines  00  and  0(7,  passing  through  0  (Fig.  2). 

The  generator  00  being  held  vertical,  any  point  H  in  the  parallel 
opposite  generator  HJ  will  describe  a  hoHzontal  plane  ;  and  now,  if 
H  is  guided  along  a  herpolhode,  always  moving  perpendicular  to  the 
plane  QOC,  that  is,  normally  to  the  hyperboloid,  the  generator  00 
will  imitate  the  motion  of  the  axis  of  a  top. 

21.  The  instantaneous  axis  of  rotation  will  be  represented  by  the 
vector  01  to  a  point  I  fixed  in  the  generator  through  H,  parallel  to 
00 ;  and  it  has  already  been  shown  in  §  18  that  I  describes  a  herpol- 
hode in  the  invariable  plane  of  F, 

The  point  I  can  be  joined  to  a  certain  fixed  point  0'  on  00  by  a 
generating  line  10'  of  fixed  length,  and  I  is  therefore  constrained  to 
lie  on  a  sphere,  with  centre  O' ;  hence  Darboux's  theorem,  that  the 
motion  of  the  top  can  be  imitated  by  rolling  the  herpolhode  of  J  in 
the  invariable  plane  of  F  on  a  fixed  sphere,  with  centre  in  00,  the 
angular  velocity  being  proportional  to  01  (Despeyrous,  ii.,  p.  638). 

22.  To  construct  these  hyperboloids  in  Henrici's  manner,  consider 
them  when  flattened  in  the  plane  of  the  focal  ellipse,  corresponding  to 
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The  coordinates  of  H  are  now  given  by 

x^  =  — —  - —  ■ —  =  m'  -* — ^-  - « — * — '-—^ 


e,-ei 


and  if  /S,  >S>'  denote  the  foci  of  the  focal  ellipse, 

SH.  S'H  =  m*  (pyi-pt',)  =  m'O  =  4uliTr^;4 


(98). 


Fio.  2. 

Drawing  the  tangents  HJ  and  H/  through  H  to  the  focal  ellipse, 
and  the  perpendiculars  OY  and  OZ  upon  them  from  the  centre  0 ; 
dmwing  also  the  perpendicular  HG  and  HG  upon  the  lines  0(?  and 
OG  through  0  parallel  to  the  tangents  HJ  and  HI,  then  we  find  that 

OY*=GIP  =  p^  =  m'(pv-e^) (99), 

OZ'  =  GW  =p'«=m'(^M7-e,)     (100); 

and  therefore 

OG^  =  HY"  =  m'  (- pv,-pv,-pv)  =m^V (101), 

0C*  =  JfZ*=m'(-pL-,-^6-,-^wO  =  m'J3' (102). 

The  coordinates  of  T  and  Q,  the  points  of  contact  of  the  tangents 
HJ  and  2/ J,  will  be  given  by 


^1  — e,  pr  —  c, 


«,-ej  Sf>v-e, 


■^  and  ''•-^^  e^^:::^ 


,  and 


e,  — e,  pic  —  e. 


^2  —  ^8  Py—P^' 


(103).  ^ 


Any  other  two  pairs  of  tangents  to  the  focal  ellipse  will  mark  the 
position  of  the  requisite    number   of  rods,  to   serve  as  generating 
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lines  connecting  the  opposite  paii*s  HI,  HJ  and  HT,  H*T;  and  now 
the  design  of  the  larger  hyperboloid  is  complete  ;  the  smaller  hyper- 
boloid  of  half  the  scale  having  HI,  HJ  and  OC,  0(?  as  opposite  pairs 
of  generators. 

23.  When  flattened  in  the  plane  of  the  focal  ellipse,  U  is  at  its 
maximnm  distance  from  0,  and  the  angle  GOG  is  0,,  the  maximum 
value  of  6. 

As  the  articulated  model  is  gradually  deformed,  e,  must  be  re- 
placed by  the  variable  p  m,  and 

Oy=  GE'  =  p^  =  m}{pv-pu)  (104), 

OZ^  =  GH^  =p''  =  m*(pw-pu) (106), 

but  OG,  OG,  HY,  HZ  remain  constant. 

When  the  model  is  flattened  in  the  plane  of  the  focal  hyperbola, 

and  OH  has  its  minimum  value  ;  and  the  angle  between  OG  and 
OG  becomes  0„  the  minimum  value  of  d. 

24.  When  (tj  =  0  or  L  =  0,  the  point  H  must  move  to  Y",  a  point 
on  the  pedal  of  the  focal  ellipse  with  respect  to  the  centre  ;  and  then 

pa  =  ph  (106). 

So,  also,  when  (7iWi=0  or  ^  =  0,  as  in  the  spherical  pendulum,  then 

p'a  =  -ph (107), 

and  the  point  H  must  move  to  Z,  on  the  pedal  of  the  focal  ellipse ; 
we  thus  obtain  a  geometrical  interpretation  of  the  equation 

pu  =  e (108), 

discussed  by  Halphen  in  his  FnncfionJt  elliptiques,  t.  i.,  p.  110. 
Equation  (41)  shows  that,  in  the  spherical  pendulum, 

L»  +  3L^v-f-?>'r  =  0 (109), 

or       L={ v(p'-ip'')-iipy-{ ^(p"'ip') +^>'i*  -aio). 

and  this  is  the  condition  that 

'^.  g(y<-i-f)^(.£.cr?». 
du      au  (TV 

should  be  a  solution  of  Lamp's  equation  for  n  =  2. 
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This  relation  can  also  be  written 


-i- 


WeJ^^Vi^/Wt^) 


=  0, 


or  (§  27) 


h        a       b        c 


(111) 


in  Darbouz's  notation  (Halphen,  F.E.,  ii.,  p.  102),  ur 

2^=2D=4+B+C, 

in  Dr.  Routh's  notation. 

Generally,  in  Darboux's  notation, 


or 


-BO  =  ahch  f  A  + 1  +  1  -  1 ) 
\  a        b        c        h  / 

=  h  (6c+ca+a6)— 2a6r, 
h'O  =  Qh^2R, 


as  in  Darboux's  equations  (18),  p.  515,  or  (6),  p  531  (Despeyroas, 
Cours  de  Mecamque,  t.  ii.). 

25.  Along  the  generator  00  or  HJ  the  parameter 

Vi  +  r,  =  17 
is  constant ;  while 

Vi— r,  =  w 

is  constant  along  00  or  EL 

Starting  with  H  at  the  point  Y,  when  (?|  and  L  =  0,  then,  for  any 
other  position  of  Y  on  the  generator  HJ^ 

HY=mL  (112), 

and,  from  (38)  and  (42), 

ncosd=  U-\'pV'j-2pu, 

n«  =  (U  +  3p  vy  +  i^Lip'v  -  2p\ 

and  the  elimination  of  Q'  gives  the  relation  connecting  cos*  0  with 

L  or  HY/m. 

The  herpolhodes  for  different  positions  of  H  on  HK  must  receive 
an  appropriate  constant  angular  velocity  round  00  to  realize  the 
true  motion ;  and  the  corresponding  rolling  quadrics  are  confocal,  in 
accordance  with  Sylvester's  theorem. 

So  also  for  the  relation  connecting  HZ  and  the  angle  between  the 
generating  lines  for  different  positions  of  H  on  the  generator  HI. 
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26.  We  conclade,  in  accordance  with  the  order  of  procedure  in  this 
paper,  with  the  investigation  of  the  properties  of  the  quadric  sur- 
faces which  will  trace  out  the  herpolhodes  described  by  H  in  the 
invariable  planes  of  0  and  of  (7,  when  rolled  upon  these  planes,  their 
centre  being  fixed  at  0. 

If  a  quadric  surface,  coaxial  with  the  deformable  hyperboloid,  is 
to  roll  on  the  invariable  plane  of  O,  so  that  the  points  of  contact 
form  the  locus  of  H  in  this  plane,  then,  denoting  the  distance  00 
by  ^,  and  by  P„  P„  P,  the  points  in  which  the  generating  line  EJ, 
perpendicular  to  the  invanable  plane  of  0,  meets  the  principal  planes, 
it  follows,  by  well-known  theoi^ems  of  Solid  Geometry,  that  the 
squares  of  the  semi-axes  of  the  rolling  quadric  are 

^ .  HPi,    a .  HP,,    a .  HP,, 

the  line  HJ  being  the  normal  at  H  to  the  rolling  quadric  ;  and  these 
semi-axes  are  constant,  since  ^  and  the  lengths  HPi,  HP,,  HP, 
remain  constant  while  the  hyperboloid  is  deformed. 

27.  Write  the  equations  of  the  polhode  on  this  rolling  quadric, 
with  Dr.  Routh's  notation,  in  the  form 

^aj« -fPy'-fO^  =D^    .'. (113), 

y4V4-P*t/'  +  C^^  =  D'^  (114), 

where  D^O'/T    (115); 

or,  in  M.  Darboux's  notation, 

^  +  -^  +  —=h  (116), 

a         b         c 

£l+^4.jl=l    (117) 

where,  to  identify  the  notations,  we  put 

X  =  mp,     y  =  mq^     z  =  mr  ; 
and  then  D^*  =  m^T,     Lh  =  mO, 

Then  the  squares  of  the  semi -axes  of  the  rolling  quadric  are 

?h'  =  m'ah,     ^h'^m'bh,     ^h*=m'ch    (118), 

ABO 

while  ^»  =  m'A' (119), 

f=M=f  M <'^<"- 
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Darboax's  a,  6,  c,  and  h,  or  the  reciprocals  of  Routh*8  A,  2?,  0,  and 
D,  ai'e  thus  proportional  to 

JBTPp     HP,,     HP,,     and     JTF. 

Now,  when  the  hyperboloid  is  flattened  in  the  plane  of  the  focal 
ellipse  .  . 

a  p' 

corresponding  to  w  =  w„  then  (Fig.  2) 

HP,  =  HP, 

and  ^  a«  =  m«cA  =  HY.HP, 

D       c       HP  ,,o,. 

c=;i-  =  H? ('2^>- 

But,  from  a  pix>pert.y  of  the  ellipse, 

80  that     /^-iV-/''  _lV-^^:!-_'«'<^i'^.-_^i£. 
80  that     ^^,      lj-\,,      Ij-i/y. jv,  AV;' 

or  c-7t=J(-^')    (123), 

with  „».=  ^=Mip? (124). 

A'  =  L',     A  =  ±i  (125), 

according  as  Z  is  positive  or  negfative. 

Similarly,  a-h=J(^-'^»^ (126), 

'-'=yj{-'^) • c^^)' 

or  (b-h)(c-h)  ^-tT,    (128), 

(c-h){a-h)  =  -  a,     (129). 

(a-A}(6-A)  =  -<r,    (130). 
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28.  Denote  bj  accented  letters  the  corresponding  quantities  for 
the  coaxial  quadric  which  rolls  on  the  invariable  plane  of  0,  and  of 
which  HI,  the  other  generating  line  through  H  of  the  deformable 
hyperboloid,  is  the  normal  at  H. 

Then  the  locns  of  H  on  this  quadric  is  the  same  polhode  as  befoi'e, 
but  now  determined  by  the  equations 

A'a^^BY  H-Cz*  =iyS^ (131), 

ilV  +  F«y«  +  (r'5*  =  ira'« (132), 

or  P.;  +  _^  +  4  =  V (133), 

a         0         c 

^4+^  +  4  =  1  (134). 

with  X  =  mp,     y  =  mq,     z  =  itxr. 

If  the  generating  line  EI  cuts  the  principal  planes  of  the  deform- 
able hyperboloid  in  Q„  Q^,  Qs*  then,  as  in  §  27,  the  squares  of  the 
semi-axes  of  this  rolling  quadric  ai*e 

^]  r  =  m'a V  =  a'.  HQ,  (135), 

A 

^h'*^m%'K  =  h\HQ^  (136), 

li 

^'5'«  =  mW  =  a.-ffQ,  (137), 

80  that  Darboux's  a\     h\     c,     and     h', 

or  the  reciprocals  of  Routh's 

A\  jy,  (7,  and  iy^Cr/T\ 
are  proportional  to  HQi,  HQj,  SQg,  and  HZ, 
where  OZ  is  the  perpendicular  from  0  on  the  generating  line  HL 

Denoting  pw—e^   by   r., 

then,  as  for  the  first  rolling  quadric,  we  find 

(138). 
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(c'-h'Xa-'h') 


=  — ^« 
=  —  r. 


(138*). 


Thus,  for  instance,  with  the  hyperboloid  flattened  in  the  plane  of 
the  focal  ellipse,  the  ratio  of  the  squares  of  the  corresponding  axes  of 
the  rolling  qnadrics 


^J- 


C 


D 
G 


P 


c.h      PH.HY     PR  h  ' 


or 


jL^QS^Ql^^    1^ 


1^ 

c       PH      OZ      V  T, 


(139), 


because  the  triangles  OPHy  OQH  are  of  equal  area. 


29.  Also 


iTThr  =s  r  +  A 


(140); 

these  and  the  other  various  relations  connecting  the  quantities 
Ay  B,  C,  D,  ^,  and  A\  ^,  0*,  D\  ^,  or  a,  6,  c,  h,  and  a\  b\  c\  h\  are  dis- 
cussed in  the  articles  of  M.  Darboux  and  Dr.  Routh,  making  use  of 
the  algebraical  relations ;  and  from  their  equations  some  additional 
results  can  be  deduced,  for  instance, 

^ = -  (VS  Wi;  ^  V?) <'")• 

^  =  -"--11    Ac 


a  a         iTi 

h  (6 -he)  - 6c  =  V {b'-j-c)  -  b'c 


or 


or 


(142), 

(143), 

■    (h-a)(b-c)=.(h'-a')(b'-c')    (146), 

(146), 

B-G       B'-cr 


a  <*_ "     I    a 

be  b'        c' 


A     ~  A    

2Ph-Q  =  2Ph--Q 

.  ^  Qhh'  =  Qh^-2Bh  =  Q'K^-ZKh'  

O'  =  n-'  =  Q'-4B  (P-  ;0  =  Q'»-4B'  (F-A') 


(147), 

(148), 
(149), 

(150), 
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(PQ-B)  h*-(Q*+ PB)  h* + 2QBh  -  E* 

=s  a  similar  expression  with  accented  letters (l^^O' 


tr — r 


v-h  =  -  [^(-'^■)-^(-'--)](^''-^''«H^^'^.-a/'-,) 

and  80  forth. 


a  —  r 


(153), 


30.  But  it  will  be  instructive  to  bring  out  the  geometrical  inter- 
pretation of  these  i*elations ;  and,  firat  of  all,  we  examine  the 
geometrical  properties  of  the  herpolhode. 

We  notice  that 


are  constant  during  the  deformation  of  the  hyperboloid  by  variation 
of  fA  ;  and  that  we  can  put 

lAa?  =  (5-C)(a'-f  Ai),     ^'^V  =  (F-C)(a'+/*) 

Z^y«  =  (0-^)(/3'+^),    VBf  =  (C'-A'XIP+^)\  ...(154), 

ICz"  ^(A-B)  fjL,  rffz"  =  (^'- F)  fi 

BO  that,  in  consequence  of 


+  ^=1, 


we  find 


,  _  B-C       C-A       A-B  ^  _  (B-OjC'-AKA'-B) 
ABU  ABO 

V  ^?r^'  A.  ^'-^^  4.  ^'-^  =  -  iBf-'G){G''-A')iA'^B!) 


B 


G 


A'B'W 


and 


a» 


BC 


/>nr' 


B'O 


a*  +  /i 


iL_  =  - 


(J=rir)(B::o)  = 

ilC  _ 

•(i,_C))(C-^) 

B  2 


(C'-^'X^'-B') 


(^'-£')(B'-0') 
(B'-OiU'-A')} 


.    ...(155). 


244  Mr.  A.  6.  Greenhill  on  the  [Jan.  10, 

Therefore  (^-^)'=  (5!^)',  4c.; 

•  .    •  •  •    - 

and  taking  the  square  roots  witli  opposite  signs,  because  like  signs 
lead  merely  to  the  result 

we  find,^  as  before,  in  (147), 

"^= — I^'  *'•' 

and  ?  =  -r (156). 

Also  IDS'  =     (JB-(7)a*+     (O-A)  fP (157), 

ZD«a'  =  ^(B-0)a*+B(0-i4)/3« (158), 

so  that  a«=      {G-A){B-B)j^^ 

ABO 

(^^_(B-0)(A^D)^^ 
a«-/y  =  -  <^  -BXC-D)  pg, (J59X 


Fio.  3. 


31.  From  the  two  equations    (113)    and   (114)  which  give  the 
polhode,  we  deduce,  by  differentiation. 


Ax     dx  __    By     ^  ^     Oz     dz 
B—C  di  "  O—A  dt  ~"  A—B  It' 


(160), 


and  therefore,  in  the  corresponding  herpolhode  described  by  H  in  the 
invariable  plane  of  0,  the  common  tangent  HK  of  the  polhode  and 
herpolhode  at  H  is  parallel  to  OE,  the  central  radius  of  (113)  which 
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is  conjugate  to  the  plane  OOH,  or  parallel  to  the  tangent  line  at  F 
in  the  plane  EOF  parallel  to  the  invariable  plane  of  (?,  OF  being  the 
radius  of  the  qnadric  (113)  which  is  parallel  to  QH  (Fig.  3). 

This  theorem  can  also  be  proved,  in  Poinsot*s  manner,  from  purely 
geometrical  conditions ;  for,  as  the  ellipsoid  turns  about  OH  in  rolling 
on  the  plane  OHKj  the  line  OF  is  the  ultimate  intersection  of  the 
plane  OFF  with  its  consecutive  position  in  the  body ;  so  that  as  OH 
moves  to  OH*  in  the  body,  the  plane  OHH'  is  conjugate  to  OF,  and 
HH'  is  thus  ultimately  parallel  to  OF, 

The  three  radii  OF,  OF,  OH  of  the  quadric  (113)  thus  form  a 
conjugate  system,  and  the  plane  OOK  is  perpendicular  to  HK ;  and 
therefore,  by  the  theorems  of  Solid  Geometry  for  conjugate  dia- 
meters (Salmon,  Solid  Geometry,  §97), 

0^+0-P«-fOJr=(-j  +  -|-  +  -^)Pi* (161), 

OF*.  OF*,  BID* EOF  +  OK*,  OE^-^OF*,  00* 

OCP,  OF*.  OF*,  sin* EOF  =  ^^^ (163). 


32.  Putting  GH^p,     OK  =  p,     OG  =  h, 


then  these  equations  give 


so  that 


}*,0E*:=  ( 


p'-h 


A-B.B-'D.G-T) 
ABC 


) 


a'la* 


(164), 


^'•^^={(j  +  i  +  -J)^^-^-'''}^' 


A—D.B-D.G'-'Bp_^2  J 
ABC  ^ 


(16:»). 
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From  (163),  OW.  OF*.  "^  =  ^,. 

or  p\  OE*.  OF*  =  ^^pY (166); 

and  therefore 

ABO  '^J 

/  ,     A-B.B-D.G-D  p\  p 

V  ^  ABO  J    ' 

I,     A-D.B-D.O-Py^ 
pi_ V  ABO  I 

l\D^  D     D       I       ^]V^  ABO  I     ABC 

(167), 

and  this  is  the  relation  connecting  p  and  p  in  the  herpolhode. 
Thence 

=  ^ ^ '— (168), 

and 

^p*       v^ii  "^  i£^0  pWB  ^       ^' 

the  dilPerential  equation  of  the  herpolhode,  employed  in  the  previouB 
investigations. 
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33.  But  the  relation  oonnecting 

Ojff'  =  p*+5*    and     OK^=:jf-^^ 

should  be  the  same  for  both  herpolhodes  described  by  fl,  the  one  in 
the  plane  of  0  and  the  other  in  the  plane  of  C, 


Putting,  then, 


p^'^S^^f'    and    ^•-f?  =  g* 


for  the  moment,  we  find 


where 


^-2* 


(170), 


\B0      CA      ABI  ABO 


(171), 


'^=('-f)('-i)('-f)( 


D\/L^       L^       L^         D'  \ 
BO      CA      AB     ABC  I 


■D*     g     D*    g  jy 

BO      CA     AB       ABO 


(172). 


The  expression  in  (170)  should  be  unaltered  when 

A,     JB,     0,     D,     and    ^ 
are  replaced  by  the  corresponding  accented  letters  ;  and  therefore 


or,  forming  the  differences 

each  of  them  being  in  fact  —(^,  from  (159). 


(174), 


Since  (147) 


B-0 


B'-C 


t         » 
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this  last  i*eIatiou  (174)  becomes 

^"cr^  =  -w^'''' ("^>' 

or  (§27)  ^l^^=_ii:g^ (176), 

with  two  similar  relations,  and  these  can  be  written 

A(AT^G^)    _  B(BT-(?)   _   O^GT-G^)  __  __   ABO 

as  i^eqnired  for  the  coincidence  of  the  polhode  cones 

A{AT--(?)^^-  B{BT-^(?)  y«+  0  (OT  -  CP)  z"  =  0, 

So  also  the  comparison  of  the  two  forms 

ifS*  =  5T*    (177) 

and  K^  =  K'B'^  (178) 

will  lead  to  relations  implied  in  the  preceding  equations. 

In  Darboux's  notation,  with  ^  =  t?i'/r, 

and  (^^^)' 

Hh*  =  (6c+ca  +  at)  h*—2ahch  =  QA*— 2m 

==n7t/i'=Q7i'»-2E7i'  (180), 

while 

Z^«  =  (^-a)(;i~fe)(7i-c)(QA— i?)-A»(QA-2i?) 

=  (E-PQ)7i'  +  (Q»  +  P7e);.«-2Qff;i4-12*  (181), 

and  this  remains  unaltered  when  the  lettei's  are  accented,  as  in  (151). 
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34.  In  Jacobi*8  notation,  we  put 

rj=^KV,     r,=  K  +  rKV (182), 

and  changing  to  the  complementary  modulus  tc',  the  excentricity  of 
the  focal  ellipse,  we  can  put 

a'+X  =  a'-^„     IP  +  X  =  a'^S^,     X  ^  a'^-^%  ...{183), 

a*  +  V  =  ic'^a*  sn'  rK\     )8*  -f  v  =  -  k  V  cn»  rK',     v  =  -  o'  dn*  rK 

(184), 

and  the  coordinates  of  H  ai'e 

snrK'        ^cnpK'dnrK'  /lotx 

snj7K  rsnm 

We  now  find  that  the  excentric  angles,  measured  from  the  minor 
axis,  of  P  and  Q,  the  points  of  contact  of  the  tangents  di*awn  from 
H  to  the  focal  ellipse,  ai*e 

am  {(l-^-r)  K',  k']     and     am  {(l-|)  +  r)  K', .:'}    ...(186), 
while  OY  and  OZ  make  angles 

am{(j9  +  r)K',  c'}     and     a.m  {(p-r)K\  k]  (187) 

with  the  major  axis,  so  that 

6,  =  am  {(p-^r)  K',  k'}  -am  {(p-r)  K\  k'} (188); 

also  Or=  adn  {(p+r)  K',  k] (189), 

OZ  =  adn{(^-r)K',  If'} (190). 

35.  As  an  application,  take  79+r  =  |asin§8;  then 

Or  =  adniK'  =  ayi:  =  y(a/3) (191). 

If  at  the  same  time  the  secular  term  attached  to  the  azimuth  yp,  or 
to  the  angle  tr  in  the  herpolhode  described  bj  H  in  the  invariable 
plane  of  (?,  is  made  to  vanish, 

2^  =  -i    (192), 

and   the  algebraical    herpolhode    discussed  by  Halphen  {Foncfions 
elliptique&,  ii.,  p.  282)  is  obt-ained. 
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We  may  write  its  equation,  connecting  the  coordinates  £,  if, 

(?+6')(„*+y)  =  a* (193), 

or  J^*sin»2«r-f6V-f6*-a*  =  0  (194), 

or  p*  sin*  2nr  4- 26*  =  2  ^ (a*  sin'  2m  +  6*  cos»  2fr)     (195), 

« 

and 


-^  >  P'  >  2  (a'-6'), 


and  it  is  produced  by  rolling  the  hyperboloid  of  two  sheets 


(196) 


Upon  a  fixed  plane  at  a  distance  b  from  its  centre. 

The  squared  modulus  i-*  is  now  equal  to  the  anharmonic  ratio  of 
the  four  quantities  a*,  6*,  —  &',  —  a* ;  so  that 

-(:^:)"=5 ("")■ 

a*- 6* 


while 


so  that 


b* 


=aft 


(198), 


(199), 


and  the  equation  of  the  focal  ellipse  is 


-  + 


-+-^  =  1 


(200). 


The  equation  of  the  tangent  H.P  is 

a!cniK'+y8nlK'  =  v/(a/3)    (201), 


and  therefore,  at  the  point  of  contact  P, 


(202); 


(203). 
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At  the  point  H, 


_  cosh  ^1 4- 1  .  cosh  ^1  —  1  _  sinh'  Ox 
cos  ^,+ 1 . 1 —cos  6^,  sin*  0^ 


(204), 


and  from  §  8,  with  the  parameter  a  employed  there  (which  must  be 
distinguished  from  a'  as  employed  here) 


K  ^ 


2a- 1 
2a  +  l' 


sinh'^,  _2a  +  l  _  1 


so  that 


sin'  d^ 


2a- 1 


(206), 


and  therefore    at    H,    the    point   of   intersection  of   OH  with  the 
tangent  HP, 

"•=;'(^")-  '■-tH-') <^>- 

Similarly,  we  find  that,  at  Q, 

Replacing  the  value  of  a  in  §  8  by  — ,  so  as  to  agree  with  the 

notation  of  this  article,  we  find  that  the  cone  described  by  the  axis 
of  the  top  is  given  by 

'  ia        Of        A    /o        flft'  /  (        a* 4- 26*  ^7 


sm'08in2f={-,^-^^-co8fl} 


^     /C     o'-46»      ,        a       a'+46'      ,        -,■) 


(208), 


but  6  is  now  measured  from  the  dowuwaixl  vertical  thi'ough  O. 
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Thus,  for  instance,  if 

the  point  Q  is  at  an  end  of  the  minor  axis  of  the  focal  ellipse,  and 
the  spherical  carve  described  by  0  has  cosps. 

If  a*  =  36*,     if  =  |; 

the  carve  of  G  has  loops,  and  Halphen's  herpolhode  has  points  of 
inflexion,  where 


and 

the  coordinates  of  H  are 

of  P  are 

of  Q  are 


86«>f.«>46»; 
jy6  6,    Vy3  6; 


(209). 


the  equation  of  the  focal  ellipse  being 

Ji  +  /_  =  i  

166*      46*  

These  give  suitable  dimensions  for  a  model,  like  the  one  constructed 
by  Chateau  of  Pai-is,  according  to  M.  Darboux's  instructions. 

36.  The  results  for  the  motion  of  the  top  when 

V  =  «,  +  J«a,     and     wi  +  f  Wg* 

and  when,  in  addition,  the  secular  term  associated  with  Sif/  is  made  to 
disappear,  as  in  §§  10  and  11,  so  that  the  path  of  the  axis  OCisg^ven 
algebraically,  may  be  stated  here  in  conclusion,  expressed  in  the 
notation  defined  above. 

With  v  =  wi-|-Jwj, 

we  must  put  ^  =  —  JD  =  i  (2— c)(l— 2c)  ; 

-^»=(2c-c*)*,     -^«^=(l-c)*,     -^l^=(l-2o)*, 
c,  <r,  ffj 

and  thus  Darboux's  a,  6,  c  (his  c  being  replaced  by  [c]  to  distinguish 
it)  are  given  by 


b  = 

-i(i-c+c'), 

[c]  = 

-i(l  +  c)(l-2c), 

and  for  the 

rolling  qnadric 

D_ 

a  

1+V 
l-2c' 

D_  h 
B       h 

l-e  +  c* 

A 

U-c:(l-2c) 

'     C       h  2-c* 


The  herpolhodu  of  11  in  tlie  invarijibk'  plane  of  G  is   now  an  alge- 
I  braical  curve,  given  by  (§  9) 

)  -f  (wi  +  iwj)  =  3tir, 

I  and  p=  =  m*{2c(l-c)«-/?}; 

BO  that  f  —  J  cos  3w 

=  (2-5c+2c')   /{(l-c)'(l-2c)  +  4-  (l-c)'(2c-c')--''U  , 

V     V  7W.  Ill    ) 


COS  3 


=  |(l-c)'(2-5c+2c')  +  ^,}  J{-c(2-5c  +  2c')+ £,}  . 

With  r  =  wi  -f  f  w,, 

we  must  put  7*  =  —  L  =  ^  (l+c)(l  — 2c), 

-  ?*^»  =  c*,     -  5^^  =  (1  -c^)^,     -  5[i^'  =  (l-2r)2, 

Ux  or,  OTj 

and       a  =  i(l-c  +  c*),     fe  =  -ic(l+c),     [c]  =  ic  (l-2r). 
For  the  i-olling  quadnc 

7)_  a.  _       1-c-fc^ 
^       A        (l  +  c)(l-2c)' 

J)        />  c 


J?       h  l-2r' 

7)_£r]__c___ 
C        A       l  +  c* 

The  algebraical  herpolhode  of  JET  in  the  invariable  plane  of  G  is 
now  given  by  j  („,  + 1„.)  =  3*, 

and  p*  =  m«  (2c'-2c»-«)  ; 

60  that 

(£yco8  3,.  =  {c'(l+c)(l-2c)-5}y/{(l-c0a-2c)+^,}. 
f-H-Y 8in3«  =  (I  +c)(l-2c)  . /(-c'(l-2c)+  4  •c'a-c')-41  • 


254  Mr.  A.  6.  Greenhill  an  the  [Jan.  10^ 

[37.  We  can  utilize  other  results  of  the  article  on  "  Pseudo-Elliptic 
Integrals,"  Vol.  xxv. ;  thus,  from  p.  288,  with 

r  =  uij  +  i«„ 


a  = 


P  = 


c  (1  ~c)»  (l-2c)»  (1-20+20"), 

-  J  (l-.2c)»(l-2c+2c*)(l-.4c+2c'), 
c(l-c/(l-2c+2c')(l-4c+2c*), 
c(l-c)»(l-2c)», 

c(l-c)»(l-2c)»(l-2c  +  2c*J(l-4c-h2c'), 
(3-8c+6c')(l-4c+2c'). 


With 


y(-S)  = 


a  =  c"  (l-c)(l-2c)(l-2c  +  2c«), 

-  i  (l-2c)(l-2c+2c';(l-4c+2r), 
c»(l-c)(l-2c+2c»)(l -40+20*), 

o'(l-o)(l-2o), 

c«(l-c)(l-2c)(l-2c  +  2o»)(l-4o+2o»), 
(l  +  2c»)(l-4o+2o*). 


Ci  = 


ff»  = 


a,  = 


The  cone  described  by  the  axis  of  the  top  in  the  corresponding 
states  of  motion  will  now  have  eight  loops,  given  by  equations  of  the 

form  .  A  /I        /•  J  »         V 

sm*  0  cos  {4\p  —pt) 

=  (Pco8"tf  +  Qcos'^+Ecos^  +  /S)y(co8^-costf,), 

sin*  ^  sin  (4i\ffpt) 
=  (cos»^+Ccos*^  +  Dcos^+^) /(cosh^i— co86>cos^,-cos^)  ; 


with 


p  =  y2^  =  -^±^- 

^      n        -v/(20)  * 


38.  Again,  from  p.  290,  with 

(r  =  8r(o  +  l)«(o-l), 
/(_2)  =  8r  (c+ 1)»  (r-l)(~c^  +  4o+ 1), 
p  =  (cH-3)(c»-4c— 1); 
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and  with  r  =  wi-h^Wj, 

<r  =  4c(c  +  l)(c-l)», 
v^(-2)  =  8c'(c  +  l)(c-l)»(-c«  +  4c+l), 
p=:  (3c-l)(c*-4o-l); 

and  the  cone  described  by  the  axis  of  the  top  has  ten  loops,  given 
by  equations  of  the  form 

sin*  d  cos  (6\}/—pt) 

=  (P  cos*  e  +  Q  cos*  B-^-B  cos'  0  +  S  cos  6  -h  T)  /(cos  6,— cos  «), 

sin*  (^  sin  (^ip—pt) 
=  (cos*6  +  Cco8"6  +  I}cos'a4-^co8  0-hF)  v/(coshOi— cosO.cos^— cosflj 

n       x/(20) 

So  also,  with  parameters  of  the  form 

V  =  wi  -f  |<iij     or     w, + f  w„ 

when  the  cone  described  by  the  axis  will  have  five  loops,  given  b} 
equations  of  the  form 

sin*  0  cos  (b\l^  -^pt) 

=  (Pcos*^  +  Qco8*^  +  i?cos«^+iSfcostf  +  T)y(co8htfi-cos^), 

sin*  ^  sin  (Si/'— 2^0 
=  (co8*^  +  Ccos*^  +  Dcos'^+J5?co8^  +  i^)  \/(costf,— costf.cos^— cos^a) 

39.  It  is  readily  proved  that  the  angle  between  OH  and  the  pro- 
jection of  Ox  on  the  tangent  plane  OHK  (Fig.  3) 


A 


^  5^  =  tan-»  J(^  P^'e„.pu^e,.pu^A 


from  (91),  (119),  and  (123)  ;  so  that,  if  p«,  tir,  denote  the  polar  coor- 
dinates of  the  projection  on  the  invariable  plane  of  (?  of  a  point  fixed 
in  Ox  at  a  distance  k^  from  0,  then,  from  (68), 


^a 


2A^      ^]pv  —  pu  \\     pt*— Ca.pr— eft.pi;— e,/ 

"^   — — -      —  '*    •    2   I    "      >  -     - 
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This  is  of  the  form 

w.  —  2  I du 


while 


iT'a' 


But,  from  (154), 


j^  = 


BO 


C(7-^)(4-B) 


»»'(P«-e.).  -, 


and,  from  (168), 


pH<-^MO=^)^  =  „,(,._^„),... 


Also 
so  that,  patting 


It  =  r,     f»'  =  0, 


and 


T»'(pi;— e.) 


^(g-^)(^-B)jyy 
A'BC 


(G-AKA-B) 

=  1  _     y"-fi.. 

!»(»-«■'.)—«. 

_y(t'-M.)— pu 

P(«— <",)— e. 


(210), 


(211), 


and  (210),  (211)  prove  that  (p.,  w^)  describes  a  herpolhode,  denoted 
by  (Ta  in  Poinsot's  Theorie  nouvelle  de  la  rotation  des  corps^  p.  127. 

In  the  curve  o-,,  described  by  the  point  A\  in  which  Ox  cuts  the 
invariable  plane  of  Q, 

_{O^A){A^B)m\^^p{v^i^:)^e.^    y 
A*JiCm*  (pu  —  e.)  pu^e^ 

_p(n~ai„)-f>,^,     ^_p(u~itf,)~pt;y1 
pv^e„  pv—e^  '^ 


JS!^").]  l\li  rl  ,■  ir,,  I    1 1  ,.<h  i /■  "  I  mil    i:ii    w     (  '  i  i'<- H  J 1 1  r    IK.^(\    Sr. 


The  Electrical  DiMribiitio7i  induced  im  a  Circular  Disc  placed  in 
any  Field  of  Force,  By  H.  M.  Macdonald.  Read  February 
14th,  1895.     Received,  in  revised  form,  April  22nd,  1895. 

The  potential  dne  to  the  inducing  system  can  be  expanded  in  a 

series  of  the  form 

52  A,J^  (fxr)  cos  (n^  +  aj 

for  points  on  the  disc,  and  the  component  of  the  force  due  to  it  per- 
pendicular to  the  plane  of  the  disc  can  be  represented  by  a  similar 
series.  It  will  be  sufficient  to  obtain  the  potential  V  due  to  the 
induced  charge  for  the  term  of  the  series  /«  (/ir)  cos  (n^  +  a^),  where 
n  and  /i  are  unrestricted.  The  solution  of  the  problem  has  already 
been  obtained  in  two  particular  cases,  when  n  =  0  (Gallop,  Quarterly 
Journal,  Vol.  xxi.,  p.  229)  and  n  =  1  (Basset,  Camh.  Phil.  Soc.  Froc, 
Vol.  v.,  p.  425). 

1.  To  Determine  a  Function  W^  such  that  for  Toi^its  on  the  Disc 

^M  =  Jh  (t^r), 
and  for  Points  in  its  Plane  not  on  it 

Let  I  denote  the  integral 

C  e-'^Jn.^('^r)J„(icr)K^dK; 
then,  if  r  >  r , 

•'"-'('•'Dr 

thatis,  j=2Vn(n^|)    '"^    9^^  1_, 

\bzl 
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(Sonnine,  Math.  Ann.,  Bd.  XTi.). 
Hence,  when  2^0, 

J  _y2  n  (n-i)     ,.., 

•~   »    n(n-l) 


,    r>r 


J,(.^-r'»co8'tf)-* 
tnat  18,  ^  -    ,     n  („_i)  /,-»  j^  (r»-x»)"»  '"' 

n(n-l)  r"r'"-Vr»-r'*J,  ^r'^-y'' 


whence 

when  r>r'; 

also 

when  r  >  r\ 

Again,  when  r  <  /, 


r-yr'-r'*' 


(!).=»• 


that  is, 


e—c"**J,_^(rr')ciif; 


Fr"  (/=•+«»)•**' 


therefore 


and 


Io  =  0, 


/3l\  _     /2  r* 


r<r 


Writing 

IF.  =  f  e-'i«  f"  J._,  (^rO  /..,  («•')  J.  (Kr)  rV/«Wr', 
Jo  Jo 
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when  2:  =  0,  and  r<a, 


w^«  =  r/»-,(«0'-yJ^ 


— — dr  , 


from  the  foregoing  ;  that  is, 


W^  =  v/^-   j*',/;,.j  {^r  sin  e)  sin"**  6  dO  ; 


therefore  TF^  =  J,  (/ur), 

when  z  =  0  and  r<a. 

Again,  when  z  =  0  and  r<a^ 


3z  Jo 


<*'  1  •^.-i  ii^r)  /..,  («•')  /,  («r)  a^«  /dr' ; 

0 


that  is, 


=  -  /I  J.  (,ir)  +  f  <^  r  ^.-»  (/"•')  .^.-j  (•••'■')  /.  («•)  «S ^«r'<f ,', 


or 


air. 


1= = -,/.  (,0-f;  ^f  ^,...  (f..^)/..  (.0  ^♦'■'«^'. 


from  the  above.     Hence 


Btf. 


=_,..o.,-^^.j;iffei^. 


when  z  =  0  and  r<a. 


Similarly,  when  z  =  0  and  r>a^ 

^  ^n-4  0*r  sin  e)  8in«*»  0  dB, 


aTT. 


=  0. 


Hence,  if  the  potential  at  the  point  r,  ^  of  the  disc  (radins  a)  is 

-4^^/«  (/ir)  Qos  (n^+aj, 

the  potential  at  any  point  on  the  positive  side  of  the  plane  of  the 

disc  is  given  by 

-4,^  ^«  cos  (n0  +  a^), 

8  2 
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where  W^  is  the  integral  defined  above,  and  the  potential  on  the 
negative  side  is  obtained  from  thi»  by  changing  the  sign  of  z. 

The  sui'face  density  of  the  distribution  on  either  side  of  the  disc 
necessary  to  produce  this  potential  is  given  by 


_  A^^  COS  (n^ 
4 


f^{M.w.vf-L;^;t{ja7.j' 


for  the  case  n  =  0,  this  agrees   with  the  result  found  by  Gallop, 
Quarterly  Journal,  Vol.  xxi.,  p.  234. 

2.  To  find  the  Potential  at  any  Point  due  to  any  Inducing  System. 

It  will  be  sufficient  to  consider  the  case  where  the  inducing  system 
lies  wholly  on  the  positive  side  of  the  disc  ;  in  this  case,  for  points  in 
the  immediate  neighbourhood  of  the  plane  of  the  disc,  the  potential 
of  the  inducing  system  can  be  represented  by  a  series  of  the  form 

25  An^  e^  J,  (fJLr)  cos  («0  -h  a^)  =  V,. 

Let  V  be  the  potential  due  to  the  induced  charge  on  the  disc ;  then 

over  the  disc  ,^     ,, 

F-h  V,  =  0, 

and  it  is  easy  to  verify  that 

F  =  -  52  A,^  W,  cos  («^  +  aj, 

for  this  satisfies  the  above  condition,  and  makes  -r—  continuous  for 

Sz 

all  points  in  the  plane  of  the  disc  not  on  it.     The  density  of  the  dis- 
tribution induced  on  the  positive  side  of  the  disc  is  given  by 

that  is, 

X  COS  (n(p  -\-  a^)  ; 
the  density  on  the  negative  side  is  given  by 
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Thursday,  March  14/ A,  1895. 
Major  P.  A.  MACMAHON,  R.A.,  F.R.S.,  President,  in  the  Chair. 

Mr.  Franklin  Pierce  Matz,  M.A.,  M.Sc.,  Ph.D.,  Professor  of  Mathe- 
matics and  Astronomy  in  New  Windsor  College,  New  Windsor, 
Maryland,  U.S.A.,  was  elected  a  member. 

The  President  announced  that  he  had  written  letters  of  condolence 
to  Lady  Cockle  and  Mrs.  Cayley,  and  had  received  their  acknowledge- 
ments of  receipt  of  the  same,  which  he  communicated  to  the  meeting. 

Professor  Hill  read  a  paper  by  Mr.  F.  H.  Jackson,  entitled  "  Certain 
n  Functions,*'  and  the  President  (Mr.  Kempe,  Vice-President,  in  the 
Chair)  communicated  a  paper  on  "  The  Perpetuant  Invariants  of 
Binary  Quantics."  Lt.-Col.  Cunningham  gave  a  proof  that  2*''— 1  is 
divisible  by  7487. 

The  President  read  a  letter  from  Rev.  T.  C.  Simmons  announcing 
what  the  writer  believed  to  be  a  "  New  Theorem  in  Probability." 

The  following  presents  were  received : — 

**  ProceedingB  of  the  Royal  Socsiety,"  No.  342. 

**  Beiblatter  zu  den  Annalen  der  Physik  iind  Chemie,"  Bd.  zix.,  St.  2  ;  Leipzig, 
1895. 

* '  Memoirs  and  Proceedings  of  the  Manchester  Literary  and  Philosophical  Society,^' 
Vol.  IX.,  No.  2;  1894-95. 

"Proceedings  of  the  Physical  Society  of  London,"  Vol.  xin.,  Pt.  4  ;  March, 
1895. 

'*  Jomal  de  Sciencias  Mathematicas  e  Astronomicas,"  Vol.  zn.,  No.  2;  Coim- 
bra,  1895. 

"Bulletin  des  Sciences  Mathcmatiques,**  Tome  xix..  Mar.,  1895  ;  Paris. 

"  Bulletin  de  la  Societe  Math^matique  de  France,"  Tome  xzn..  No.  10  ;  Paris, 
1895. 

"  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  Vol.  i.,  No.  5 
New  York,  1895. 

"  Kendiconti  del  Circolo  Matematico  di  Palermo,"  Tomo  ix.,   Fasc.  1  and  2 
189.5. 

BrioBchi,  F. — "  Notizie  sulla  Vita  e  sulle  Opere  di  A.  Cayley,"  4to  pamph. 
Roma,  1895. 

Donisthorpe,  W. — "  A  System  of  Measures,"  4to  ;  London,  1895.  Prom  tlie 
Author. 

"  Sitzungsberichte  der  K.  Preuss.  Akademie  der  Wissenschaften  zu  Berlin," 
;J9-53  ;  Oct.,  1894  to  Dec.,  1894. 

"  Atti  della  Reale  Accademia  dei  Lincei— Rendiconti,"  Vol.  iv.,  Fasc.  2,  3,  4  ; 
Koma,  1895. 


262  Major  P.  A.  MacMahon  on  the  [March  14, 

Lie,  Sophus. — **  Untersuchungen  iiber  Unendliche  Continairliche  Qrappen/' 
Roy.  8vo  ;  Leipzig,  1895. 

"  Educational  Times,''  March,  1895. 

^'Annales  de  la  Faculty  des  Sdences  de  Toulouse,*'  Tome  ix.,  Fasc.  1  ; 
PariB,  1895. 

*'  Philosophical  Tramuictionfl  of  the  Royal  Society,"  Vol.  olzxxy.,  Pt.  1. 

*'  Indian  Eng^ineering,*'  Vol.  xvn.,  No*.  4-7. 


Ths  Perpetuant  Invariants  of  Binary  Qua>ntic8.    By  Major  P.  A. 
MacMahon,  R. A.,  F.K.S.    Bead  March  Uth,  1895.    Received 

16th  May,  1895. 

It  was  in  Vol.  v.  of  the  American  Journal  of  Mathematics  that 
Sylvester  first  proposed  the  problem  of  the  enumeration  of  the 
perpetuants  of  given  degree  and  weight.*  Of  a  given  degree 
Cayley's  rule  gives  a  generating  function  which  enumerates  the 
asyzygetic  semin  van  ants.  A  knowledge  of  the  perpetuants  of  lower 
degi*ees  leads  to  the  generating  function  for  the  compound  semin- 
variants  of  the  given  degree.  Since  these  forms  are  not  linearly 
independent,  it  is  necessary  to  find  the  generating  function  of  the 
syzygies  which  connect  them.  We  have,  then,  the  means  for  arriving 
at  the  generating  function  of  the  perpetuants.  It  is  merely  necessary 
to  subtract  the  generating  function  of  the  syzygies  from  that  of  the 
compound  fornis,  and  then  subtract  the  difference  from  that  of  the 
asyzygetic  forms.  This  procedure  was  adopted  by  Sylvester.  For 
the  first  four  degrees  no  syzygies  arise,  and  the  perpetuant  genei*ating 
functions  were  found  to  be 


l_a^'     (l^af*)  (!-.«»)'     (l-a^)(l-«»)(l-«*)' 

respectively  ;  the  enumeration  of  the  perpetuants  being  given,  for  a 
weight  w,  by  the  coeflBcient  of  a;**  in  the  developments. 


♦  "On  Sub-InvHriant8,  i.e  ,  Semi -Invariants  to  Binary  Quantics  of  Unlimited 
Onlor,''  Amer.  Math.  Jour.,  Vol.  v.,  p.  79. 
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Syzygies  first  present  themselves  for  the  degree  5.  Sylvester,  in 
the  paper  quoted,  did  not  sacceed  in  correctly  ennmerating  them. 
This  was  accomplished  by  Hammond,*  who  established  the  generating 
function  ^ 


(l-^Xl-x*)' 


which    immediately  led    to  the  true   generating  function  for  per- 
petuants  of  degree  5,  viz., 


«» 


Cay  ley  t  continued  the  investigation  on  the  same  lines,  but  adding 
the  notion,  due  to  the  author  of  the  present  paper,  of  the  transforma- 
tion of  semin variants  into  non-unitary  symmetric  functions.  Con- 
siderable light  was  thus  thrown  upon  the  structure  of  the  syzygies 
in  general,  and  in  particular  upon  those  of  degree  6.  No  new 
generating  function  was  obtained,  as  the  enumeration  of  the  syzygies 
of  degree  6  proved  to  be  impracticable.  The  simplest  perpetuant  of 
degree  6  was  first  obtained  by  the  author  of  this  paper.  J  It  proved 
to  be  of  weight  31.  The  research  proceeded  on  the  lines  laid 
down  by  Sylvester,  Hammond,  and  Cayley,  and  principally  by  the 
use  of  Cayley's  exceedingly  useful  algorithm  for  the  multiplication 
of  symmetric  functions,  the  whole  of  the  syzygies  up  to  the  weight 
31  inclusive  were  calculated  as  far  as  was  necessary  for  the  purpose 
in  hand.  The  generating  function  for  the  syzygies  was  not  obtained. 
It  should  be  mentioned  also  that  on  p.  45  of  the  paper  the  perpetuant 
of  weight  31  is  correctly  identified,  but  that  the  non-exemplar  per- 
petuants  of  this  weight  are  incorrectly  enumerated.  The  number 
was  given  as  5,  whereas,  as  will  subsequently  appear,  we  now  know 
the  number  to  be  16. 

In  a  second  paper§  in  the  same  volume,  the  author  again  con- 
8idered  the  question,  and  showed  that  on  a  certain  hypothesis,  the 
truth  of  which  he  was  unable  to  assert,  the  generating  function  for 
pei'petuants  of  degree  ^  (  >  2)  was 


(l-a:*)(l-a?»)...(l-«0 


♦  Amer.  Math.  Jour.,  Vol  iv.   (1882),  pp.  218-228,  "On  the  Solution  of  the 
Differential  Equation  of  Sources." 

t  Amer.  Math.  Jour.,  VoL  vn.  (1885),  pp.  1-25,  **  A  Memoir  on  Somin variants." 

X  **  On  Perpetuants,*'  Amer.  Math.  Jour.,  VoL  vn.,  pp.  26-46. 

§  **  A  Second  Paper  on  Perpetuants,'*  Amer.  Math.  /(/Mr.,  VoL  vn.,  pp.  259-263. 
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This  prediction  was  subsequently  verified  by  Stroh,*  who,  in  §  10  of 
the  paper  quoted  in  the  foot-note,  established  the  generating  function 
by  an  ingenious  method  which  differed  totally  from  that  adopted  by 
previous  investigators  in  the  same  field. 

Cayleyt  followed  with  intei'esting  remarks  and  developments  of 
Stroh*s  theory. 

Stroh  considers  the  general  seminvariants  of  degree  6  and  weight  ir, 

where  /3j,  /3j,  ...  /J^  are  arbitrary  quantities  merely  subject  to  the 
condition  Sj3  =  0 

and  Oj,  a^f  ...  a«  are  umhrie,  such  that,  after  expansion, 

Qj  =  aj  =  ...  =  aj  =  (1*)   or  =  a,. 

Assuming 

(l-f/./3,)(l-|./ti^,)...(l+/'/3,)  =  H-/i'B,+/i»B,+  ...+/i-J5„ 

the  expanded  function  O^ 

can  be  exhibited  as  a  linear  function  of  products  of  powers  of 

of  weight  w.  Appearing  as  a  coefficient  of  each  B  term  of  this 
function,  we  find  a  seminvariant  of  the  binary  quantic 

where  7i  may  be  supposed  to  be  infinite.  Stroh  shows  that  the  whole 
of  the  seminvariants  of  degree  0  and  weight  w  thus  present  them- 
selves. To  exhibit  certain  of  the  seminvariants  in  terms  of  semin- 
variants of  lower  degree  by  means  of  products  of  degree  0,  we  may, 
since  /3„  /3j,  ...  /3,  ai^e  merely  subject  to  the  condition 

suppose  A  +  /^j+  •••  -^ft*  =  /3#>i+/3^+2+ ...  -f  A  =  0» 

where  ^  may  be  any  integer  less  than  6. 

*  **Ucher  die  Symbolische  DarRtellungp  den  Gmndnyzyganten  einer  binuren 
Form  Bechster  Ordnimg  und  cine  Erweckerung  der  Symbolik  von  Clebech,**  Math, 
Ann.,  t.  XXXVI.  (1890),  pp.  263-303. 

t  **  On  Symmetric  Functions  and  Seminvariants,**  Amer,  Math.  Jour,,  Vol.  xv., 
pp.  1-G9. 
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We  have  then 


o:=(n,+o..,)-, 


and  ti^  is  thus  shown  to  be  reducible.  But  O^  is  no  longer  the  per- 
fectly general  seminvariant  that  it  was  proved  to  be  before  the 
introduction  of  the  new  conditions 

These  conditions  necessitate  the  vanishing  of  a  certain  function  of 
the  quantities  r>     r>  t? 

so  that  a  certain  number  of  B  products,  and  therefore  also  of  semin- 
vaiiants,  have  disappeared  from 

nr. 

These  are  the  perpetuants  of  the  degree  0  and  weight  w. 

This  is  very  clearly  stated  by  Stroh;  and  Cayley,  with  further 
amplification  of  statement,  actually  deteimines  the  conditions  for  the 
fii'st  six  degrees. 

The  above  is  merely  historical. 

I  am  now  principally  concerned  with  the  two  papers  of  Stroh  and 
Cayley  last  mentioned,  which,  from  their  recent  appearance,  will  be 
fresh  in  the  memory  of  mathematicians. 

I  propose  to  present  Stroh's  theory  and  Cayley's  developments 
from  a  purely  algebraical  point  of  view — that  is  to  say,  without  the 
employment  of  any  umbral  symbols — and  also  to  actually  identify 
each  of  the  whole  senes  of  perpetuants  of  all  degrees  and  weights. 

First,  consider  a  transformation  of  Stroh's  general  seminvariant 
obtained  by  employing  umbrae  with  a  different  signification. 


In  the  form 


"r  =  (ai/3,-fa,/3,-f  ...+a./30-. 


let  a,  be  an  umbral  symbol,  such  that  after  evolution  a^  is  to  be  re- 
placed by  c!  a.. 


We  find 


nr  =  s 


— I 1 a,  aa  ...  (^^i^j  ...;^, 


where  (tiTt,  ,..)^  denotes  the  symmetric  function 

s/3r/3r .... 


Thence 


n^  =  ivl  ^a,^a^^  ...  (tjTTj  ...)ff. 
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The  symmetric  functions  on  the  dexter  side  are  to  be  expressed  in 
terms  of  the  elementary  functions  7?,,  J5„  ...  B^  and  the  dexter  has 
then  to  be  ari^anged  as  a  linear  function  of  products 


Jjf  Jjf .  •  • . 


Let 
then 


to  I 


The  whole  coefficient  of  B^B^  is 

But  Crt^.  is  the  coefficient  of  B^Bt ...  in  the  expression  of  (^i^r,  ...)^ ; 

therefore,  by  the  well  known  law  of  reciprocity,  it  is  also  the  coefficient 

B^B,^ ...  in  the  expression  of  («<... )^  or  of  a^^a^^ .,.   in  the  expression 

of  («^ ...),  where  {st...)  denotes  a  symmetric  function  of  the  quantities 

of  which 

o-j,  O),  ...  d^^  ,,,  a,^,  ... 

are  the  elementary  symmetric  functions.     Hence 


and 


Since  5,  =  0,  we  have  on  the  right  a  linear  function  of  the  non- 
unitary  symmetnc  functions  of  weight  w  and  of  degree  not  exceed- 
ing ii. 

These  non-unitariants  (Cay ley,  loc.  cit.)  of  the  roots  of  the  equation 


are,  as  is  well  known,  seminvariants  of  the  binary  quantic 

x'*  —  na^x'"^y-\-n  (n  — 1)  a^a^'^y^—  ...  . 

Thus  transformed,  Stroh*8  general  semin variant  assumes  a  simple 
and  elegant  form,  and  suggests  the  following  method  of  viewing  the 
subject. 

I,  first  of  all,  retain  B^,  so  as  to  consider  the  reducibility  of  sym- 
metnc functions  in  general,  and  subsequently  cause  J^i  to  vanish,  so 
as  to  restrict  the  investigation  to  seminvariants. 
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Taking  an  arbitrary  quantity  /i,  let 

(l+/ia,)(l-i-/ia,)(l+fia,)  ...  ad  inf. 

where  a„  a,,  a,,  ...  are  not  the  umbrse  before  mentioned,  but  quanti- 
ties obeying  the  ordinary  laws  of  algebraical  quantity. 


Let,  also, 


then 


and 


(l+M)(l+^/3i)...(l+/"3.) 

(l  +  /ia,/J,)(H-,ia./9,)  ...  (!+/«.,/?,) 
n(l+^a./},)(l+fa./3.)  ...  (l+A-.lS.) 

=  n  (1  +  ^a,5i+ A!^i+  •..  +/^X^0» 


the  products  extending  to  the  quantities 


of  unlimited  number. 


«1»    «J»    «8»     ••• 


Multiplying  out  the  dexter  of  this  identity  and  therein  representing 
the  coefficients  of  /i*  by  Z^^,  we  have 

+  /{(3)5,+  (21)B,B,  +  (l»)5j}-h..., 

where  on  the  right  the  coefficient  of  /i*  involves  linearly  all  the  sym- 
metric functions  of  a,,  a,,  a,,  . . .  of  weight  k  and  degree  not  exceed- 
ing 0, 

[Taking  O,  with  changed  umbrae 


and  the  sinister  is  (when  1?,  =  0) 

expC/iO.).] 
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^1..  =  (1)  Ji„ 

Z,,,  =  (2)B,+  (V)B\, 

^..  =  (3)i?.+  (21)B,B,  +  (l')Bj, 


the  summation  being  for  all  partitions  of  k  into  parts  not  exceeding  0 
in  magnitude. 

Taking  0<0,  wnte 

(l+M)(l+f/3.)- (!+/«/?♦) 

and  thence     11  (1  +^a,j3,)(l  +^a,/?,)  ...  (l+/ia,/3,) 

a 

=  n  (1  +/ia.B; + AJBi+ ...  +/«*ar2?;) 

a 

n(H-/.«A*i)(i+/'«./5»*i)  -  (i+/««.ft) 

a 

whence  we  derive 

=  1+^ (1)  V[+fi*  {(2)  2^+(l')  B,"}  +  ... , 

the  parts  of  the  partitions  being  limited  not  to  exceed  ^  in  magni- 
tude; and 

=  i+ft(i)2?r+/x'[(2)jr;+(p)Br}  +  ..., 

the  parts  being  limited  not  to  exceed  d— ^  in  magnitude. 
Moreover,  1  +  f»Bi + h^B^  + . . .  +  fJi*B, 

and  l+/i^,.,+/i%.,+/i%.-+... 
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Comparing  coefficients  of  /i", 

Z^^g  involves  symmetric  functions  of  weight  k  and  of  degree  ^  6, 
while  any  product  on  the  right 

involves  products  of  two  symmetric  functions,  the  one  of  weight  •:— « 
and  degree  <^,  and  the  other  of  weight  s  and  deg^e  ^0—^. 

Moreover,  the  quantities 

are  expressible  in  terms  of  the  quantities 

Biy  ^a,  ...  B^;     Bi,  B2,  ...  -d^-^? 
by  a  series  of  relations  of  the  form 

and,  by  reason  of  these  relations, 

are  not  subject  to  any  condition. 

Hence,  by  comparison  of  the  two  sides  of  the  relation 

we  are  able  to  express  certain  symmetric  functions  of  weight  *:  and 
degree  ^  d  as  sums  of  products  of  pairs  of  symmetric  functions,  each 
pair  involving  one  function  of  degree  ^0,  and  one  of  degree  ^tf— 9. 

We  have,  in  fact,  a  general  theoi'em  of  reducibility. 

Supposing  ^>1  and0  any  one  of  the  integers  1,  2,  3,  ...  0  —  1,  it  can 
be  demonstrated  that  every  monomial  symmetric  function  of  degree 
0  is  reducible  by  the  aid  of  symmetric  functions  whose  partitions  are 
subsequent  to  it  in  dictionary  order,  and  of  products  of  pairs  of 
functions  of  degrees  ^0  and  ^0—^,  respectively. 

Consider  in  Z,  „  the  term 

(0*^»,  e-r\  0-2'«,  ...)  5J»B^2,-B^«,  ..., 

where  the  literal  part  is  equal  to 
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Of  this  consider  the  portion 


T3'*"o  D'flTi    D'^*  T3//<ro+o"i4-cr*+  .. 


K^-^K-^ 


The  weight  of 


=  K 


and  that  of 

is 
where 


B 


(d-^)(<To+<ri-f  <r,+  ...)  =«", 
c'  +  k"  =  c. 


Hence  the  literal  portion  considered  must  arise  in  the  dexter  of 
the  identity  in  the  product 


^«',*^«",#-*» 


as 


,//0'o4-<ri+<rs+. 


On  the  sinister  side  the  whole  coefficient  of 

must  be  the  sum  of  the  monomial  functions  obtained  by  the  multi- 
plication of  the  two  functions 

and  the  first  of  these  in  dictionary  order  is 

Hence  this  function  together  with  other  functions  subsequent  to  it  in 
dictionary  order  must  be  equal  to  the  product 

In  other  words,  the  function  is  reducible,  and  the  actual  reduction  is 
given  by  the  identity.  For  a  g^ven  yalue  of  ^  symmetric  functions 
are,  in  general,  reducible  in  more  ways  than  one. 

Ex.  grr.— Take  <c  =  6,  tf  =  4,  ^  =  2. 

single  and  double  accents  being  introduced  to  distinguish  forms 
which,  fix)m  the  circumstance  that  (j>  and  ^— ^  are  equal,  would  be 
otherwise  indistinguishable. 
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Z,,«  =  (42)Z?«B,  +  (41')B«BI  +  (3')BI+(321)B,Z?,B,+  (31»)B,B! 

+  (2*)  ^+ (2'1')  i^  B?+ (210  B.B!+ (!•) -B', 

2.'.,  =  (2*)  i?," + (2*1')  B?  BC  +  (21*)  BiB[*  +  (!•)  BC, 

^;,,=  (2'l)B,''B|+(21")BiBP  +  (l»)B;»,     Z{%=(1)B:'; 

Z;,a  =  (2')  B?  +  (21')  B',  B? + (1«)  B[\  Z^U  =  (2)  B','  +  (1«)  B,'" ; 

Z',,,  =  (21)BiB;  +  (1")  B,",        Z;:,  =  (21)  B','B[:+(V)  B,'" ; 

Z:,,  =  (2)B:+(1')B,'',  Z.-;.  =  (2')BJ'>  +  (21')BrB;'»+(l*)«."'; 

^,.2  =  (1)B,',  ^;:,  =  (2'1) ^"Brn- (21») B,"b;''+  (P)  Bl"  ; 

Z',%  =  (2')B;''+(2'l')BrB,"'+(21«)BJ'B;'*+(l«)B,"', 

and  the  relations  B^  =  B'^Bi', 

B,  =  BiB['+B[B',', 
2?,  =  5j + Bl  Bl  -f  J?2 » 

Comparison  of  the  coefficients  (1)  of  BtBi,  (2)  of  B^BlBj  B'l  on  the 
sides  of  the  resulting  identity  yields  the  reductions 

(42)+3(2»)  =  (2«)(2), 

(42)  +  2  (4P)  +2  (3«)  +2  (321)  +6  (2»)  +4  (2n*)  =  (21)^ 

A  similar  process  with  regard  to  the  term  BiB^Bi*  yields 

(41«)  +  (321)  +2  (2U«)  =  (21»)(2). 

Reductions  of  forms  of  lower  degrees  are  also  given  by  the  same 
identity.  It  is  not  necessary  to  give  them,  because  they  can  be 
obtained  more  simply  by  formation  of  the  identities  for  the  data 

(k,  e,  f)  =  (6,  3,  2), 
(f,  0,  f)  =  (6,  2,  1). 

We  thus  obtain  the  reductions 

(3«)  +  (321)  +  (2U«)  =  (2')(P), 

(321)  +3  (2»)  +2  (2U*)  =  (2*1)(1), 

(321)  +3  (31»)  +3  (2»)  +4  (2»P)  +6  (21*)  =  (210(10» 

(321)  +3  (31»)  +2  (2«P)  -f  4  (21*)  =  (21)(1»), 
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(31')  +2  (2»l«)  +  4  (21*)  =  (21«)(1), 
(31»)  +  (2r)  =  (2)(l*), 

(2»)  +  2  (2«1')  +6  (21*)  +20  (1*)  =  (I'y, 

(2'!')  +4  (21*)  + 15  (1«)  =  (1*)(1«), 

(21*)+6(1')  =  (1»)(1). 

The  identity  manifestly  also  involves  a  theorem  for  the  multiplica- 
tion of  any  two  symmetnc  functions  whatever. 

I  pass  on  to  the  discussion  of  the  reduction  of  non-unitariants, 
viz.,  those  symmetric  functions  the  parts  of  whose  partitions  are  all 
greater  than  unity. 

If  a  non-unitariant  be  reducible  qua  non-unitariants,  it  must 
obviously  be  I'educible  by  means  of  products  of  pairs  of  non- 
unitariants  ;  this  fact  follows  from  the  circumstance  that  the  product 
of  two  non-unitariants  is  itself  a  non-unitariant ;  the  forms,  in  fact, 
constitute  a  closed  system.  It  should  be  observed  that  this  would 
not  be  the  case  with  some  other  systems  that  might  present  them- 
selves for  consideration. 

If  we  had  to  discuss  the  functions  which  contain  no  pai't  2  in  their 
partitions,  we  have  no  closed  system ;  for  two  forms,  such  as  (31)  and 
(41),  which  are  included  in  the  system,  give  rise  to  forms,  containing 
a  part  2,  which  are  exterior  to  the  system.  Suppose  that  the  quanti- 
ties /3  above  considered  are  not  all  independent,  but  are  connected 

by  a  relation  /(B.,  5,,  5..  ...  B.)  =  0; 

then  the  expression  Z^^^ 

will  not  involve  the  complete  system  of  symmetnc  functions  of  the 
quantities 

**!>    *^»    ^ii     •••» 

for  certain  of  the  products        Bp^  B"^  . . . 
can  be  eliminated  between  the  relations 

z.,,  =  %(pVpi'...)B;\n;:..., 

and,  as  a  consequence,  the  number  of  symmetnc  functions 

(pVpV-) 
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in  the  expression  of  .Z,_,  will  suffer  a  reduction.     We  would  then 

have  a  particular  system  of  symmetric  functions  under  consideration, 

whose  nature  we  may  take  to  be  exactly  defined  by  the  conditional 

relation  . ,  „    „    „  „  v 

/(B„i?„J?„  ...  J?,)  =  0. 

For  the  theory  of  the  reducibility  of  this  system  we  are  led  to  the 
1  entity  l+^B,+/x'B,+fx'B^+...+^t'B, 

X  il-^■fiBl'+^x'B:'+,x'Bi'+...+^L-*B::,), 

^  being  any  integer  equal  or  less  than  ^6,  with  the  three  conditions 

fiB„B„B„  ...B,)=0, 

f{B{,B'„B;,  ...b;,  0,0,  ...)=o, 
f{B[',  K',  Bi', ...  b::„  0,  0,  0,  ...)  =  0. 

Hence  there  are     0—1  independent  quantities  B, 

and,bince  (^-l)-(0-l) -(0-^-1)  =  1, 

the  satisfaction  of  the  identity  necessitates  another  relation  between 

-"n  ■"«»  "t^  •  •  •  -^#1 

say  4>^(B„B„B„...  B,)=0. 


Write  this  for  brevity 


^,=  0. 


This  is  the  condition  of  reduction  for  a  given  value  of  the  integer  <{>, 
Considering  merely  this  particular  mode  of  reduction,  we  find  that 
the  condition  _ 

causes  a  further  diminution  in  the  number  of  symmetric  functions 
appearing  in  the  expression  of 

z.,.. 

These  disappearing  functions  are  those  which  cannot  be  reduced  in 
the  particular  manner  we  are  considering. 

I^  ^ij  ^21  •••  9»  ^6  *  particular  values  of  p,  the  condition 
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leads  to  the  functions  that  cannot  be  reduced  in  any  of  the  modes 
defined  by  the  integers 

For  complete  irreducibility  we  hare  the  condition 

Non-nnitariants  constitute  the  simplest  restricted  system  that  it  is 

possible  to  devise.     They  are  the  solutions  of  the  partial  differential 

equation 

d    .        d    .      J_ 

da^ 


'^'"=  (£;+"•  i;+'^£+")'*  =  °- 


It  will  subsequently  appear  that  other  restricted  systems  corre- 
sponding to  other  differential  equations  may  be  usefully  considered, 
but,  for  the  present,  non-unitariants  are  alone  under  view. 


Hence 
and  therefore 


i?»  =  B;  =  B;'  =  o, 


Z^^0  now  only  involves  non-unitariants 

Z,..=  (3)5„ 
^v=  (5)i?.+  (32)i?,B„ 


In  order  that 


l+M%..  +  /i%..+  ... 


may  be  broken  up  into  factors,  involving  non-unitariants  only,  we 
must  have 

=  (l+/i*5;+/i'J5i+...+/i*5;) 

x(i-hAi*K+/j?;'+...+,x-*B;:,), 

for  some  value  of  ^  ^  ^0. 
It  is  easy  to  see  that 

when  on  the  right  we  have  a  symmetrical  function. 
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Hence  the  complete  condition  of  reduction  in 

*n'{n(/j,+/3,+  ...+j3,)}  =  o. 

The  Tveight  of  this  condition  in  the  quantities  Z?„  Pg,  ...  is  as 
shown  by  Stroh  and  Cayley,  and,  as  it  is  easy  to  verify, 

This  condition  causes  one  B  product,  containing  a  factor  5„  of  weight 
u;«,  to  disappear  from 

and  indicates  the  irreducibility  of  the  corresponding  non-unitariant. 

The  same  procedure  as  was  adopted  for  the  unrestricted  system 
shows  that  every  other  form  not  thus  shown  to  be  irreducible  is  in 
fact  reducible. 

It  is  now  easy  to  show  that  the  number  of  perpetuants  of 
degree  0  and  weight  w  is  given  by  the  coeflBcient  of  «"  in 


(l-ar')(l-a:»)...  (!-«•)* 

Passing  to  the  simplest  particular  cases,  I  put  /i  =  — ,  and  consider 
the  factorizations  of  the  polynomial 

which  exhibit  it  as  the  product  of  two  polynomials  each  wanting  the 
second  term. 


Degree  2,  ^  =  2. 

We  have  «*+J5„ 

and  a  factor,  if  it  exist,  must  be  simply  x,  which  necessitates 

PA  =  ^,  =  0. 

Hence,  in  the  reducing  identity  above  considered,  the  terms  in  B^ 
vanish,  and  no  symmetric  function  which  appears  as  a  coefficient  of 
any  power  of  B^  can  be  exhibited  in  a  reduced  form ;  such  functions 
are  comprised  in  the  series 

(2),  (2»).  (2*),  .... 

which  therefore  are  all  irreducible. 

t:2 
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Hence  (2^) 

expresses  all  pcrpetaants  of  deg^ree  2,  and  the  generating  function  is 

Degree  3,  6  =  3. 

We  have  aj»4-5,«  +  JB„ 

and  one  factor  must  he  x. 

Thence  /3,  /3,/3,  =  —  P,  =  0. 

All  terms  of  the  form  (3'**2*)  B;**J5J 

disappear  from  the  reducing  identity. 

The  series  of  perpetuants  of  degree  3  are  included  in 

(3-^*2^), 
and  the  generating  function  is 

Degree  4,  ^  =  4. 

We  have  x*  +  B^x^  +  B^x  +  B^, 

The  factors  may  have  the  forms 

For  the  factor  x,  we  have 

ftiMA  =  i?4  =  0, 

while,  for  the  factor  a**  -|-  P, 

n(ft,+p,)  =  B,  =  o, 

or  the  whole  condition  is 

Hence  all  the  terms  of  the  form 

(4-*'3"'»2'-)Pj*^39J-»P^ 

disappear  from  the  reducing  identity,  and  the  whole  senes  of  per- 
petuants of  degree  4  are  comprised  in  the  expression 

(4*^'3^*»2'*), 


1895.]         Perpetuant  Invarianh  of  Binary  Quanties. 


277 


and  the  generating  function  is 


Degree  5,  0  3=  5. 

We  have  oj*  -f  J5,aj*  -f  BjOj* + B^a;  +  B^, 

and  the  required  factors  can  assume  the  forms 

For  the  factor  x,  Ufi^  =  —  B^  =  0, 

the  condition  for  the  factor  a'+P  is  clearly  the  eliminant  of 

«*+ J5,aj»+J54 


and 

or  of 
and 

which  is 


hence  the  complete  condition  is 

n/3,n  (/3,+/3,)  =  ^-BjB,B,+5»B,j?;  =  0. 

On  the  left-hand  side  of   the  reducing  identity,  we  haye,  with 
others,  the  three  terms 

(6«)  5j+(6«32)  j^.B,B,  +  (543«)  B,B,bI 

and  each  term  separately  would  be  reducible  but  for  the  condition 

Bi-'BlB,B,-\-B,B,Bl  =  0, 

which  indicates  that  we  can  eliminate  from  the  reducing  identity 
either  of  the  pi-oducts 

El,    J5ft  B^  B„     JBj  B4  Bt , 

and  thus  obtain  two  instead  of  three  reducible  non-unitariants  fi*om 
the  three  ^^,^^     ^^233)^     (543«). 

Eliminating  ^,  we  have,  in  the  reducing  identity 
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indicating  the  I'educibility  of  the  non- unitarian ts 

(6»)  +  (5«32), 
-(6>)  +  (643«). 
If,  instead,  we  eliminate  ifiB^Dt  and  BiB^lf^^  we  obtain  respectively 

{ (6»)  +  (5*32)  ]  Bj  +  {  (6'32)  +  (543«)  }  B,  I?* jBJ, 
and  { (5»)  -  (543«;  ]  bJ  4-  { (5*32)  +  (643»)  }  if,  J5,  B,. 

If  we  agree  to  consider  a  non-nnitariant  reducible,  if  it  can  be  ex- 
pressed in  terms  of  non-unitariants  subsequent  to  it  in  dictionarj 
order  and  of  compound  forms  of  the  same  degree,  we  may  regard 

(5*)     and     (5*32) 

as  reducible,  as  being  capable  of  reduction  by  the  aid  of  the  form 
(543-),  which  is  subsequent  to  them  in  dictionary  order.     Hence  we 

'•''^^'^  (543') 

as  the  exemplar  perpetuant  of  degree  5  and  weight  15. 

The  forms  (5'),  (5*32)  may  be  said  to  be  non-exemplar. 

All    exemplar    perpetuants    of    degree   5    are    comprised  in    the 

expression  (5-4'*'3-»2'). 

For  a  given  weight  w  w^e  have  a  number  of  equations  of  condition 
between  the  products  of  the  quantities  B„  2?j,  B4,  B^  equal  to  the 
number  of  ways  of  composing  the  number  w;  — 15  with  the  parts 
2,  3,  4,  5  ;  these  are  foi-med  by  multiplying  the  left-hand  side  of  the 

equation  B^-IflC.B.  +  B.B.I?:  =  0 

by  eaich  product  of  the  quantities  J?,,  2?,,  i?4,  Bj  of  weight  tt'  — 15. 
Inhere  are  also  precisely  the  same  number  of  exemplar  perpetuant 
forms  of  degree  5  and  w^eight  w.  From  these  equations  of  condition 
and  the  equation  of  reducihility  of  weight  it?,  we  can  eliminate  all  the 
products  which  contain  the  factor 

B,B,Tf,, 

and  thus  exhibit  the  reduction  of  all  non-exemplar  non-unitariants 
by  the  aid  of  the  exemplar  foims. 

Thus  the  generating  function  for  degree  5  is 


(l-a;'')(l-«»)(l-a;*)(l-a^)  ' 
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The  reducibilitj  of  forms  of  degree  5  by  means  of  products  of  quadric 
and  cubic  forms  is,  as  we  saw,  gOTcmed  by  the  relation 

which  proves  that  of  a  weight  lower  than  10  all  forms  are  so  ex- 
pressible ;  ex,  gr.f 

(63)  =  (3«)(2)-(3«2)(a«), 

where  a'  has  been    introduced   and  in  a  covariant  identity  would 
represent  the  square  of  the  quantic  itself. 

For  the  weight  10,   however,    the  relation  shows  that  only  the 

combinations  (5') -(43')  a, 

(532)  +  (43*)  a 
are  so  expressible. 

Moreover,  the  form  (43')  is  not  expressible  by  means  of  products 
of  quadric  and  cubic  forms  (say  by  products  2.3),  and  thus  is  not  a 
quintic  syzygant.  It  immediately  follows  that  the  form  (643*)  is  a 
perpetuant,  for,  had  this  form  been  reducible,  the  operation  of  decapi- 
tation (see  A.  M.  /.,  Vol.  vii.),  or  in  other  words,  the  performance  of 

A  =  |j  (9«.  +  a,3^+a,3,.4.  ...)• 

on  the  two  sides  of  the  equation  exhibiting  the  reduction,  would  have 
shown  (43')  as  a  quintic  syzygant. 

Algebraical  results  of  this  nature  are  not  yielded  by  Stroh's 
untransformed  theory. 

Deg^e  6,  0  =  6. 

This  case  has  been  worked  out  in  detail  by  Professor  Cayley  (loe, 
cit),  but  I  do  not  hesitate  to  give.it  here,  as  I  wish  to  introduce  some 
new  methods  of  arriving  at  the  equations  of  condition. 

The  quantic  is 
the  required  factor  assuming  either  of  the  forms 

For  the  factor  «,  11/3,  =  5^  =  0, 

and,   for  the  factor  af-^-Py  the  condition  is  the  vanishing  of   the 

eliminant  of  .     ^    .  . 

j^ -\- B,x' '\- B^x' +  B^ 
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and 
This  is 


JB^a^  +  Pj. 


n(/3i+/5,)  =  ^^'    ^»'  ^*'  -^-j 


B,Bl'^lf,'^BlB,B,-BiB,Ei 


=  0. 
The  notation  P'  -^»'  ^*'  ^•^ 

for  the  eliminant  in  question  will  be  found   conyenient   in    what 
follows. 

The  condition  introduced  by  the  third  type  of  factor  is  obtainable 
in  a  variety  of  simple  ways,  of  which  a  few  of  the  most  interesting 
will  be  given. 

The  condition  is,  of  course,  equivalent  to 

n(/3i+/3,+/5,)=0. 

First  Method. 
We  have  the  identity 

x'-\-B,x*-^B^^-\'B^s^-^B^x  +  B^  =  (a^-\-Px-\'Q)ii^-\-Re+8\ 
leading-  to  the  relations 

B,-r-n=  B,-Q^S-  /?,-PE=B5-P5-QB  =  Be-QS  =  0. 
Multiplying  the  two  zero  determinants 


we  obtain 


FRO 
Q    S    0\ 
1     1     0  I 

2PB 

FS+QR 
P+Q 


or 


R  P    0 

S  Q     0 

1  1      0 

PS+QR  P+B 

2QS  Q  +  S 

Q  +  fif  2 

=  0, 


=  0, 


27?^  i?,  E, 
B»  2B,  B, 
2?,      B,     2 

or  (IT -in,)  (K  -  4B.)  -  (^.^.  -  2U.)'  =  0, 

the  condition  requii'ed  (cf,  Cayley,  I.e.), 
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Second  Method, 
The  qnantic         x^  +  B^x*  +  B^  +  B^a^  +  B^x  +  B^, 

equated  to  zero,  determines  the  abscissae  of  the  six  points  of  inter- 
section of  the  conic 

with  the  cubic  curve  y— aJ*  =  0. 

If  the  conic  break  up  into  two  right  lines 

(y  +  Pa;+CJ)(y  +  l?a?  +  S)  =0, 

the  quantic  considered  is  replaceable  by 

(a;»  +  Pa;  +  e)(ar»+i2a;  +  iS'). 

Hence  the  discriminant  of  the  conic  with  regard  to  y  must  be  a  per- 
fect square. 

This  discriminant  is 

(Bl--4B^)a?'^2(B,B,-2B^)  aj+Bj-4Be. 

Hence  (B^-4i?,)(Bj-4Be)-(2?,Z?,-2B5)«  =  0, 

the  same  result  as  before. 
This  may  be  written 

4>B,B,--BiB,-:B]i-B,B,B,--B,Bl=  0, 
The  complete  condition  is  thus 

n/3.no3.+/3,)no3,+/3,+i3.) 

=  0, 
or,  as  calculated  by  Professor  Cayley, 

-b!^.^-^.b;b,bJ-4^b.b!^+^jb,B4bJb5 

+  ^,B5BjB,-B;B.B;+B.B;-2B,B;BaB,  +  2B.B|B.B| 
+  B,BlnlBl-2njt\BtBlBi  +  B,B,B\B\  =  0. 
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The  last  term,  in  dictionary  order,  being  B^BjJBJbJ,  we  see  that  the 
non-unitariant  ^^^^,^^ 

is  the  exemplar  perpetnant  of  degree  6  and  weight  31.  Eliminating 
the  remaining  terms  in  succession  between  the  eqnation  of  condition 
and  the  equation  of  reduction,  we  obtain  the  reduction  of 

6»43»-4  (654«3*), 

(6'3'2*)  +  (654»3*), 

(6*5»4)-|-4(654'3*), 

Altogether  of  weight  31  there  are  16  non-exemplar  forms  reducible 
by  the  aid  of  (664*3*;. 

All  perpetuants  of  degree  6  are  included  in  the  expression 

(6'*^5^**4^**3'**20, 
and  the  enumeration  is  given  by  the  generating  function 

^ 

(l~aj*)(l-a^)(l-a;*)(l-a5*)(l-a^)  * 

Degree  $, 

At  this    point    it  will    be  convenient  to  determine  the    general 
expression  for  all  exemplar  perpetuants  of  degree  6. 

Expressed  in  terms  of  /3„  /3j,  ...  /3,  the  equation  of  condition  is 


•      « 


J,  =  n/5,n  (/3,+A)  n  (/3,+)3,+/i,) ...  n  (/?,+/?,+...  +/J.), 

•where  m  i  \0. 

When  j3„  =  0, 

^  =  B...  {n  (A + A)  n  (A +/?,+/?,) ...  n  (/3,+/3,+  ...+/3„)}', 


where 


n  «  i  (tf-1)  ; 


therefore  J,  =  ^-^  «/J»i  +  terms  involving  higher  powers  of  B^. 

-Of- I 

Let  P«  denote  the  B  product  which  corresponds  to  the  simplest 
exemplar  perpetuant  of  degree  0,     Then 

p  —   ^*    T>^ 
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and,  assuming    P,_i  =  i?,-ii?#_2^#-3^#-4-^-«  •••  ^    ' 
we  find  P#  =  i?*^«-i-^*.2^#-3-^-4   •• -^3     > 


justifying  the  assumption  and  establishing  that  the  exemplar  per- 
petuant  of  degree  0,  and  of  weight  2*"*  — 1  is,  when  ^>2, 

where,  commencing  from  the  left,  6  —  2  different  symbols  are  written 
down  to  make  up  the  partition. 

Also  the  general  form  of  exemplar  perpetuants  is 

(6-»*S  (?-l'-*\  ©-2'•*^  0-3'***,  ...  S"-'"*"'^*"*,  2''*-'), 

If  we  know  the  whole  of  the  non-exemplar  perpetuants  of  degree 
^—1,  we  can  derive  the  whole  of  those  non-exemplar  perpetuants  of 
degree  0  which  involve  in  their  partitions  the  number  $  unrepeated. 

B       i 
For    J,  =  —-^/^.i-h  terms  involving  higher  powers  of  B,,  there- 
to*-! 

fore,  /,  =  §  (Bl-B]B,B,-\-B,B,Bif-\-... 

=  B.Bl-2B,B\B^B,-\-2B,BlB,Bi 

I     •  •  •   J 

which  a  reference  to  the  value  of  Jq,  already  calculated,  shows  to  be 
correct. 

A  considerable  portion  of  /«  may  be  written  down  from  the  results 
already  obtained ;  for 

«/#  —  -=;      «'#-i"r  ... 


leads 


whence 


B^B^.iBi.^B^.i ...  Bj      Ti»-«, 


when  we  know  the  complete  value  of  J^- 
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The  simplest  non-exeinplar  perpetaant  of  degree  9  is  easily  foand, 


for 


t/,  =  ...  —  2B^B^BiSiB^-\-  B^B^ff^ni^ 


and  the  term  in  /«  which  precedes  the  B  prodnct  corresponding  to 
the  exemplar  form,  in  dictionary  order,  is 

B.B,^,Bl,Bl,, ...  ^;     £^BiB,B!lB^  {B^B^I^B'f'^-\ 


Bl 


or 


for 


7?    »        B*       »*  J?^*"'  »^"'  7?******  »*•"*-*  n**"*-*  7? 


e>6. 


The  simplest  non-exemplar  perpetuant  thns  has  the  partition 
{$0-1  0-2' OS* ...  7»*-*6»*"'6*'-**U'-'-»3»*"*-*2), 


for 

e>6. 

and  this  gives  for 

0  =  7 

(76.5»4'3'2), 

©  =  8 

(876«5*473«^2), 

6  =  9 

(987W5H"3»'2), 

and  so  on. 

The  calcnlation  of  the  complete  value  of  Jj  is  a  very  laborious 
matter,  as  it  contains  several  hundreds  of  terms.  Moreover,  special 
methods  of  elimination  lead  to  extraneous  factors  which  are  very 
troublesome. 

In  a  similar  manner  it  is  possible  to  find  the  perpetuant  solutions 
of  the  partial  differential  equation 
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An  Extension  of  Vandermonde's  Theorem.  By  F.  H.  Jackson. 
Bead  March  14th,  1895.  Received,  in  revised  form,  May 
14th,  1895. 

1.  The  function 

(a-n+l)(a-w+2).  ..(a-n  +  K)      ^     r(a+l)  ,, . 

(a+.l)(a  +  2)...(a  +  0  -r(o-n  +  l) ^  ^^ 


«■« 


If  n  be  a  positive  integer, 

r  (a  +  1)  =  a  (a-l)(a-2)  ...  (o-n  +  l)  T  (a-n+1), 


and 


y^"'^y,,  =  a  (a-l)(a-2)  ...  (a-n+l). 


to 


Similarly,  if  n  be  a  negative  integer  (=  —  m),  function  (1)  reduces 

1 


(a-|-m)(a-|-m— 1)  ...(a  +  l) 

2.  Let  a^  denote  the  pi'oduct  of  n  related  quantities, 

a,  a  —  1,   a — 2,  ...  a  —  n  +  l, 

then  such  expressions  as  a^,  a.„,  o^/,  seem  to  be  without  meaning. 
Exactly  the  same  might  have  been  written  concerning  a*,  a"*,  a**^',  so 
long  as  a"  was  regarded  as  the  product  of  n  factors  each  equal  to  a. 
As  soon  as  the  genei'al  law 


.iN-f  n 


a    X  a    =axa    =a 

was  assumed  in  the  Theory  of  Indices,  fractional  and  negative  powers 
were  interpreted,  and  the  Binomial  Theorem  was  shown  to  be  true 
(with  certain  restrictions)  for  negative  and  fractional  values  of  the 
index.  Vandermonde's  Theorem  is  a  finite  algebraical  identity 
analogous  to  the  Binomial  Theorem  for  positive  integral  indices.  We 
shall  show  that 


,   n  .  71  —  1  ...  n  — r  +  1  t    • 


r\ 


(2), 


where  n  is  not  restncted  to  being  a  positive   integer,  and  a„  denotes 
the  function  (1). 
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3.  Firstly,  writing 

a^  =  a  (a— l)(a— 2)  ...  (a— n+1), 
aj^=^  a  (a— l)(a— 2)  ...  (a— m+1), 
(m  and  n  being  positive  integers),  we  have 


(A). 


Let  us  assume  these  to  be  general  laws  in  a  manner  analogous  to 
the  assumption 


a*^  X  a""  =  a'' X  a"'  ^  a 


M-t-n 


in  the  Theory  of  Indices,  then  we  must  find  in  general  functions  o^ 
and  a«  which  satisfy  the  relation  (A),  m  and  n  being  unrestricted. 

Function  (1), namely  =-7"  ^^ t\»  ^  such  a  function,  for,  on  writing 

r  (a — n-\-l) 

"'•      r(a-n  +  l)' 

.                ^,         X             r(a  +  l)           r(a— n-hl) 
we  get  a„  X  (a—n)^  =  — — ^ -^  — —^^ -^ 


In  the  same  way 


r(a— n  +  l)  r(a-n— m+1) 

r(a-H)         _ 
r(a— n — m-hl) 

«■•  X  (a— m)„  =  a«+,. 


Of  course  the  relations  (A)  would  be  satisfied  if  we  assumed 


a»  = 


/(a-w)' 


/  (a)  denoting  any  function  of  a  whatever,  but  the  function  a^  must 
be  such  as  will  reduce  to 

a(a-l)(a-2)  ...  (a-n+1) 

if  n  be  a  positive  integer.     We  therefore  take 


a«  = 


_    r(a-H) 


r(o-n  +  l)' 
which  function,  we  know,  reduces  to 

a(a-l)(a-2)  ...  (a-n  +  1), 
if  n  be  a  positive  integer. 
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An  extended  form  of  the  relation  (A)  is 

apX(a-^),  x(a— 2>— 5)^x(a— i>— 5— r),X  ...  =  a^+^T***.... 


n 


Let  each  of  the  m  quantities  p,  2,^,8,  ...  be  equal  to  — ,  where  n 

m 

and  m  are  both  integers  ;  then  (a)^i^  will  be  a  function  such  that 


(a)^/^x(a-— )      x(a-  — )      X  ...  X  (a- 


1W, 


) 


—  ^ii/m  -f  »/iM  -f ...  to  m  temu 


=  a„. 


The  function  (1)  satisfies  this  relation. 

Putting  n  =  0  in  ct«  =  „  ^^ ^  , 

^  "       r(a— »  +  l) 


we  get 


00=*!. 


4.  Let  JPi  (a,  /3,  y)  denote  the  hypergeometric  series  in  which  the 
element  x  is  equal  to  unity  ;  then 


n(y-lin(y-a-/j-l)_  =  j,  ,„   fl  ^) 

n(y_„-i)n(r-/8-i)     "''^"'P'^^ 


(B). 


where  11  denotes  Gauss's  11  function.     In  Gramma  Functions  this  may 
be  written  n  /  \  r-  /  /2\ 


For     a  substitute  —  n, 


»> 


/5 


Then  the  equation  (C)  becomes 


»» 


?^ 


-6, 

a  — n+L 


r(o4-l)  1  (a-ho— w-hl) 

=  1  .     (-^)(-fe)     .   ( -n)(-n-H)(~fe)(-64.1) 

l!(a-H-fl)  2!(a-n+lXa-n+2)       ^•" 


-h 


(-.„)(-^  +  l)...(-n+r-l)(-6)...(-6+r-l)   . 


=  1  + 


»,6i 


+ 


r!  (a— n+l)(a— w-i-2)  ...(a— n  +  r) 
w^&2  ,         ,  firbr 


l!(a-n  +  l),      2!(a-«-h2), 


+  ...+ 


r!  (a— n  +  r)^ 


+  ... 


CD). 
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Now  """^^ 
and 


r(a4-l)       r(a~n-H) 
r(a-n-f2)       r(a+l) 

1 


(a-n  +  1)' 


(tt-7i4-2)/ 


1 


r Co-^w  + 1)      r(a-hfe-hl)     _  (g-hb), . 


therefore  we  have 

(g-f  &)„  __  g^    ,    M,    g,^- 1^1   ,    n^   ct„  oh^  .       +  —  ^ii^  + 

2!      g„ 


g, 


g„        1 !       g« 


ri       g. 


Multiplying  both  sides  by  g„,  we  have 

/     .  r\              I              L    I  w.w  — 1         ,    .         .  w.M  — 1  ...n  — r  +  1         , 
(g4-o;„  =  g„-|-Wig„.iO,+     -^.^  -  g«-20,-h...  + ^ •  a^.^br 

mi  9  9     • 


+  ... 


(E), 


subject  to  the  convergence  of  the  infinite  series  on  the  right  side  of 
the  above  equation. 


5.  Denoting  the  general  t^rm  of  the  series  (E)  by  g„  the  ratio 

n^>i w— r-rl    ft  — r 4-1 


Ur 


r  a  —  n-\-r 


which  approaches  unity  when  r  increases  without  limit. 
Using  the  general  test 

Lim      I  r  {—^ ^  )  ""^  I  ^^^  ^     >  1   (convergent  series), 

<  1   (divergent  series), 
we  find  the  condition  of  convergence  is 

g  +  6  +  1  >  0. 
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Thursday,  April  4th,  1895. 
Major  P.  A.  MACMAHON,  E.A.,  P.E.S.,  President,  in  the  Chair. 

The  Rev.  T.  C.  Simmons  read  a  paper  on  "  A  New  Theorem  in 
Pi*ob ability."  Messrs.  Bryan,  Cnnningham,  the  President,  and 
Dr.  C.  V.  Burton  (a  visitor)  joined  in  a  discussion  on  the  paper. 

The  President  (Mr.  Kempe,  Vice-President,  in  the  Chair)  com- 
municated a  Note  on  "  The  Linear  Equations  that  present  themselves 
in  the  Method  of  Least  Squares." 

The  President  then  read  the  title  of  a  paper  by  the  Rev.  W.  R.  W. 
Robei'ts,  viz.,  "  On  the  Abelian  System  of  Differential  Equations,  and 
their  Rational  and  Integral  Algebraic  Integrals,  with  a  discussion  of 
the  Periodicity  of  Abelian  Functions." 

The  following  presents  were  received : — 

Miller,  W.  J.  C. — **  Mathematical  Questions  and  Solutions,"  VoL  Lzn.,  8vo; 
London,  1895. 

"  Smithsonian  Report,  1893,"  8vo ;  "Wanhington,  1894. 

**Beiblatter  zu  den  Annalen  der  Physik  imd  Ghemie,"  Bd.  xix.,  St.  3; 
Leipzig,  1895. 

**  Mittheilungen  der  Mathematischen  G^ellschaft  im  Hamburg,'*  Bd.  ni.. 
Heft  5,  1895. 

^*  Jahrbuch  iiber  die  Fortschritte  der  Mathematik,"  Bd.  xxrv..  Heft  1  ;  Jahr- 
gang  1892  ;  Berlin,  1895. 

**  Archives  Ncerlandaises,"  Tome  xxvin.,  Livr.  5  ;  Harlem,  1895. 

**  The  Silver  Question  :  Injury  to  British  Trade  and  Manufactures,"  papers  by 
G.  Jamieson,  T.  H.  Box,  and  D.  0.  Croal,  8vo ;  London,  1895. 

**  Bulletin  de  la  Soci^tc  Math^matique  de  France,"  Tome  xxm..  No.  1 ;  Paris, 
1895. 

**Rendiconto  dell' Accademia  delle  Scienze  Fisiche  e  Matematiche  di  Napoli," 
Serie  m..  Vol.  i.,  Fasc.  1,2;  1895. 

**  Kachrichten  von  der  Konigl.  G^ellschaft  der  Wissenschaften  zu  Gottingen," 
Heft  1  ;  1895. 

Braime,  "W.,  and  0.  Fischer. — "Der  Qfnig  des  Menschen,"  Th.  1,  royal  8vo  ; 
Leipzig,  1895. 

Bruns,  H.— **  Das  Eikonal,"  R.  8vo;  Leipzig,  1895. 

"Atti  della  Reale  Aocademia  dei  Lincei — Rendiconti,"  Sem.  1.,  Vol.  iv., 
Fasc.  5  ;  Roma,  1895. 

"  Educational  Times,"  April,  1895. 

*'  Acta  Mathematica,"  xrx.,  1 ;  Stockholm,  1895. 
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*' Journal  fiir  die  reine  iind  angewandte  Mathematik/'  Bd.  cxiv.,  Heft  4; 
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A  New  Theorem  in  Probability.  By  Rev.  T.  C.  Simmons,  M.A. 
Read  April  4th,  1895.  Received^  in  revised  form,  June  6th, 
1895. 

1.  "  Zy  an  event  happen  on  the  average  once  in  m  times,  m  being  greater 
than  unity,  then  it  is  more  likely  to  happen  less  than  once  in  m  tiTnes 
than  it  ix  to  happen  more  than  once  in  m  times."  In  the  present  paper 
I  undertake  to  prove  this  novel  proposition,  which  may  be  enunciated 
more  explicitly  thus : — "  If  an  event  may  happen  in  />  ways  and  fail 
in  a  ways,  a  being  greater  than  /;,  and  all  these  ways  are  equally- 
likely  to  occur,  then,  /i  trials  being  made,  where  /i  is  any  multiple  of 
a-{-b,  large  or  small,  or  any  random  number,  the  event  is  more  likely 

to  happen  less  than  -^-— -  times  than  it  is  to  happen  more  than    ^  , 

times."     Moreover,  if  the  ratio  of  a  to  It  be  greater  than  4,  I  shall 
venture  to  assei-t  and  prove  a  wider  proposition,  viz.,  that  the  event 

is  more  likely  than  not  to  happen  less  than  -^- —  times.     This  amounts 

a-^-b 

to  saying  that  if  a  die,  for  instance,  be  tlirown  any  number  of  times, 

large  or  small,  chosen  at  random,  the  number  of  appearances  of  the 

ace  is  more  likely  than  not  to  be  less  than  ^  of  the  immber  of  throws. 

For  reasons  which  will  be  stated  in  Ai't.  32,  I  am  compelled  aY  present 

to  qualify  the  foregoing  statements  by  the  limitation  that  6  =  1. 

2.  The  first  suggestion  of  such  a  proposition  arose  in  this  way. 
At  the  beginning  of  the  present  year  I  was  engaged,  for  a  purpose  to 
be  elsewhei'e  i^ecorded,  in  the  collection  and  examination  of  upwards 
of  40,000  itindom  digits ;  and  was  considerably  surprised  to  find  that, 
aggregating  the  results,  each  digit  presented  itself,  with  unexpected 


1895.]  New  Theorem  in  Probability,  291 

frequency,  less  than  -j'jy  of  the  number  of  times.  For  instance,  in 
100  sets  of  150  digits  each,  I  found  that  a  digit  presented  itself  in  a 
set  more  frequently  under  15  times  than  over  15  times  ;  similarly  in 
the  case  of  80  sets  each  of  250  digits,  and  also  in  other  aggregations. 
Attempts  to  get  rid  of  the  disci'epancy  proved  futile,  it  reappearing 
with  such  peraistency  as  to  demand  an  explanation.  Doubts  arose 
at  first  as  to  the  randomness  of  the  digits  ;  but  subsequent  laborious 

calculations  of  each  separate  term  of  (i^  +  tV)"^  ^^^  (i'o  +  to)*'^?  ^o 
six  places  of  decimals,  elicited  the  fact  that  the  discrepancy  was  to  be 
expected ;  and,  a  like  result  persistently  appearing  in  other  numerical 
expansion  tests,  the  idea  vran  suggested  of  examining  closely  the  rela- 
tion between  the  sum  of  the  tii*st  w  temis  and  the  sum  of   the  last 

+ r  1 

Strange  to  say,  although  mathematicians  of  the  highest  eminence 
have,  ever  since  the  discoveiy  of  the  binomial  theorem,  devoted 
themselves  to  the  scientific  ti*eatment  of  probability,  and  even  in 
some  cases  to  its  unscientific  treatment  (in  such  instances  as  the 
credibility  of  witnesses,  or  the  fallibility  of  juries,  or  discussions  as 
to  whether  the  acquisition  of  £100  is  of  greater  or  less  *' importance" 
or  *'  value  "  to  a  man  possessing  £10,000  than  is  the  accjuisition  of 
£10  to  a  man  possessing  £1000 !),  there  seems  no  trace  of  previous 
investigations  of  this  pai*ticular  matter.  It  is  true  that,  when  n  is 
very  large,  it  has  been  constantly  assumed  that  the  two  sums  of 
teniis  are  almost  exactly  equal ;  but  even  this,  1  believe,  has  never  been 
stnctly  demonsti-ated,*  nor  have  attempts  been  made  to  show  to  what 
closeness  of  approximation  the  equality  may  be  relied  on.  Moreover, 
as  we  shall   see  in  Art.  22,    it  is  necessary  that  not    n  only,  but 

also,  should  be  a  large  number,  if  the  two  sums  of  terms  are  to 

a  4-1 

be  approximately  equal  at  all. 

I].  In  what  follows,  we  shall  presume  throughout  that  w,  a,  h  are 
positive  integei's,  and  a  always  greater  than  h ;    /.e.,  in  no  case  less 


*  The  jU58umption  has  ji:enerally  been  baned   (so  far  as  I  liavc  obsen'od)  on  the 
fact  that,   when  n  is  infinite  and  r  finite,  the  ft^»  tenu  before  the   («A+l)th  in 

+ 1  differH   only  infinitesimally  from   Wm  rtli  tenu  after  it;    no 

a-k-b     a  +  bJ 

tu'count  being  taken,   (i.)  of  what  happens  when  r  bec<^mes  equal,  for  instance,  to 

^nb  or  thereabout^,   nor  of  the  fact  (ii.)  that  thesimi  of  an  infinite  number  of  infini- 

tenimal  ditl'erences  may  itself  represent  a  ^)tUe  difference,  nor  (iii.)  that  the  tenus 

after  the  {>ib+  l)th  infinitely  exc^etl,  in  mmiber,  the  terms  before  it. 

u2 
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than  2.       In   the    expansion    of  ( -\ )  in    descendiur* 

powers  of  a,  the  gi^eatost  term  is  the  (nb  4- 1)*^,  which  may  also  be 
called  the  neutral  tenii.  The  first  nb  teiins  may  conveniently  be 
denominated  the  short -side,  and  the  last  na  terms  the  Io7ig-side,  of  the 
expansion. 

When  the  odds  against  an  event  are  a  to  6,  and  the  number  of 
trials  is  a  multiple  of  a-\-b,  we  shall  call  it  a  ccnnplete  set  of  trials  ; 
when  not  a  multiple  of  a-{-b,  it  may  be  called  a  broken  set. 

We  will  investigate  the  most  important  case  first — it  is 

1.   Complete  Sets. 

(^                   ^       vnaffifr 
-j J  in  descending 

powers  (tf ~ ,   the  sum  of  the  first  nb  terms  always  exceeds  the  sum  of 

the  hist  na  terms ;  the  ejcc^ss  is  a  maximum  when  n  ^=-\y  and  C(ynstantly 

diminishes  as  n    increases,    ly^ng    always    between  — times    the 

3    a'\-b 

(II             ft    Y'"-*-"*              1    a b 
-h 7  I            a7id   — -   times   the  greatest 
a  +  b      a-^bJ                     3    a-|-6  ^ 

tervii  in  ( ■\ J  ;   its  ultimate  value,  wlieyi  n  is  very  larqe, 

1    .  ,  ,      1  a— 6 

t)ei7ig  equal  to  -  -    -—    .^.r.,_^^_-^. 

3     V^wnab^ai-b) 

FoKMUL.+:. — (1)  If  the  excess  be  developed  in  powera  of  — ,  its 
first  two  terms  are 

3    a-\~b\         4^hn         ab  (a-\-b)        )     '" 
where  Cr„  is  the  greatest  tenn  for  the  index  wa  +  7i6. 

(2)  If  the  sum  of  the  firet  nb  terms  of  the  expansion  be  similarly 
developed,  its  first  three  terms  are 

1  a  +  2b     (,        2     (a~ft)(2a  +  fe)  )  ^ 

2  S(a-^b)\     ■*"45n       ab  (a^b)       )    '"' 

with  a  cori-esponding  formula  for  the  sum  of  the  last  na  t^rms. 
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5.  For  the  sake  of  bi'evity,   we  will  employ  the  symbol   (a,  hy  to 


a      .      h 


denote  the  /**  power  of -h        ,  ,  and  the  symbol  (a,  lY  to  denote 

the  /•'**  power  of H . 

^  a+1       a+l 

Now  it  will  easily  be  seen,   if  we  multiply  the   sepai*ate  terms  of 

(a,  hy  by  the   separate  terms  of  (a,  ?>)\  that  the  sum   of  the  first 

p  terms  of  («,  ?;)*■**  is  less  than  the  sum  of  the  first  2?  terms  of  (a,  hy^ 

by times  the  j3^^*  term  of  (a,  by-,  and  the  sum  of  the  first  jd+1 

terms  of  (o,  by^^  is  greater  than   the  sum  of  the  first  p   terms  of 
(a,  />)•■,  by    -      times  the  {p-^-iy^^  term  of  (a,  by. 

This  being  premised,  and  employing  /'i,„,+„*r  to  denote  the  short- 
side  (i.(\,  the  sum  of  the  first  ?i-|-l  t«rms)  of  (a,  1)'*"*"  '^  where  /  has 
any  value  fi-om  1  to  a  +  l,  both  inclusive;  and  S^a^n  to  denote  the 
short-side  (/.f^.,  the  sum  of  the  first  n  tenns)  of  (a,  l)""*",  we  have 

(w-hl)*J»  terai  of  (a,  1)'*"*"  =  O,,, 


therefore 


ct  cr  


a 


n-tl 


(K ; 


(ni-iy^'  term  of  (a,  1) 


iu..«*i_      «      7/a-l-n-fl^ 
«  + 1       /ta-\-i 


therefore 


O  cf  _ 

^Hd  *  M  -»  I  '^/lO  •♦■  M  +  'i    "^ 


1 

1  a -hi 


"-f  1  .     1 

a 


«„; 


(«+l)t..  teim  of  (a,  ir--  =  ^vr,  ^"^'i^'^^i^  «.. 

(a -hi)  (wa-hl)(wa-h2) 

n      f  ..  <.  1     ("+;7TT)("'^<Tfl)..  ■ 

therefore  ^„«+,.+2  — ^««+«+3  =  ^.-   ^ ^r^—- ^r-: ^^'. ' 


"^'  (-})(-!) 


and  so  on,  till  we  aiTive  at 


'•^Mrt  +  M  +  a        *^(«+l,(a  +  lr 
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than  2.       In   the    expansion    of  ( -\ J  in    descending 

powei-s  of  a,  the  greatest  temi  is  the  (iib  4- 1)***,  which  may  also  be 
called  the  neutral  tenn.  The  first  7ib  terms  may  conveniently  be 
denominated  the  shorf-sidp,  and  the  last  fin  terms  the  long-indi*,  of  the 
expansion. 

When  the  odds  against  an  event  ai'e  a  to  fe,  and  the  number  of 
trials  is  a  multiple  of  a-\-b,  we  shall  call  it  a  complete  set  of  trials  ; 
when  not  a  multiple  of  a-^b,  it  may  be  called  a  broken  set. 

We  will  investigate  the  most  important  case  first — it  is 

I.   Complete  Sets. 

(    OL             6     \  ******* 
4.  Thkokem. — In  the  expansion  of  [ 1 J  m  descendhig 

poicers  of -,  the  sum  of  the  first  nb  terms  always  exceeds  the  sum  of 

the  last  na  terms  ;   the  excess  is  a  maximum  tchen   w  =  1,   and  constantly 

diininishes  as  n    increases^    lyififj    ahcays    between  — ti7nes    tlie 

3    a-hfe 

7  H r  )  and   — -   times   the  greatest 

a-^b      a-\-bJ  3    a-H6 

,    (    a            b    \(«+»)'''**) 
term  m  \—  —  -\ — -  1  ;  its  ultimate  value,  when  n  is  very  larqe. 

J    .               11^              a-^b 
beiuff  equal  to  -  -    -  -    ._ —  -  -■ , 

•^     V27rnab  (a  -h  6) 

FoKMUL.*:. — (1)  If  the  excess  be  developed  in  powers  of  — ,  its 
first  two  terms  are  '* 

3    a  +  6  I         45«         ab(ai-bj       ]     '" 
where  G„  is  the  greatest  term  for  the  index  na  +  nb. 

(2)  If  the  sum  of  the  first  7ib  tenns  of  the  expansion  be  similarly 
developed,  its  first  three  terms  are 

1  a-h26    (,        2     (a-6)(2a  +  fe)  1^ 

2  3  (a-h  20  I     ^  45n       ab  (a  +  6)       )     "' 

with  a  corresponding  formula  for  the  sum  of  the  last  na  t^rms. 
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5.  For  the  sake  of  brevity,   we  will  employ  the  symbol   («,  hy  to 

,  and  the  symbol  (a,  1)*^  to  denote 


denote  the  r***  power  of + 


a-\-b      a-\-b 
the  ?•***  power  of H . 

Xow  it  will  easily  be  seen,   if  we  multiply  the  sepai'ate  terms  of 

(a,  ?>)**  by  the   separate  tenns  of  (a,  fe)\  that  the  sum  of  the  first 

p  terms  of  (a,  ly*^  is  less  than  the  sum  of  the  first  j^  terms  of  («,  by, 

by times  the  p^^^  term  of  (a,  by ;  and  the  sum  of  the  first  p-^-l 

terms  of  (a,  by*^   is  greater  than   the  sum  of  the  first  p  terms  of 
(a,  hy,  by  -"   ■  times  the  (pi-iy^  tenn  of  (a,  by. 

This  being  premised,  and  employing  »'i,»„+„*r  to  denote  the  short- 
side  (/.<^.,  the  sum  of  the  first  n-\-l  terms)  of  (a,  l)""^'"'^  where  /  has 
any  value  fi-om  1  to  a 4-1,  both  inclusive;  and  Stut^H  to  denote  the 
short-side  (/.<.,  the  sum  of  the  first  n  terms)  of  (a,  l)""*",  we  have 

(n-hl)<^»  term  of  (a,  l)'*"*"  =  r;„, 


therefore 


Ct  Cf  


a 


0  +  1 


(L; 


(m  +  1)"'  term  of  («,  1) 


ua  +  M  ♦  1   _ 


a      ?K/-fw-|-l 
a  + 1       na  -|- 1 


On, 


therefore 


O  Cf  


1 

1  a  +  1 


a+1         ^   1 
n 


G„; 


n  +  l)«.  term  of  (a,  1;""*"-  =  ^,,-.  (''"  +  "±^^(^^£±^+2)  «„. 

s-        _.        __i     ("  +  r+-i)("+.7fi)^. 


therefore 


and  so  on,  till  we  arrive  at 


Cf  Cf 

'-'Mrt  +  H  +  a        *-'(iH-l/a-»  r,* 
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equal  to  unity,  we  have 


where 


,,x.      o-l      C,       1   4(a  +  2)(2a-fl)  ^      )^ 
.:)(a  +  l)C         M         45a  (a+1)  3 

=  2^(a)~l. 


^(a) 


It  seems  fairly  evident  a  priori  that  i/r  (a)  must  =  0,  but  attempts  at 
a  rigid  demonsti'ation  have  given  more  trouble  than  an3rthing  else  in 

the  present  paper.     Tlie  unknown  terms  in   — ;  ,   — r- ,  &c.,  preclude 

any  tests  by  numerical  examples  when  n  is  finite,  and  when  n  is 
infinite  numerical  tests  are  not  possible.  How  do  we  know  but  that 
tf/  (rt)  is  some  quantity  which  for  any  given  value  of  a  is  infinitesimal, 
and  not  absolute  zero  Y  The  difficulty,  by  abstract  methods,  lies  in 
not  "  begging  the  question  "  in  the  very  act  of  pi*oving  it.  And,  if 
we  left  it  uncertain,  many  of  the  conclusions  which  ai*e  about  to 
follow  would  be  inadmissible,  since  our  present  subject  consists 
largely  in  the  comparison,  by  addition  and  subtraction,  of  other 
infinitesimal  quantities,  among  which  the  existence  of  an  unknown 
infinitesimal  ij/  (a)  would  work  sad  havoc  ;  and  we  must  not  make  the 
unauthorized  assumption  which  we  adversely  criticised  in  the  foot- 
note to  page  291. 

It  may  be  sufficient  here,  however,  to  assure  the  reader  that  we 
shall  prove,  by  a  very  indirect  but  pei^fectly  conclusive  method  in 
Ai't.  38,  that  \p  (a)  =  0  absolutely.  Assuming  it  in  the  meanwhile, 
we  obtain 


^         _   1  _    a-h2 


(  n        45a  (a -hi)        -^ '"  y'"' 


10.  The  method  of  Ai'ts.  5-8  may  be  utilized  to  find  the  sum  of  the 
shoi*t-side  tenns  of  (a,  t)'*^"^"*.  As  in  Art.  5,  we  obtain,  for  the  excess 
of  the  first  nh  terms  of  (a,  t)""*"*  over  the  fii-st  nh'\-l  terms  of 
(a,  fe)<--iH«**),  the  expression 

1 
h 


a 


a+6 


(?„  + 


( 


a-hfe 


a -1-6 


^  a  >  a  /  \         a  ' 


-h 


(7„. 


The  series  inside  the  bracket  will  have  to  be  summed  to  a-\-h  —  \ 
instead  of  a  tenns,  leading  to  an  expression  much  more  complicated 
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than  the  one  for  Tj^ ...  +  T«  in  Art.  6.  It  will  also  be  noted  that  the 
shoH-side  of  (a,  fe)("^^^<''**)  consists  of  7ih-{-b  terms  in  all :  we  must 
therefore  express  the  sum  of  the  remaining  h — 1  terms  in  the  form 
of  the  pixjduct  of  0„  by  some  function  of  a,  h,  and  n.  Combining 
this  >vith  the  former  expression,  the  result  will  be  obtained.  There 
is  no  difficulty  about  the  method,  but  the  expressions  become 
extremely  cumbrous  and  unwieldy.     My  own  attempt  resulted  finally 

in  a  coefficient  of  —  containing  19  terms  involving  powers  of  h  from 

b^  downwards  combined  with  po Wei's  of  a  from  a'  downwards.  This 
kind  of  work  seems  needless,  however,  as  a  little  consideration  will,  I 
think,  in  the  next  ai'ticle  suffice  to  show  that  the  fonnula  for 
(a,  fc)"^^"*  can  be  immediately  deduced  fi*om  that  for  (a,  1)' 


LlM-t-» 


11.  The  formula  of  Ai't.  9  is,  of  course,  applicable  when  h  is  sub- 
stituted for  a,  and  nb  for  w,  giving 

o  _1  7i-h2      (,  .    1    2(/^-l)(2;i-fl)   .        \^ 

This  expi'esses  the  sum  of  the  first  7ib  terms  of  the  expansion  of 
(A,  1)"**-"*  in  the  foim  of  a  constant,  together  with  a  function  of  h 
and  ?i,  a  factor  of  the  latter  being  the  (n?>-|-l)*^  tenn  of  the  expansion. 
Now,  if  7i,  instead  of  being  an  integer,  were  a  f inaction,  each  of  the 
first  7ib-{-l  terms  of  the  expansion  would  be  of  the  same  algebraical 
form,  and  therefore  we  may  infer  that  any  relation  connecting  them, 
by  way  of  addition  or  multiplication,  would  remain  of  the  same 
algebraical  fonn  also.  The  argument  is  the  same  a^s  in  what  is 
called  Euler's  pi-oof  of  the  binomial  theorem.     Putting  theixjfore 

/.  =  -, 

we  have  for  the  sum  of  the  fii'st  7ib  terms  of 


(f) 


that  is,  for  the  short-side  of  the  expansion  of 


(_iL_  +  _L.) 
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2       3(a+6)l 


2     (a-fe)(2a-ffe) 


+  .. 


46m       aft  (a +  6) 
where  (r  denotes  the  greatest  term  of  the  expansion. 


•  ]o, 


12.  We  can,  in  fact,  demotistrate  the  validity  of  the  above  inference 
in  the  case  of  one  particulai*  fractional  value  of  h.  For  the  sum  of 
the  first  n  terms  of  (6,  1)"**"  is,  by  Art.  9, 


1__     ?>-t-2 
~2       3(6-hl) 


2(6-l)(2fe-hl) 
456(6  +  1) 


•••     f    ^M* 


Adding  G^  to  this,  and  subtracting  from  1,  we  have,  for  the  sum  of 
the  I'emaining  nh  tenns,  that  is,  for  the  sum  of  the  first  7ib  terms  of 


or  of 


f    1  b    Y*-" 

U-h6'*"i-h6;       ' 


H»  (1+1/6) 


I 


in  descending  powers  of  ~ ,  the  expression 


+  1 


1  1  +  26    f,       1    2(b-l)(2  +  h)  l^ 

2  3(6  +  1)1         n        456(6+1)      +•"5''"' 


(6+1) 


or  -— 


1 
2 


+2 


which  pixjves  the  validity  of  substituting        for  h  in  the  formula  of 
Art.  11. 


13.  Hence,  if  A„  denote  the  excess  of  the  short-side  over  the  long- 
side  of  (a,  6)**""**,  we  have,  as  in  Art.  9, 

"""3(a+6)l         n        4oa6(a  +  6)       -^-j^- 
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0„  being  the  greatest  term  of  the  expansion.     Moreover,  if  (7„+i  be 
the  greatest  term  in  (a,  fe)("+»)^«+^)^  ^e  have,  as  in  Art.  7, 


^""-{^"i"^"}^- 


Now  — •  is,  for  all  integral  values  of  a  and  6,   where  a  >  fe,  greater 

than      \7^ ,  4—^  X — ■  •     Therefore  A^  lies  between  —  -^^  Gn  and 
45a6  {a-j-h)  3  a+h 

-  -^—  G„^i\  and,  subject  to  a  reservation,  the  theorem  of  Art.  4  is 
pi*oved. 

14.  The  reservation  is  this :  that  the  terms  involving  — ^  ,  — r ,  <fec., 

rr      n* 

which  are  infinite  in  number,  although  of  no  importance  when  n  is 
large,  may,  for  anything  we  know  at  present,  form  such  seriously 
disturbing  elements  when  n  is  small  as  to  render  the  above  formulce 
for  such  a  case  practically  useless.  And  each  coefficient  being  some 
unknown  function  of  a  and  h,  one  would  imagine  that  such  disturb- 
ance would  increase  when  the  ratio  of  a  to  6  became  larger.  No  one 
would  anticipate  a  'priori  that,  when  n  =  1,  and  a  =  oo  ,  for  instance, 
the  formula  of  Ai't.  9  would  be  of  any  value  whatever. 

But  it  will  be  found  on  trial  that,  ^ven  for  the  severe  test-case  of 
n  =  1,  the  formula  does,  in  a  surprising  manner,  give  a  very  fairly 
close  approximation  to  the  actual  value  of  A,„  obtained  by  indepen- 
dent calculation.  With  a  view  to  demonstrate  this,  I  have  prepared 
a  table,  whose  second  column  gives,  for  assigned  values  of  a,  the 
value  of  ,  , 

3    a  +  1^*" 
the  third  column  the  value  of 

1.   '^^  [  1-  1.  4(2a4-l)(aH-2)  |  ^ 
8    a-hl  I  n        45a(a  +  l)        ) 


M 


the  fourth  column  the  independently  obtained  value  of  A,„  and  the 
last  column  the  ratio  of  the  ''  error  "  to  the  exact  value  of  A„.  Great 
care  has  been  taken  in  the  calculations,  but,  as  I  have  been  unable  to 
get  them  tested  by  an  independent  mind,  inaccuracies  may  here  and 
tlier6  have  crept  in.  These  would  not,  however,  if  existent,  afEect  the 
general  conclusions  deducible  from  the  table  as  a  wkol^. 
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15.  From  a  =  4  to  a  =  8,  the  calculation  is  for  (a-fl)**^*" ;  the 
"  proportion  of  error  "  is,  however,  the  same  as  if  the  denominatoi*R 
were  included. 

n  =1,     ?;  =  1. 


1 

First 
Approximation . 

Second 
Approximation. 

•034751 

Actual 
Value. 

Proportion 
of  Error. 

a  =  2 

•049383 

•037037 

-h 

a  =  3 

•070313 

•052084 

•054687 

1 
21 

a  =  4 

256 

194H 

203 

_1 
24 

a  ^  5 

1 

4166ji 

3216,^ 

3344 

h 

(1  =  6 

77760 

60645 

62921 

-A- 

a  =  7 

1647086 

1294139 

1340730 

1 

28-8 

a  =  8 

39146837^ 

30940834 

32009911 

1 
29  9 

a  =  9 

•103312 

•081986 

•084777 

1 
30^3 

a  =  24 

•1151261 

•0933978 

• 

•0962064 

1 
342 

a=  100 

•120797 

•099002 

•101813 

1 
362 

a  =  1000 

•12244:3 

•100642 

•103454 

1 

¥6^79 

fi  =  X 

•12262648 

•10082622 

•10363832 

1 

36-856 

The  above  results  show,  I  ventiu-e  to  think,  beyond  all  question, 
that  the  formula-value  never  diffei-s  fix)m  the  actual  value  bj  more 
than  y^y,  and,  when  a  is  greater  than  8,  never  by  more  tlian  ^xi  '■>  '*^^^^ 
that,  whenever  n  is  not  less  than  100,  it  gives  almost  exactly  -J  J  or  Jf 
of  the  actual  value.  For  the  extremely  severe  test-case  of  w  =  1, 
this  appiX)ximation  is  closer  than  the  most  sanguine  investigator 
would  have  dared  to  hope  beforehand. 

16.  The  following  are  other  miscellaneous  test-cases,  calculated 
with  all  possible  care ;  in  some  instances  it  has  been  necessar}' 
to  use  ten-figure  loganthms ;  and  many  of  the  calculations  in  the 
fourth  column  are  extremely  laborious. 
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sot 


6  =  1. 


First 
Approximation. 

Second 
Approximation. 

Actual 
Value. 

Proportion 
of  Error. 

„         n  =  3 

„               71  =  4 

„            7*  =  6 

n  =  7 
a  =  3,    w  =  2 

„           7*  =  3 

„         ?*  =  4 

„           M  =  5 
a  =  9,    7*  =  2 

a  =  99,  n  =  2 

1 

a  =  00  ,  7*  =  2 

•036580 

•030348 

•0264940 

•02381189 

•02180755 

•0202365 

•0189624 

•0519100 

•0430100 

•0375332 

•03372185 

•076047942 

•0888641163 

•090223523 

•031164 

•027351 

•02453148 

•02240082 

■0207306 

•0193799 

•0182601 

•0451800 

•0392997 

•0351012 

•03197331 

•068199043 

•080845800 

•082203654 

•031550 

•027485 

•02459540 

•02243662 

•0207529 

•0193949 

•0182706 

•0456240 

•0394536 

•03517326 

•03201413 

•068673713 

•081324387 

•082682266 

.i_ 

82 

20& 

di4 

627 

9do 

1290 

1 

1730 

lid 

2^6 

4^6 

X 

784 

145 
1^9 

IVS 

The  foi*egoing  table  exhibits  a  regulaiity  which  cannot  be  the 
i-esult  of  accident,  and  which  leads  to  the  sure  conviction  that  the 
^n  formula,  which  we  have  strictly  demonstrated  merely  for  large 
values  of  r*,  holds  not  only  for  the  foregoing  cases,  but  for  other 
hithei'to  untested  cases  where  n  is  of  moderate  magnitude.  We  may, 
I  think,  confidently  assert  that,  when  t*  =  2  and  a>2,  the  "  error  "  in 
the  formula  is  never  greater  than  y^o  J  when  n  =  3,  it  is  never  greater 
than  a^-5 ;  when  7*  =  4  and  a>3,  it  is  never  greater  than  -g^ ;  when 
7/ =  5  and  a>3,  it  is  never  greater  than  fj^\  when  7*  =  6  and 
a  >  2,  it  is  never  greater  than  -nsV^ ;  and  so  on,  the  approximation  of 
rourae  always  becoming  closer  as  n  increases.  It  will  be  observed 
how  much  closer  the  second  approximation  is  than  the  first. 
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17.  In  order  that  there  may  be  as  little  doubt  as  possible  of  the 
applicability  of  the  formula  to  small  values  of  w,  I  add  yet  thi^ee 
more  tables,  calculated  (i.)  for  a  =  10,  (ii.)  for  a  =  oo  ,  and  (iii.)  for 
miscellaneous  values,  chosen  at  haphazard,  of  a  and  h. 

(i.)  6  =  1,     a  =  10. 


n  =  1 


First  Second 

Approximation.  Approximation. 


Actual 
Value. 


u 


n 


n 


=  2 


=  3 


=  4 


300000... 

630000... 

14880... 

370230... 


238909...     ■    24688... 


•56o8o5 . . . 

13870... 

351382... 


56973... 

13909... 

351902... 


Proportion 
of  Error. 


1 
¥T 


71  =  5  .  9487530...  '  9101129...  9109467... 


TTT 

676 
1 


n 


=  6 


24779664. . .   23938657 ...  2395353 . . . 


1092 
_  1 

iWTo 


The  above  calculation  is  for  (a-fl)"^'"*"' ,  without  the  denominators, 
and  only  the  first  few  figures  of  each  number  are  given.  Some  of  the 
latter  calculations  necessitate  the  finding  of  log  11  to  at  legist  ten 
places  of  decimals. 

(ii.)  ?>  =  1,    a  =  'X) . 


n  =  l 
n  =:  3 


First  '         Second 

Approximation.   Approximation. 


Actual 
Value. 


Prop)rtiou 
of  Error. 


•12262648 

•090223523 

•074680603 


•10082622   10363832 

i 

•082203654  -082682266 


3  6^T6 

1 

173 


•070255085 


•070421970 


4-2  '2 


n  = 

=  4 

•065122268 

•062227945 

•062307055 

1 

787 

n  - 

-   0 

•058489123 

•056409510 

•056453940 

1 
1-270 

n  = 

=  6 

•053541047 

•051954646 

•051982423 

1 

1871-3  ; 
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In  calculating  the  above  table,  I  have  utilized  the  values  of  e'^ 
given  in  Part  ii.  of  Mathematical  Tracts,  by  Professor  F.  W.  Newman. 

(iii.) 


(3  +  2)» 
(3  -f  2)^^ 
(5  +  2)7 
(9  +  2)" 
(9  +  2)" 
(10+3)» 


First 
Approximation . 


72 
163296 
37500 

180796.. 

372635.. 

301247.. 


Second 
Approximation . 


Actual 
Value. 


60A 
149749 

32357f 

159694... 

350888... 

288614... 


61 
150223 
32707 

160820... 

351508... 

288844... 


Proportion 
of  Error. 


1 

1 
T2T0 


In  the  above,  the  denominatoi*s  of  a  and  h  have,  for  the  sake  of 
simplicity,  been  omitted ;  and  in  the  last  three  cases,  the  numbers 
being  very  large,  only  their  first  few  digits  are  given. 


18.  It  is  now,  I  think,  abundantly  manifest  that  the  A„  formula 
may  be  confidently  applied,  within  limits  such  as  those  indicated  in 
Ai-ts.  15  and  16,  to  small  as  well  as  large  values  of  7*.  It  is  curious 
to  note  that  the  O^^i  fonnula  in  terms  of  G^  (see  Ai-t.  7),  from  which 
the  A„  fonnula  is  partly  derived,  does  not,  for  small  values  of  w,  give 
approximations  nearly  so  close  to  the  actual  values  as  does  the  A» 
fonnula  itself.     For  instance,  when  a  =  oo  ,  fo  =  1,  w  =  2,  we  obtain 


First  Approximation. 

•203003 


Second  Approximation. 

•234017 


Actual  Value  of  Gnf\. 
•224042 


.so  that  the  second  approximation  (to  three  tenns)  diffei's  by  more 
than  yV  fi'om  the  actual  value,  a  much  wider  deviation  than  for  the 
con-esponding  case  of  A„  (see  Aii.  16),  where  the  '*  pi*oportion  of 
error  "  is  only  yf^. 

19.  The  closeness  of  the  approximation  of  the  A„  formula,  and  the 
fact  of  its  becoming  closer  as  a  increases,  may  enable  us  to  surmise 
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the  nature  of  the  terms  that  follow.  Since  A„  clearly  vanishes 
altogether  when  a  =  fe,  it  is  fairly  evident  that  a  —  b  must  be  a  factor 
of  each  separate  term.  Again,  the  interchange  of  a  and  b  will  give 
the  excess  of  the  long-side  over  the  short-side,  which  is  —  A„;  there- 
fore the  remaining  factors  of  each  term  must  form  a  symmetric 
function  of  a  and  b.     A  little  consideration  will,  moreover,  show  that 

the  substitution  of  —  for  a,  and  --  for  6,  and  nab  for  n,  will  also  give 

a  b  * 

the  excess  of  long-side  over  short-side,  or  --A„  (compare  Art.  12). 

Therefore  the  above  substitution  in  any  term  must  lead  to  the  same 

result  as  the  substitution  of  b  for  a,  and  a  for  6.     This  would  seem 

to  imply  that  the  coefficient  of  —  is  of  the  form 

(a-fe)»(a,  fc) 
a^b'' ip  (a,  b)    ' 

where  ^  (a,  5)  is  a  symmetric  homogeneous  function  of  a  and  b,  of 
p—1  dimensions  higher  than  the  other  symmetric  homogeneous  func- 
tion^ (a,  b).     Again,  the  substitution  of  r  for  a, for  fe,  and 

a-\-b  a-ho 

n  (a  -f  b)  for  n,  would  make  no  alteration  in  any  term  of  the  original 
expansion,  and  therefore  could  make  no  alteration  in  the  formula  for 
A„  ;  whence  it  would  follow  that  (a-f  fe)''  is  a  factor  of  ij/  (a,  b).    Once 

more,  the  denominator  of  the  coefficient  of  —  in  the  formula  for  Tr 

n^ 

in  Art.  6  will  be  found,  on  consideration,  to  contain  a**  (a -1-1)''  as  a 
factor,  and  no  other  factor  involving  a ;  nor  can  such  a  factor  be  in- 
troduced by  the  summation,  from  r  =  1  to  r  ^=^  a^  of  any  rational 
integral   function  of  r.      Obsei*ving  the  formula  of  Art.  7,  we  see 

therefore    that    the    denominator    of    the    coefficient  of   —   in  the 


?*" 


A„  formula  of  Art.  9  cannot  contain  a  function  of  a  of  higher  dimen- 
sions than    a**  (a-f-l)****.      Combining    this     conclusion  with    those 

obtained  above,  it  would  seem  clear  that  the  coefficient  of  —  in  the 


n" 


A„  formula  of  Art.  13  must  be  of  the  form 

(g— fe)  0  (g,  b) 
koTh^ {a-^-by^^  ' 

where  k  is  some  integer,  and  0  (g,  6)  is  a  symmetric  homogeneous 
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function  of  a  and  b  of  2p  dimensions.  We  may  therefore  suppose 
that 

A    ^     a-b     [t       1      8o*-h...  1        Z^o*-h... 

"       3(a-h6)  I         n  45afe(a+6)       n*   /^aV(a  +  6)« 

where  the  omitted  terms  contain  the  residue  of  symmetric  homo- 
geneous functions  of  a  and  &. 

Now,  if  the  quantities  1,  —  •— ,   —-,   -^ ,  IT*"  Z^^*'^  ^  converging 

40  rtj  ffa  Af^ 

series,  we  shall  at  once  account  for  the  fact  that  the  first  two  terms 
give  a  very  close  approximation  to  the  value  of  the  whole  series,  even  when 
n  =  1.  It  would  also  explain  why  the  approximation  is  closer  for 
large  than  for  small  values  of  a  (in  comparison  with  6),  if  we  were 
to  suppose  that  the  coefficients  of  omitted  terms  in  the  residue  of  the 
numerators  would  lead  to  series  converging  less  rapidly. 

I  have  no  doubt  that  the  above  hypothesis  (which  we  shall  have 
an  opportunity  of  testing  in  Art.  40)  is  correct ;  and  no  doubt  also 
that  the  coefficients  of  the  On^i  formula  are  subject  to  the  same  law, 
but  that  they  give  rise  to  a  series  which  converges  less  rapidly. 

20.  By  observation  of  the  table  of  Art.  16,  and  the  second  table  of 
Art.  17  (the  first  table  of  Art.  17  being  for  this  purpose  clearly  in- 
applicable), it  will  be  seen  how  the  "  actual  value  "  of  \  in  those 
cases  always  lies  about  midway  between  the  "  first  approximations  ** 
for  n=:r  and  »  =  r-f  1.  In  several  other  instances  where  6  =  1,  I 
have  also  tested  that,  for  small  values  of  n,  A„  always  lies  about 

midway  between  -7; 0^  and •  (?n+i  ;     ^he   matter  seems 

o  a-j-b  3  a-j-b 

sufficiently  clear  without  being  pursued  any  further. 

The  reservation  made  at  the  end  of  Art.  13  may  now  be  removed, 

and  I  trust  that  I  may  be  allowed  to  assert  confidently  that  the 

theorem  of  Art.  4  is  completely  proved ;  and  that  the  formulsB  there 

given  may  be  unhesitatingly  applied,  within  close  approximations, 

for  small  as  well  as  for  large  values  of  n. 

When  n  is  very  large,  the  term  involving  —  may  be  omitted ;  and 

n 

we  then  obtain,  by  a  well-known  formula  for  (r„. 
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21.  The  applicability  of  the  theorem  to  the  scientific  theory  of 
gambling  is  manifest.  It  proves  that,  at  the  end  of  any  complete  set 
of  n  (a  +  1)  trials,  a  man  who  gives  odds  of  a  to  1  in  a  fair  wager  is 
more  likely  to  have  made  a  net  gain  than  a  net  loss.  When  n  is  very 
large,  the  excess  of  his  whole  chance  of  gaining  over  his  whole  chance 
of  losing  is,  of  course,  extremely  minute ;  but  that  it  should  be 
always  measurable  and  always  positive  is  fairly  subversive  of  hitherto 
accepted  notions. 

But  is  the  largeness  of  n  the  only  condition  necessary  for  the 
minuteness  of  the  excess  ?  Let  us  see.  Suppose  a  =  99,  n  =  10. 
The  formula  (corrected  in  accordance  with  Art.  16)  gives  A^  =  '04068, 
whence  short-side  =  •4570,  long-side  =  '4162,  the  neutral  term  (?„ 
being  •1268.  Here  the  difference  between  '45  and  '41  is  very  con- 
siderable ;  showing,  as  it  does,  that  a  man  who  bets  99  to  1  in  a  fair 
wager  is,  after  1000  trials,  more  likely,  hy  so  much  as  10  per  cent,  to 
have  made  a  net  gain  than  a  net  loss.  Odds  of  99  to  1  may  be  con- 
sidered rather  large ;  but  insurance  companies,  in  the  course  of  daily 
business,  are  constantly  having  to  deal  with  odds  far  greater. 

Let  us  take  another  instance.  My  house  is  insured  for  a  premium 
at  the  rate  of  Is.  6d.  per  £100,  which,  translated  into  probability 
language,  means  that  the  insurance  company  bets  me  about  1333  to  1 
that  my  house  will  not  be  burnt  down  within  the  next  12  months. 
But  the  company  have  to  allow  for  office  expenses  and  profits,  so  that 
the  real  odds,  in  their  opinion,  are  greater  than  this ;  let  us  suppose 
1499  to  1,  implying  an  event  the  probability  of  whose  occurrence 
is  ToW-  Now  12,000  may,  in  probability  language,  be  fairly  con- 
sidered a  "  very  large  number  "  ;  and  if,  six  months  ago,  any  one  had 
asked  me  what  was  likely  to  happen  to  a  millionaire  who  kept  on 
making  bets  of  1499  shillings  to  1  shilling  against  such  an  event,  I 
should  have  confidently  replied  that  after  12,000  tHals  he  was  just 
as  likely  to  have  made  a  net  loss  as  a  net  gain.  Well,  let  us  put 
a  =  1499,  6  =  1,  n  =  6  in  the  formula.     We  obtain 

A„  =  -06136,     0^  =  18816 ; 

whence  probability  of  net  gain  =  '43660,  probability  of  net  loss 
=  '37524,  or  probability  of  net  gain  exceeds,  by  so  much  as  17  per 
cent.,  the  probability  of  net  loss. 

22.  The  preceding  considerations  lead  to  an  important  conclusion. 
It  is  this  :  that,  in  order  to  secure  the  appix)ximate  balancing  of  gains 
and  losses,  it  is  not  only  necessary  that  the  number  of  trials  should  be  a 


1895.]  New  Theorem  in  Probability.  307 

large  number ,  but  that  the  product  of  the  number  of  trials  by  the  probability 
of  the  event  should  also  be  a  large  number.  This,  once  pointed  out,  may 
be  seen  to  be  true  on  other  grounds  ;  but,  strange  to  say,  I  am  unable 
to  find  it  mentioned  by  any  previous  writer. 

On  the  contrary,  a  writer  of  deservedly  high  repute  tells  us :  "If 
the  probability  of  an  event  be  p,  then,  out  of  leases  in  which  it  is  in 
question,  it  will  happen  pN  times,  N  being  any  very  large  number."* 
The  necessary  condition,  of  course,  ought  to  be,  not  that  ^  is  a  very 
large  number,  but  that  pN  is  a  very  large  number.  A  similar 
objection  applies  to  the  statement  of  another  writer,  to  whom  all 
students  of  probability  are  greatly  indebted,  viz. :  "  The  value  of  a 
given  chance  of  obtaining  a  given  sum  of  money  is  the  chance  multi- 
plied by  that  sum ;  for  in  a  great  number  of  trials  this  would  give  the 
sum  actually  realized."t 

23,  We  must  now  pass  on  to  another  portion  of  our  subject.  The 
examination  of  broken-period  sets  of  trials  will  be  found  to  lead  to 
conclusions  quite  as  interesting  as,  and  still  more  curious  than,  those 
we  have  already  discussed. 

For  want  of  a  better  term,  let  us  use  the  word  "  advantage  "  to 
denote,  after  a  certain  number  of  events,  in  the  case  of  a  gambler 
who  gives  odds,  the  excess  of  the  probability  that  he  has  made  a  net 
gain  over  the  probability  that  he  has  made  a  net  loss.  We  will  make 
a  further  remark  on  the  word  in  Art.  41.  The  symbol  Ar  may  con- 
veniently be  employed  to  denote  the  "  advantage  "  after  r  events. 

II.  Broken-period  Sets, 

24.  Consider  first  the  expansion  of  (a,  t)""******.     From  Art.  5,  we 


have 


Ct  O  ^        /J 


and,  in  like  manner,     L„a^^^i—L„„^^  =  — —  (?,, 

Therefore,  b    subtraction, 

A  —A        Ji-^lll^n 

a+6 


*  ProfesBor  Chrystal,  Algebra,  Vol.  n.,  Chap,  xxxvi.,  §  1. 

t  Professor  Oof  ton,  Article  ^*  Probability  **  in  the  Eficyclopadia  BHtannica.  The 
italics  are  my  own.  I  have  been  most  unwilling  to  cite  particular  authors,  for 
almost  every  writer  on  probability  has  made  statements  more  or  less  equivalent ;  a 
few  months  agpo  I  should  certainly  have  done  so  myself. 
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showing  that  the  "  advantage"  after  na+n-f-l  trials  exceeds  that  after 
na-^-n  trials  by 


a+h 


On' 


25.  Take  next  the  expansion  of  (a,  6)"**'^"*.  Here,  observing  that 
On  the  (n6  +  l)"*  term  of  (a,  6)"^***  is  also  the  n6*^  and  likewise  the 
(nb  +  l)"^  term  of  (a,  6)'^+'»*-\  we  have 


Onm^Hb Oi 


n«-ffl6>l  


a+b 


G. 


nt 


and,  similarly,         I'Ha+n*—-^iia+ 116-1  =  — 
Whence,  by  subtraction. 


a 


a-j-o 


a-^-o 


M 


that  is  to  say,  the  "advantage"  after  na'\-nh  —  l  trials  falls  short  of 

the  "  advantage  "  after  na + nh  trials  by  — ^  ^„  ;   therefore,  according 

a-\-b 

to  the  formula  of  Art.  13,  it  is  a  negative  quantity.  Hence,  if  a 
broken-period  set  consist  of  one  trial  less  than  a  complete  set,  the 
man  who  takes  odds,  and  not  the  man  who  gives  odds,  has  the  so-called 
**  advantage."  This,  however,  in  no  way  weakens  the  general  con- 
clusions already  deduced  from  Art.  4,  as  we  proceed  to  show. 

26.  The  algebraical  sum  of  the  two  "  advantages  "  after  na-hnfe-hl 
and  na-^nh—1  trials  is  2A„,  which  is  positive ;  thus  the  "  advantage  " 
in  the  former  case  exceeds  the  "  disadvantage  "  in  the  latter.  And  if 
a  gambler  makes  no-fw6  — 1,  or  na-\-7ih,  or  na  +  nh-j-1  trials,  all 
equally  likely,  his  probable  "  advantage,"  i.e.,  the  excess  of  his  gain- 
chance  over  his  loss-chance  (but  not  the  ratio  of  the  chances), will  be 
the  same  as  if  he  were  to  make  na-^7ih  trials  for  certain.  The  matter 
is  sufficiently  interesting  to  allow  of  illustration  by  numerical 
examples,  calculated  independently  of  our  formulae. 


(i.) 


(1  +  1)'"^^^^'^*^^"=-^' 

(t  ■*"  3") 

V3^3; 


23^ 
729' 

103 
729' 
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(ii.)  (I  +  ^y  "  Advantage  "  =  - 


3888' 


5  ^  1  V  _!.  1672 


( 


6   '   6J  "  23328' 

5    .    1 Y  _  ,    7922 


6  ^   eJ  "  ^23328' 

Note  that,  in  each  group,  the  middle  "advantage"  is  the  algebraical 
mean  of  the  first  and  last. 

From  (ii.)  we  may  deduce  that  if  139968  persons  throw  dice, 
each  betting  always  (with  some  person  or  persons  outside)  5  to  1 
against  the  ace,  and  that  if  46656  stop  after  5  throws,  46656  after 
6  throws,  and  46656  after  7  throws,  then  we  may  "  expect,"  in  the 
aggregate,  65625  to  make  a  net  gain,  55593  a  net  loss,  and  18750  to 
end  as  they  began.  If,  on  the  contrary,  the  whole  139968  had  thrown 
6  times  and  no  more,  we  must  have  "  expected  "  46875  to  make  a  net 
gain,  36843  a  net  loss,  and  56250  to  end  as  they  began.  The  difPer- 
ence,  but  not  the  ratio,  between  the  gainers  and  the  losers  is  the  same 
in  both  cases. 

27.  Putting  6  =  1,  we  will  now  consider  broken-period  sets  repre- 
sented by  n(a-f  l)±jp,  where  p  lies  between  1  and  a -hi.  It  is  very 
easy,  but  superfluous,  to  show  that  the  algebraical  sum  of  the 
"advantages"  after  n(a  +  l)-l-2  and  after  »(a-|-l)--2  trials  is 
greater  than  twice  A„.  The  case  is  included  in  the  proposition  we 
are  about  to  prove,  viz.,  that  the  sum  of  the  "  advantages  "  after 
n(a-f  1)  -fp  and  after  n(aH-l)— ^^  trials  is  greater  than  the  like  sum 
after  n(a-f  l)-h(^— 1)  and  after  n(a-hl)  — (2?— 1)  trials.  It.  may 
be  remarked  that  the  "  advantage,"  for  any  given  value  of  w,  is  always 
greatest  when  p  =  1,  and  goes  on  diminishing  as  p  increases, 
becoming  negative  somewhere  in  the  latter  half  of  the.  period,  aa  p 
approaches  the  value  a. 

28.  Denote  by  X  the  n^  term  of 

(a,  1)-*-', 


.     (ng-fn— p)(na-hn— jj— l)...(na— jj-h2)        g*^"^'' 


which  is 


Then  we  have 


(n-1)!  (g-l-1)"**"-' 

g  "t"  A 


and,  similarly,  L^^n^^^i-L, 


MI-fN— p 


a-hl 
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Therefore,  by  subtraction, 


^CLmaxm—b^I  "^^Xi 


2X 
a+1 


Again,  denote  by  Y  the  (n+1)***  term  of 


(«,i) 


IMI  +  H+P-I 


,IM4-P-1 


^hich  is  (^+^+P-l)(^-»-^-<-y-2)...(na-hj>)        a" 


Then,  as  before,         -4^+„^,— -4^+,^p.i  =  — 


2Y 

a -hi 


IM<*N-/> 


na-fn-fp-1 


We  require  therefore  to  prove  that  X  is  greater  than  Y,  which  is 
the  same  thing  as  proving  the  coefficient  of  z**"*  in  ( r-+  — -  ) 

irreater  than  the  coefficient  of  js*  in  ( H ^  ] 

^  \a-hl      a  +  1/ 

Let  (7„,  Gn-u  On -2  denote  the  respective  coefficients  of  sf,  sf*'\  s^'^ 
in  (a  H-jr) ""*"'''.  Then  we  have  to  show  that  Gn~i  is  greater  thr.n 
the  coefficient  of  z*  in 


g±^{...  +  C,.,«"-«+C,.i»-'+0.«»+...} 


which,  since 


Cn  =  ^ 0„_i,       On.2  =  ^, -^  C^n-b     &C-> 

na— 2)-f2 


na 


is  the  same  as  showing  that  (a-hl)''"*  is  greater  than  the  coefficient 
of  «"  in 

(a+,)V-.  / ...  +       (na--a)(«a-2a)  .^  ^!^=a    ^-.+^-. 

I  (»a— ^-f  2)  (na—p -1-3)  »a— p-|-2 


...  f  , 


that  is  to  say,  (a+ 1)'^"*  >  a»^^  ''^'"■P'^^ 

na 


\     2     /  na—p -1-2 

,   /2p—l\    2p,4       (wg  —  g) f y^g  —  2a) 
\     3     /  (wg-2>-h2)(na-2?  +  3)  "^•••' 
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where  the  symbol  (    )  denotes  —777^ — rr-    Expanding  (a +1)^**"^  and 


Z\   ,       .  II 

rl(l-r)\ 

comparing  the  two  sides  term  by  term,  it  is  obvious  that  the  required 
inequality  obtains,  so  long  as  na— ^  +  2  is  not  less  than  na—a;  that 
is.  so  long  asp  is  not  greater  than  a +  2. 

Thus      we      have      proved      Ana+n+2'^^Hn-^n-2>  ^na^n-^l  +  ^na+n-U    *•«•» 

>2A„.  Similarly,  -^„a+n+3+-'J»Mi+i.-3  is  still  further  >2A„,  and  so  on, 
till  we  arrive  at  ^««+«+(a+i)  +  ^«a+n-(rt*2)-  Our  present  object  is,  how- 
ever, attained  when  we  arrive  at  -4„„^„+p+-4„a+„_p,  where  p  is,  as 
nearly  as  possible,  equal  to  ^(a  +  l). 

29.  Let  us  again  take  a  particular  example.  Suppose  a  number  of 
persons  each  to  bet  5  to  1  against  the  ace,  and  two  of  them  to  stop 
when  the  die  has  been  thrown  once,  two  when  it  has  been  thrown 
twice,  two  at  three  times,  two  at  four  times,  and  so  on,  until  the 
number  of  persons  is  infinite.  Divide  them  into  equal  groups :  let 
group  I.  consist  of  one  person  who  stops  at  3  throws,  one  who  stops 
at  9,  and  all  who  stop  at  intermediate  numbers ;  group  II.  of  the 
other  who  stops  at  9,  one  who  stops  at  15,  and  all  who  stop  at  inter- 
mediate numbers,  and  so  on.  The  n^  group  will  contain  12  persons, 
ranged  equally  on  both  sides  of  the  two  persons  who  stop  at 
6n  throws. 

By  the  preceding  article,  the  sum  of  the  "  advantages  "  of  these 
12  persons  (i.e.,  the  excess  of  the  sum  of  their  12  chances  of  net  gain 
over  the  sum  of  their  12  chances  of  net  loss)  is  greater  than  12A„,  or 

than  —  ( 1  —  -——-  )  6?„.     Two  persons  only  have  a  chance  of  ending  as 
o   \        o7on/ 

they  began,  and  the  sum  of  the  chances  that  this  will  happen  is  20^, 

Subtracting  this,  we  see  that  the  excess  of  the  sum  of  the  12  chances 

of  net   gain   over   the   12  chances    of    not  making  a   net   gain  is 

(2       1232  \ 
T "~  ono^   I  ^*'     Therefore,  if  a  person  in  the  group  be  chosen  at 

random,  the  excess  of  his  chance  of  gaining  over  his  chance  of  not 

1/2       1232  \  . 

gaining  is   =7:  (  -r  —  ^^^^    )  Qnt  which  for  all  values  of  n  is  positive  ; 
12  \  d       2025n/ 

therefore  he  is  more  likely  than  not  to  make  a  net  gain.  The  same 
result  will  ensue,  whichever  group  we  choose,  also  for  the  5  persons 
we  omitted  before  the  groups  began.  Therefore,  any  person  chosen  at 
random  out  of  the  whole  infinite  multitude  is  rruyre  likely  than  not  to  have 
made  a  net  gain.  This,  in  other  words,  is  the  proposition  we  under- 
took in  Art.  1  to  prove,  i.e.,  that  if  a  die  be  thrown  any  number  of 
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times  chosen  at  random,  the  number  of  appearances  of  the  ace  is  more 
likely  than  not  to  be  less  than  ^  of  the  number  of  throws.  The  con- 
clusion will  perhaps  be  as  surprising  to  the  reader  as  it  was,  in  the 
first  instance,  to  the  present  writer. 

30.  Let  us  investigate  the  general  case  which  includes  the  preceding 
article.  The  sum  of  the  "advantages"  in  any  complete  group  of 
a+1  sets  of  trials,  whose  centre  is  a  set  of  n(a-f  1)  trials,  is,  by 
Art.  28,  greater  than  (a  +  1)  A„, 

i.e.,  greater  than   H«-l)  (  1  -  -  ^  ^IVP^^.t^'^  ]  G«. 

C         n         45a  (a+1)       ) 

i.e.,  „  G.  +  Ha-4)G.-i-ti^r^^2a±lKa±2} 

n  136a  (a +1) 

which,  whenever  a>4,  is  easily  seen  to  be  >(?». 

Thus,  by  the  reasoning  of  the  previous  article,  if  a  person  bets 
more  than  4  to  1  in  a  fair  wager,  and  is  undecided  as  to  how  many 
trials  he  has  made,  or  will  make,  he  is  more  likely  than  not  finally  to 
make  a  net  gain.  This  surely  is  the  case  of  the  ordinary  persistent 
gambler  who  gives  odds,  provided  that  his  stakes  are  always  the 
same,  and  small  compared  with  his  means :  for  it  may  be  assumed 
that  no  gambler  ever  kept  a  systematic  record,  perfectly  accurate 
from  boyhood,  of  the  exact  number  of  transactions  he  had  entered  upon. 

31.  It  will  be  observed  that  in  Arts.  27-30  we  have  assumed  that 
6  =  1.  I  made  many  persistent  attempts,  by  the  method  of  Art.  11, 
and  otherwise,  occupying  more  time  than  I  should  like  to  confess,  to 
extend  the  proposition  of  Art.  28  to  the  general  case  of  (a,  &)'«»♦'•*♦'', 
with  the  result  of  discovering  at  the  end  that  it  is  not  true  except 
when  6=1.  The  method  of  Art.  28  for  forming  the  successive 
"  advantage  "-differences  is  not  valid  when  6>  1,  since  the  number  of 
terms  in  the  short-side  increases  gradually  in  a  most  irregular  and 
confusing  way  from  n6  to  w6  -I-  6,  as  we  proceed  from  expansion  to 
expansion  between  (a,  6)""""*  and  (a,  6)"«*«*+«+*.  The  demonstration 
of  Art.  28,  in  fact,  though  apparently  valid  until  jp  =  a+2,  will  be 
found,  on  careful  examination,  to  be  valid,  even  for  the  case  of 
(a,  iy*''+»*p*\  only  until  p  =  a—l.  When  jp  =  a,  we  can  see  on  other 
grounds  that  A.,i  +  d._,  >  2A,, 

and  therefore  An*\Ha*i)-^An-m*i)  >  2^, 

but  I  doubt  very  much  if  it  is  true  always  that 

'^(«+I){o+l)  +  l+'4(fi-l)(a+l)-l  >  2-4, 

As  to  6  being  greater  than  unity,  put  a  =  3,  6  =  2,  n  =  l,  jp  =  3. 


'■fMi-fa  f 


'-fltf-fn* 
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We  can  prove  at  once,  by  numerical  calculation,  that  the  sum  of  the 
*' advantages  "  for  (f-ff)'  and  (f  +  f)',  so  far  from  being  greater 
than  twice  the  "advantage"  for  (t  +  t)*,  is  a  negative  quantity. 
Therefore, for  this  and  certain  other  cases  at  any  rate,  A^^^^p-^A^^iUt-p 
is  not  greater  than  2A^^nb'  I  sk^f  i^^  f&'Ct,  inclined  to  think  that  the 
sum  is  nearly  always  negative  when  ph  exceeds  by  unity  a  multiple 
of  a-\-h, 

32.  The  above  conclusion  is  very  disappointing,  as  I  have  been 
thereby  prevented  from  proving  our  results  for  every  case ;  and, 
although  Art.  4  is  demonstrated  for  all  integral  values  of  6,  it  ha^s 
been  necessary  to  qualify  the  first  paragi'aph  of  Art.  1  by  the  some- 
what clumsy  limitation  that  5  =  1.  There  can  be  little  doubt,  I 
think,  that  the  paragraph  in  question,  as  well  as  Art.  30,  though 
necessarily  subject  to  this  limitation  -so  far  as  Art.  28  is  concerned,  is 
susceptible  of  pi*oof  by  some  other  method  when  h  is  any  integer  less 
than  a.  "  If  an  event  happen  on  the  average  once  in  m  times,  in- 
being  greater  than  unity,  then  it  is  more  likely  to  happen  less  than 
once  in  m  times  than  it  is  to  happen  more  than  once  iim  times."  To 
my  mind,  at  least,  it  seems  incredible  that  such  a  proposition  should 
be  time  for  all  integral  values  of  tw,  and  not  true  for  all  improper- 
fractional  values  of  m.     There  the  matter  must  be  left  at  present. 

33.  It  may  be  interesting  to  summarize  roughly,  by  means  of  a 
figure,  the  foregoing  conclusions.     We  will  confine  ourselves  to  the 

case  when  6  =  1.     Neglecting  higher  powers  of  — ,  we  may  put 

n 

A„  =  hO,,--  A  Of^, 
n 

where  h  is  less  than  ^,  and  k  less  than  ^,  The  variations  of  (?»,  as 
n  changes,  are  difficult  to  represent ;  but  we  know  at  least  that  Q„  is 
always  less  than  unity,  and  continually  decreases,  O^^i  being,  roughly 

speaking,  equal  to  ^«  ( 1""  S")  >  moreover,  when  n  is  large,  (?„  varies 

as  n"*.     Therefore,  except  when  n  is  very  small,  we  may  put 

.CD 

^»  =  -I , 

n*       n 

where  both  C  and  D  are  considerably  less  than  unity,  and  D  much 

smaller  than  C. 
Take  a  horizontal  line  as  axis  of  x,  and  a  vertical  line  as  axis  of  y. 

When  X  has   any  value  r  (always  integral)  let  the  corresponding 

value  of  y  (positive  or  negative)  denote  the  "  advantage,"  at  the  end 

of  r  trials,  of  a  person  who  gives  odds  of  a  to  1.     For  v&lxij^  ^1  % 
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which  are  multiples  of  a  +  1,  we  thus  obtain  points  on  a  curve 
M^M^M^ ..,  above  the  axis  of  a;,  always  approaching  the  axis,  and 
convex  on  the  lower  side. 

When  aj  has  any  value  n(a-f-l)  +  l,  the  corresponding  value  of  y 
will  lie  between  four  times  and  five  times  its  value  when 

oj  =  n  (a-f  1)  ; 

ultimately,  when  n  is  very  large,  approaching  the  former  limit.  The 
sum  of  the  ordinates  for 

aj  =  n(a  +  l)+l     and    a?=  n(a+ 1)  —  1 
will  always  be  exactly  double  of  the  ordinate  when 

X  =  n(o  +  l). 

As  X  ranges  from  n  (a +  1)4-1  to  n(a  +  l)-f-a,  y  will  continually 
diminish ;  lying,  I  have  reason  to  think,  on  a  curve  of  very  slight 
convexity  turned  downwards,  the  convexity  being,  however,  so  slight 
that,  unless  the  figure  is  drawn  on  a  very  large  scale,  it  is  hardly 
distinguishable  from  a  straight  line.     From 

a5  =  n(a-fl)  +  a    to    a?  =  n  (a+l)+a  +  2, 
the  curve  will  proceed  upwards  in  an  absolutely  straight  line,  and  so 
on,  repeating  itself  in  similar  fashion  for  the  next  period. 

For  large  values  of  a;,  the  highest  points  of  these  zigzags  will 

lie  very  nearly  on  the  curve 

y  =  4cuc'*, 

and  the  lowest  points  very  nearly  on  the  curve 

y  =  —  2aa:-*, 
the  complete-period  curve  M^M^M^...  being 

y  =  aaj-*, 
where  a  is  some  positive  quantity,  a  fixed  function  of  a. 

If  it  be  borne  in  mind  that  the  vertical  proportions  are,  of  necessity, 
enormously  magnified,  we  may  obtain  from  the  subjoined  figure  a 
very  clear  idea  of  the  average  "  advantage  "  for  any  given  range  of 
trials.  If  Xy  the  number  of  trials,  is  known  to  lie  between  two  values 
represented  on  the  a;-line  by  the  points  H  and  K,  all  we  have  to  do  is 
to  draw  vertical  lines  HH*  and  KK'  through  H  and  K.  The  average 
"  advantage  "  for  that  range  of  trials  is  very  nearly  obtained  by  sub- 
tracting all  the  lower  shaded  areas  between  HE*  and  KK'  from  all 
the  upper  shaded  areas  between  HH*  and  KE**  ana  dividing  by  the 
length  of  HK.  We  perceive  at  once  how,  when  HK  is  greater  than 
any  complete  period-length  P^Pi.,  the  average  "  advantage  "  is  always 

*  By  an  oversight,  some  of  the  shading  in  the  figure  has  been  omitted.  All  the 
npper  triangles  ought  to  be  shaded,  as  -veil  as  all  the  lower  ones. 
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positive ;  but  that  it  may  be  negative  when  HK  is  very  small  and 
situated  close  to  the  left  of  any  of  the  points  Pj,  P„  P„  <fcc.  We  per- 
ceive also  at  once  how  the  average  "  advantage  "  diminishes  numeri- 
cally, (i.)  if  HK  is  moved  bodily  to  the  right,  over  any  distance  which 
is  a  multiple  of  P^T^ ;  or  (ii.)  if,  H  remaining  fixed,  K  is  moved  to  the 
right  over  any  distance  which  is  a  multiple  of  PiPf  These  are  the 
main  facts  which  it  has  been  the  object  of  the  present  paper  to  prove. 
When  X  is  very  large,  it  is  interesting  to  note  that  any  shaded 
triangle  above  the  axis  has  clearly  four  times  the  area  of  either 
adjacent  shaded  triangle  below  the  axis,  which  would  seem  to  show, 
especially  when  a  as  well  as  a;  is  large,  that  the  sum  of  the  positive 
"advantages"  for  any  complete  period,  from  a;  =  n (a -|-1)  to 
aj  =  («-f  l)(a-f  1),  is  four  times  the  sum  of  the  negative  "advan- 
tages "  for  the  same  period. 


The  reader  can  easily  construct  for  himself  the  beginning  of  the 
"  advantage  "-curve  for  any  given  value  of  a.  For  instance,  when 
a  =  4,  the  first  thirteen  values  of  y,  from  a?  =  1  to  aj  =  13,  are  '6,  '28, 
•024,-1808,  06496,  -31072,  -1534,  00662,  -12768,  '05361,  -23480, 
116690,  -003294.  Note  that  here  y  is  positive  in  every  case  except 
when  a;  =  4  or  9 ;  and  I  have  no  doubt  that  in  fact  y  is  always  posi- 
tive except  when  a;  is  of  the  form  5m— 1. 

Again,  when  a  =  5  (the  case  of  a  die),  the  first  nine  values  ofy  are 
•6,  -36,  •l4d,  -0355,  -1962,  0717,  3396,  2093,  -085;  and  I  have 
no  doubt  that  for  every  complete  period  there  are  four  positive  values 
of  y  and  two  negative  ones.  The  proportions  of  the  curve  for  these 
two  cases  are  not  quite  the  same  as  those  in  the  figure,  the  latter 
being  illustrative  of  large  values  of  x. 
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34.  In  this  and  the  next  three  articles,  without  assuming  any  of 
the  results  of  pp.  294-315,  we  will  consider  the  whole  matter  from 
another  point  of  view. 

If  every  term  of  (a,  6)'*"*"*  be  divided  by  the  (n6  +  l)«»  term  (?,, 
we  may,  commencing  from  the  middle  of  the  expansion,  write,  for 
the  short-side  and  long-side, 

to  nh  tenns, 

n  (n j 

[^]ho*m6  = T-  "^ 1 o —  "*■•••     *o  **^  terms. 

If  the  excess  of  the  former  expression  over  the  latter  could  be 
expanded  in  a  series  of  the  form  B  +  C«'*  + J)n"'+J&n"'-f<fcc.,  all  the 
results  of  the  present  paper  would  be  obtained.     The  fact  that 

R  —  JL  ^~^ 
""  3    a+6 

ought,  one  would  think,  by  putting  n  =  oo ,  to  admit  of  a  fairly 
simple  straightforward  proof ;  I  have  made  repeated  attempts,  in 
vain,  to  obtain  one  myself. 

35.  If  8r  denote  the  r**  term  of  the  former  series,  and  Ir  the  r^  term 
of  the  latter,  and  if  Kr  denote  the  ratio  of  Sr  to  Z„  we  easily  obtain 

^      ^^   (2n&-H)'-(2r-hl)'rr 
"*'       V    (2na-MV-(2rH-l)«     "^ 

showing  that  Kr,  which  at  first  is  greater  than  unity,  diminishes  with 
increasing  rapidity  at  every  subsequent  term,  till  it  becomes  zero. 
As  soon,  then,  as  any  term  Sp  is  less  than  Z^,  every  succeeding  short- 
side  term  is  less  than  the  corresponding  long-side  term. 

Again,  if  Tj,  T,,  ...  T„„^„fr^.i  be  the  successive  terms  of  (a,  6)***"*, 
and  a  person  bet  odds  of  a  shillings  to  h  shillings  in  a  fair  wager, 
after  na  4-  n6  trials  his  expectation  will  be 

n6(aH-6)Ti  +  (w6-l)(a-h6)T,-h(M6-2)(a  +  6)!r,+  ... 
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But  this  expectation  is  zero.     Henco 

i.e.,  Si  +  25,  +  3«s+...+w6.5,^  =  ^+2Z,+3Z,+  ...H-no  .1^, 

36.  From  the  preceding  article  we  can  deduce  at  once  that  A^  is 
always  positive.* 

Let  Sp  be  the  first  short-side  term  which  is  less  than  Ip,  the  corre- 
sponding long-side  term.     Then,  since 


naf 


and 


"naj 


«p  +  25^^i+3«^+a+...  +  (n6— jp  +  1)  8^  <  Zp+2Zp,i4-...  +  (na— p  +  1)  Z, 

we  have,  by  subtraction, 

5i4-25,+  ...  +  (i3— 2)  5^.2+ (p  —  l)(«p.i +  ...+«»*) 

>  Zi  +  2Z,+  ...  +  (jp-l)(Z,.i-|-...+Z^). 

But,  s,,  5„  ...  Sp.i  being  severally  greater  than  Zj,  Z„  ...  Z^.j, 

(p-2)5i  +  0)-3)5,+  ...+2v3+V2  >  (p-2)/,  +  (p-3)Z,+  ...+Z,.,. 

Therefore,  by  addition, 

(p— l)(«i -!-«,  +  . ..+5p-a+. ..+««»)  >  (i>— l)(^  +  ^+...+Zp_a+...  +  Z^), 

or  «i +«!+«,+  . ..+««*  >  Zj  +  Z,  +  Z,+  ...  +Z^. 

37.  The  desirability  of  an  algebraical  proof  of  the  last  equation  of 
Art.  35  has  been  suggested  ;  and  I  venture  to  offer  the  following. 

The  (nhy^  and  (nfe  +  l)***  terms  of  (a,  6)»«+»*-i  are  both  equal  to 
Q„.  Dividing  the  whole  expansion  by  (?„,  the  short-side,  in  reversed 
order,  may  be  written 

a       \        a  I  ^         at 


+ 


-h...  to n& terms. 


*  This  proof  haa  gp-adually  evolved  itself  out  of  Rome  remarks  in  a  letter  received, 
subsequently  to  Apnl  4th,  from  Dr.  Blddle,  of  Kingston-on-Thames,  to  whom  I 
am  in  consequence  greatly  indebted.  Dr.  Biddle*s  own  proof,  which  is  somewhat 
different,  will  appear  in  ^u^a^totki/  Timet  JReprinty  Vol.  Lxm.,  Quest.  12686. 
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Subtract  from  each  term  the  corresponding  term  in  [S]h«+»6,  and  we 
have 


W-f*  — 

a 


na 


"(—t) 


'("-r)("-|) 
(•4)(-7)(»-l) 


+  ... 


=  —  («i-f25,+3«,+  ...-f  n6.«„ft). 
na 


But,  by  Art.  5,  [S]Ha+ii4-i— [fi*]ii«*ii6  = 


therefore* 


Similarly,^ 


5i  +  2«,-f3«,-f-...+n6.fi»t  = 


Z,-|-2Z,H-3Z,+  ...+na.  ^^  = 


nab 
aH-6' 

nab 
a+6' 


therefore    «,H-25,H-35,+  ...-fM6  .s„6=  ^iH-2/,4-3^4- ...  +na.  Z^. 

38.  The  long-side   of  (a,  6)*"'*"*-\  after  division  by  0„  may  be 
written 

n (n Jin J 

rn  — ii  ^!^         a/\         ©/,         . 

[i]...^--l+— y  +  -r— yvj— -r+...    to 


na  terms. 


Each  of  the  first  nh  terms  of  this  is  greater  than  the  corresponding 
term  in  [iS'],4a+„A_i  above.  Hence  Sna^»h-\  —  ^Ha^nb-\  is  negative,  i.e., 
-^Ha+Hft-i  is  negative,  whatever  be  the  values  of  a,  6,  n.  This  proof  is 
of  more  value  than  the  one  given  in  Art.  25,  for  it  is  obtained  inde- 
pendently of  the  A„  formula,  and  leads  to  the  only  rigid  demon- 
stration I  have  been  able  to  contrive  to  show  that  the  function  ^  (a) 
in  Art.  9  is  absolute  zero. 

Let  us  try  and  put  the  matter  clearly.     By  Art.  36,  A^^^b  or  A^  is 
always  positive  ;    by  the  present  article,  -4.«„*„6_i  is  always  negative  ; 

and,  by  Art.  5  (see  also  Art.  25),  -4h«+„6.i  always  =  A^^^^b 7  0^- 

a'\'0 

Now,  if  ^  (a)  be  not  absolute  zero,  it  must,  for  any  given  value  of  a, 

•  These  two  interesting  relations  have  perhaps  been  proved  before ;  but  I  am 
unable  to  find  them  anywhere. 
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be  either  positive  or  negative,  and  cannot  be  both.  Again,  observing 
the  formula  of  Art.  9,  it  is  evident  that  the  terms  following  tf/  (a), 

both  alone  and  when  diminished  by  r  6?„,  can  be  made  as  small  as 

we  please,  and  therefore  smaller  than  if^  (a),  by  taking  n  large  enough. 
Hence,  ultimately,  A^^^b  and  Af^t^nb-i  are  both  of  the  same  sign  as 
xf/  (a).  Therefore,  when  n  is  infinite,  \l/  (a)  is  both  positive  and 
negative  ;  but  i/r  (a)  is  independent  of  n,  and  therefore  would  be  for 
all  values  of  n  both  positive  and  negative,  which  is  impossible. 
Therefore  ^  (a)  must  be  absolute  zero,  and  A^  can  contain  no  term 
independent  of  n. 

39.  My  task  is  now  completed ;  but  it  may  be  permissible  to  add 
three  more  articles  by  way  of  supplement. 

The  first  explorer  of  a  hitherto  untrodden  region  has  not  always 
the  good  fortune  to  discover  the  best  road  at  starting ;  certainly  I 
had  not ;  and  an  account  of  the  various  paths  pursued  to  open  out 
the  way  in  our  present  subject  may  be  of  interest,  as  saving  trouble 
to  future  investigators.  My  only  ambition  at  first  was  to  prove  that 
A„  is  always  positive,  the  original  attempt  being  by  what  still  seems 
to  me  the  most  natural  and  straightforward  method,  i.e.,  to  show  that, 
when  5=1,  the  first  series  in  Art.  34  always  exceeds  the  second.  Re- 
peated failures  in  this  direction  were  probably  due  to  lack  of  skill,  for 
the  two  series  certainly  look  as  if  they  ought  to  be  manageable,  and 
they  may  be  commended  to  the  reader's  attention. 

Next,  putting  a  =  2,  the  expansion  of  (2  +  1)'"  x  (2  +  1)'  was  com- 
pared with  that  of  (2-|-l)^*',  leading  to  the  result 


.       .  2'"-^        (3n)!       ,o       ,. 

^--^-^  =  y^'n!(2nU)!^^""^^' 

which,  finally,  after  a  good  deal  of  trouble,  gave  A^  =  the  constant 
term  in  the  expansion  of 


^4  {I  <'+»)■•-'}• 


which,  on  making  n  infinite,  is  ultimately  equal  to  —  ^  times  the 


I 
9  3' 

coefficient  of  y"  in  (l  +  y)'",  or  ^  of  the  greatest  term  in  (J+f)*". 

This  not  only  pix)ved  A„  to  be  positive  when  n  is  infinite,  and  to 
increase  as  7i  diminishes,  which  had  been  looked  for ;  but  it  gave 
the  ultimate  value  of  A^,  which  had  not  been  looked  for.     The  same 
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method  was  much  more  difficult,  but  still  mamigeable,  when  applied 
to  (3-fl)*";  and  gave 

»^i      4*"*»  n!  (3n+3)!^  ^ 

positive  again  ;  also  A^  ultimately  equal  to  |-  of  the  greatest  term  in 
(J^  +  l)**.  If  now  371—1  and  48n*-fl4»  — 7  could  have  been  expressed 
in  the  form  i//  (2,  m),  and  \f/  (3,  n),  and  yff  determined,  it  would  have 
been  allowable  to  put 

.       .  4*»*>        (5n)!        ,  r,     V 

for  the  expansion  of  (4-1-1)**.  Efforts  to  this  end  proved  fruitless ; 
moreover,  the  direct  method,  in  its  application  to  a  =  4  and  greater 
values,  was  utterly  unmanageable,  and  for  a  long  time  the  work  was 
at  a  standstill.  It  seemed  clear,  however,  that,  for  infinite  values  of  n, 
A^  must  be  always  some  simple  multiple  of  0^. 

At  length  another  method  was  found,  which,  proving  A«  ultimately 
=  i^ni  when  a  =  4,  and  =x  |(?»  when  a  =  5,  suggested  the  result 

A   =i  ^^0 
'•       3    a-hl     • 

for  the  general  case.  The  method  proved,  in  fact,  applicable  to  the 
general  case  when  n  =  oo  ,  but  resolutely  refused  to  prove  A^— A„+i 
always  positive  when  n  is  finite. 

Again  work  was  at  a  standstill,  and  recourse  was  had  to  a  large 
number  of  numerical  examples,  in  doubt  whether  the  theorem,  after 
all,  was  universally  true.  These  examples  showing,  quite  by  accident, 
that  A„  always  lies  about  half-way  between 

1    a— 1  ^  J      1    a  —  \  ri 

6    a+1  »>    a-f-1 

exploration  was  suggested  on  a  new  track.  This  was  to  expand  A„ 
in  a  series  of  ascending  powers  of  —  ;  which,  by  a  most  cumbrous 

and  intricate  method,  gave  at  length  the  second  approximation 
formula  for  A^,  with  its  sui*prising  applicability  to  small  values  of  n. 
This,  together  with  the  investigation  of  broken-period  sets,  formed 
the  basis  of  the  communication  on  April  4th.  The  method  was  still 
based  on  the  comparison  of  the  two  expansions  of  (a  +  l)^***^^'""^^^  and 
(a-hl)"^"*'^  X  (a-|-l)"*\  and  was  about  five  times  the  length  of  the  one 
here  given.     Moreover,  it  was  utterly  inapplicable  to  the  expansion 
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of  (a +6)""**'*,  whose  A^  formula  was  given  on  that  occasion  without 
demonstration. 

Not  until  May,  i.e.,  after  three  months*  hard  work  on  the  theorem, 
was  it  perceived  that  a  fundamental  and  yet  quite  natural  mistake  had 
prevailed  throughout ;  which  was  imagining  that  the  expansion  of 
(a-j-l)"^**^^  was  more  easily  manageable  than  the  expansion  of 


\a  +  l      a  +  1/ 


»(«♦!) 


A  new  and  far  shorter  method,  inapplicable  to  the  former  case,  was 
found  applicable  to  the  latter,  and  is  the  one  here  given.  By  the 
indulgence  of  the  Society  and  the  referees,  I  have  been  permitted  to 
entirely  re- write  the  paper,  finally  adding  Arts.  36  and  38.  It  is 
curious  that  the  apparently  simple  matter  of  proving  i/r  (a)  =  0 
should  have  proved  the  most  baffling  task  of  all ;  possibly  the  reader 
may  be  able  to  devise  a  simpler  and  more  direct  method. 

Moreover,  we  are  now  able  to  add  the  third  approximation  formula 
for  A„,  impossible  by  the  former  method.  Arts.  14-19  still  seem 
necessary,  even  after  this  addition,  so  they  have  been  left  nearly  in 
their  original  form. 

40.  It  will  be  found  that  the  coeffioient  of  — ^  in  the  expression  for 
T^  in  Art.  6  is 

Summing  this  from  r=ltor  =  a,  a  very  tiresome  process,  we  obtain 

a  +  2     ri         1     13aH21a+6 


^(»«*l)(n*l)        ^n^a-t-l)    — 


6(o+l) 


20a  (a -hi) 


.     1    407a* -f  1306a»  +  1225a'H-398a4-24  ^      1  ^ 


nr 


840a»(a  +  l)2 
Proceeding  in  Art.  7  to  another  term,  we  shall  now  find  that 


n      _  (i       ^     i     1    lla'  +  lla-h2_   1 
"*'  "1         2n  ■*■  n«      24a  (a-f  1)  n» 


1     7a'  +  7a-h2 


+ 


...    r   vTn  , 


16a  (a -fl) 

whence,  by  an  extension  of  the  method  of  Art.  8,  we  obtain 

<?  _   1  a  +  2     (,        2     (a-l)(2a  +  l) 

o,(»..)-  2       3(o+i)l    ^46«        a(o+l) 

4       (a-l)(2a+l)(a*+a+l)  .       7^ 

945»'  a*(o+l)'  )     "■ 
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Obwrving  that  945  =  3*. 5. 7,  we  thns  haTe 

1    a-lC.       1   V(a+2){2a+l) 
^       3   a+ll         n      3*.5a(a+l) 

.    1    2»(a-t-2)(2a-H)(a'+a+l)    .       7« 
■^^  2^.5.7<^ia+iy  +••)"- 

Thin  nmj  be  compared  with  tlie  two  expressions  for  A,— A«^i  giveii 
in  Art.  39.  The  reader,  hj  substituting  numericallj,  will  moreover 
find  the  "  proportion  of  error "  now,  generally  speaking,  about  };  of 
what  it  was  in  the  second  approximation,  and  again  less  for  large  than 
for  small  values  of  a.  It  is  disappointing  to  find,  however,  that  this 
third  approximation  is,  in  all  the  cases  I  have  tried,  less  than  the 
actnal    value,  suggesting   the    presumption  that  the  coefficient  of 

—  will  be  again  positive,  and  destroying,  in  one  detail,  the  symmetry 
n 

of  the  series. 

I  have  since  proved,  by  an  independent  method,  that,  when  a  =  2, 

the  next  term  inside  the  bracket  is   +  r-z — i,  and,  when  a  =    ,  it  is 

169 

Both  of  these  results  conform  with  the  formula 


4.3^ 


n 


»• 


2    2*(g  +  2)t2a-fl)(a'+a-H)* 
n»  3*. 5.  7. a» (a -hi)' 


suggesting  the  possibility  of  this  being,  for  all  values  of  a,  the  next 
term  inside  the  bracket.  On  testing  numerically,  I  find  this  fourth 
approximation,  both  for  a  =  2  and  a  =  3,  greater  than  the  actual 

value  of  A„,  implying  apparently  that  the  coefficient  of  — r  will  be 

n 

for  those  cases,  and  therefore  also  for  the  general  case,  negative. 

2*  2* 

It  is  interesting  to  note  that  the  quantities  1,  —  ^^—  ,     ^  » 

2  .  . 

5j-^f-=  form  a  converging  series  ;  so  that,  if  the  above  formula  gives 

o  .  o  .  7 

the  actual  coefficient  of  -y,  a  still  stronger  presumption  is  afforded 

of  the  correctness  of  the  hypothesis  of  Art.  19. 

The  rogulanty  of  form  of  the  successive  coefficients  further 
suggests  the  possibility  of  expanding  either  of  the  series  of  Art.  34, 
and  their  difference,  in  such  manner  as  to  obtain  an  expression  for 
the  general  torai.  Whether,  in  fact,  our  theorem  and  formulae  admit 
of   a    simple,    straightforward  proof,    or    remain    for   generations 
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apparently  incapable  of  it,  like  Bernoulli's  Theorem,  will  be  left  for 
the  future  to  decide. 


41.  In  conclusion,  it  is  hardly  necessary  to  assure  the  reader  that 
my  object  has  been  in  no  sense  to  prove  that  the  gambler  who  gives 
odds  is  in  a  more  advantageoHs  position  than  the  one  who  takes  odds. 
In  fact,  I  have  proved  afresh,  in  Art.  37,  that  in  a  fair  wager  the 
gambler's  "  expectation  "  is  always  zero,  whether  after  10  trials  or 
after  10,000,000.  The  vocabulary  of  the  English  language,  and 
probably  of  all  languages,  is  strikingly  deficient  in  worjds  exactly 
suitable  for  the  scientific  treatment  of  probability ;  and  the  word 
"  advantage,"  to  denote  excess  of  probability  of  net  gain  over  prob- 
ability of  net  loss,  is  the  best  I  could  devise.  But  the  fact  that  it 
has  always  been  carefully  guarded  within  inverted  commas  may 
suflBce  to  show  that  it  is  throughout  employed  in  a  purely  technical 
sense,  and  not  in  the  ordinary  one. 


Thursday,  May  9th,  1895. 

Major  P.  A.  MACMAHON,  R.A.,  F.R.S.,  President,  in  the  Chair. 

Mr.  William  Henry  Metzler,  A.B.  (Toronto),  Associate- Professor, 
Syracuse  University,  Syracuse,  New  York,  and  Mr.  Frederick  William 
Russell,  B.A.,  formerly  Scholar  of  Trinity  College,  Cambridge, 
assistant-master  in  University  College  School,  London,  were  elected 
members.     Mr.  P.  H.  Cowell  was  admitted  into  the  Society. 

The  following  communications  were  made : — 

On  the  most  Greneral  Solution  of  Given  Degree  of  Laplace's 

Equation :  Dr.  Hobson. 
A  Property  of  a  Skew-Determinant,  and   on   the  Geometncal 

Meaning  of  a  Form  of  the  Orthogonal  Substitution :    Prof. 

M.  J.  M.  Hill. 
The  Spherical  Catenary:  Prof.  Greenhill  and  Mr.  T.  I.  Dewar 

(a  model  was  exhibited  of  this  catenary,  foimed  by  a  chain 

wrapped  on  a  terrestrial  globe). 

y2 
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Mr.  Heppel  exhibited  a  set  of  Napier's  Bones,  of  date  1746,  and 
explained  how  they  were  used  in  calculation. 

The  following  papers  were  taken  as  read : 

On  those  Orthogonal  Sabstitutions  that  can  be  generated  by  the 
Repetition  of  an  Infinitesimal  Orthogonal  Substitution :  Dr.  H. 

Taber. 
Notes  on  the  Theory  of  Groups  of  Finite  Order  (continuatimi)  : 

Prof.  W.  Bumside. 
Applications  of  Trigraphy :  Mr.  J.  W.  Russell. 
The  Reciprocators  of  Two  Conies:  Messrs.  J.  W.  Russell  and 

A.  E.  Jolliffe. 

The  following  presents  were  received : — 

Queen's  College,  Galway,  **  Calendar  for  1894-95,"  8vo ;  Dublm,  1895. 

**  Beiblatter  zu  den  Annalen  der  Phjsik  und  Chemie,"  Bd.  xdl.,  St.  4  ;  Leipzig,. 
1895. 

**  Cambridge  Philosophical  Society,  Proceedings,"  Vol.  vin.,  Pt.  4;  October, 
1894. 

**yierteljahr88chrift  der  Naturforschenden  Gesellschaft  in  Ztirich,"  Jahrgang 
40,  Heft  1  ;  1895. 

Kluyrer,  J.  C. — **  Invarianten-Theorie,"  pamph.,  8vo  (offprint). 

*'  Berichte  iiber  die  Verhandlungen  der  KonigUch  Sachsischen  Gesellschaft  der 
WissenHchaften  zu  Leipzig,"  m.,  1894. 

**  Archives  Neerlandaises,"  Tome  xxrx.,  Liv.  1  ;  Harlem,  1896. 

**  Proceedings  of  the  Royal  Society,"  Vol.  Lvn.,  Nos.  343-344. 

**  Proceeding's  of  the  Physical  Society  of  London,"  Nos.  65,  66  ;  April-May, 
1895. 

**  Bulletin  of  the  American  Mathematical  Society,"  2nd  Series,  Vol.  i.,  Nos.  6-7. 
New  York. 

"  Societe  des  Antiquaires  de  1* Quest — Bulletin,"  Trim.  iv.  ;  1894. 

**  Bulletin  des  Sciences  Mathematiques,"  S^rie  2,  Tome  xix.,  Avril,  1895  ;  Paris. 

**Ilendiconto  dell*  Accademia  della  Scienze  Fisiche  e  Matematiche,"  Serie  3^, 
Vol.  I.,  Faso.  3  ;  Napoli,  1896. 

*'Memoires  de  la  Soci^tc  des  Sciences  de  Bordeaux,"  Tome  m.,  Cahier  2; 
Tome  IV.,  Cahier  1,  2  ;  Paris,  1893. 

Perot,  A. — *'Sur  I'Existence  et  la  Propagation  des  Oscillations  Electro -magn6- 
tiques  dans  I'Air,"  pamph. 

Rayet,  G. — Observations  Pluviom^triques  et  ThermomStriques,  8vo  ;  Bordeaux, 
1893. 

Thomae,  J. — "Untersuchungen  iiber  zweizweideutige  Verwandschaften  und 
einig^  Erzeug^sse  derselben,"  roy.  8vo  ;  Leipzig,  1896. 

**  Educational  Times,"  May,  1895. 

*' Atti  della  Reale  Accademia  dei  Lincei — Rendioonti,"  1  Sem.,  Vol.  it.,  Fasc. 
6-7 ;  Roma,  1895. 

<<  Annales  de  la  Faculty  des  Sciences  de  Marseille,"  Tome  iv.,  Fasc.  1,  2,  3. 

<<  Journal  de  TEcole  Polyteohnique,"  Cahier  64  ;  Paris,  1894. 
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**  Indian  Engineering,"  Vol.  X7n.,  Nos.  11-16. 

*'  Acta  Mathematica,"  zix.,  No.  2. 

''The  Mathematical  Magazine/'  edited  by  Dr.  A.  Martin,  Washington,  D.C., 
1896 ;  Vol.  n.,  No.  9,  January,  1896. 

**  List  of  Members  of  the  London  Mathematical  Society,"  from  January  16th, 
1866,  to  November  9th,  1893  ;  30  sessions  (14th  November,  1867,  oaUed  4th  session, 
2  previous  lists) . 


Notes  on  the  Theory  of  Groups  of  Finite  Order  (continued).  By 
W.  BuENSiDE.  Received  May  7th,  1895.  Bead  May  9th, 
1895. 

The  first  of  the  two  notes  in  the  present  communication  deals  with 

certain  properties  of  groups  whose  order  is  even.     It  is  shown  that  if 

2*"  is  the  highest  power  of  2  contained  in  the  oixier  of  a  g^up,  and  if 

the  sub-groups  of  order  2*"  are  cyclical,  the  group  cannot  be  simple ; 

so  that,  in  particular,  no  group  whose  order  is  divisible  by  2,  but  not 

by  4,  can  be  simple.     When  the  highest  power  of  2  which  divides  the 

order  of  a  group  is  either  2*  or  2'  it  is  shown  that,  unless  the  group 

contains  a  smaller  number  of  distinct  conjugate  sets  of  operations  of 

orders  2  or  4  than  the  sub-groups  of  orders  2'  and  2*  respectively 

<;ontain,  the  group  cannot  be  simple.     In  the  first  case,  this  condition 

cannot  be  satisfied  unless  3  is  a  factor  of  the  order ;  nor  can  it  be 

satisfied  in  the  second  case  unless  either  3  or  7  is  a  factor  of  the 

oi-der,  and,  therofore,  no  group  of  even  order  can  be  simple  unless  its 

Older  is  divisible  by  12,  16,  or  56.     It  seems  extremely  probable  that 

this  property  may  be  extended  to  the  more  general  form  that,  if 

the  order  of  a  group  be 

N^2rn 

where  n  is  odd,  and  if  ^is  relatively  prime  to  2'"—  1, 2"*"^— 1,  ...  2*— 1, 
the  group  cannot  be  simple;  but  I  have  not  hitherto  succeeded  in 
proving  this  more  general  result. 

In  the  second  note,  Dr.  Cole's  and  Herr  Holder's  determination  of 
all  simple  groups  whose  orders  do  not  exceed  660  is  canned  on  from 
^660  to  1092,  the  order  of  the  next  known  simple  group,  with  the 
result  of  showing  that  no  simple  groups  exist  in  the  interval. 
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Vlil.  On  Groups  of  Even  Order  ;  and,  in  particular,  those  whose  Orders 

are  divisible  by  no  higher  power  of  2  than  2*. 

Let  N=^  2-n, 

where  n  is  odd,  be  the  order  of  a  group  ;  and  let  the  snb-gronps  of 
order  2"*  be  cyclical.  Then,  if  the  group  contains  an  operation  8  of 
odd  order  which  is  not  permntable  with  any  operation  of  order  2, 
8  must  be  one  of  a  set  of  2"*/*  conjugate  operations,  where  fi  is  odd. 
If  the  group  is  simple,  it  can  be  represented  as  a  transitive  permuta- 
tion-group arising  from  the  permutations  of  the  2"'/x  conjugate 
operations  among  themselves,  when  they  are  transformed  by  the  N 
operations  of  the  group.  If  the  set  of  conjugate  operations  be  trans- 
formed by  an  operation  of  order  2"*,  the  resulting  substitution  of  the 
permutation-group  must  consist  of  71  cycles  of  2"*  symbols  each  ;  for, 
if  any  cycle  consisted  of  2''  {r<m)  symbols  only,  the  corresponding- 
2r  operations  conjugate  to  8  would  be  permutable  with  a  group  of 
order  2*""'",  which  is  supposed  not  to  be  the  case.  Now  a  substitution 
consisting  of  ft  (odd)  cycles  of  2"*  symbols  each  is  equivalent  to  an 
odd  number  of  transpositions,  and  a  group  containing  such  a  substi- 
tution cannot  be  simple. 

If,  on  the  other  hand,  the  group  contains  no  operation  of  odd  order 
which  is  not  permutable  with  an  operation  of  order  2,  an  operation 
of  order  2  must  itself  be  contained  self-conjugately  in  the  group^ 
which  again  cannot  be  simple.  Hence  a  group  whose  order  is  2'"n 
{n  odd),  in  which  the  sub-groups  of  order  2*"  are  cyclical,  cannot  be 
simple.  In  particular,  a  group  whose  order  is  even,  but  not  divisible 
by  4,  cannot  be  simple. 

The  number  of  possible  different  types  of  sub-group  of  order  2"* 
increases  very  rapidly  with  m,  but,  when  m  is  either  2  or  3,  it  is  not 
difficult  to  determine  under  what  limifcations  it  is  possible  for  a  group 
to  be  simple. 

If  the  order  is  JV  =  2'm, 

where  m  is  odd,  and  the  sub-groups  of  order  2'  are  not  cyclical,  each 
such  sub-group  contains  3  operations  of  order  2.  Suppose  that  a 
sub-group  of  order  2'  is  contained  self-conjugately  in  a  sub-group  of 
order  2'7n-i,  where  m  =  mym^.  If  3  is  a  factor  of  mj,  the  3  operations 
of  order  2  in  this  sub-group  may  form  a  single  conjugate  set,  and 
then  all  the  operations  of  order  2  in  the  main  group  form  a  single 
conjugate  set.     Suppose  now  that  this  is  not  the  case,  so  that  the 


1895.]  Theory  of  Groups  of  Finite  Order.  327 

group  contains  S  different  conjugate  sets  of  operations  of  order  2. 
Every  operation  of  order  2  is  certainly  self -conjugate  in  a  sub-group 
of  order  2'mi,  and  may  be  self -conjugate  in  a  more  extensive  sub- 
group. Let,  then,  S,  an  operation  of  order  2  be  self -con jugate  within 
a  group  of  order  2^w^fjL.  An  operation  of  this  sub-group  whose  order 
is  odd,  and  which  is  not  contained  in  the  sub-group  of  order  2'wi,  is 
permutable  with  S^  and  with  no  operation  of  order  2  which  is  not 
conjugate  to  8,  Hence  it  must  form  one  of  a  set  of  2r  conjugate 
operations,  where  r  is  odd.  If  now  the  group  be  represented  as  a 
permutation-group,  consisting  of  the  permutations  of  these  2r  opera- 
tions among  themselves  which  arise  by  transforming  them  by  all  the 
operations  of  the  group,  any  operation  of  order  2  which  is  not  con- 
jugate to  8  will  give  a  substitution  in  the  permutation-group, 
consisting  of  r  transpositions,  t.e.,  an  odd  substitution,  and, 
therefore,  the  group  cannot  be  simple.  Hence,  the  group  is  cer- 
tainly not  simple  unless  the  maximum  sub-group,  which  contains 
an  operation  of  order  2  self-conjugately,  is  of  order  2*m| ;  and 
when  this  condition  is  satisfied  every  operation  of  order  2  is 
permutable  with  just  2  other  operations  of  order  2,  and  with  no 
more. 

But,  now,  if  -4,  B  are  two  operations  of  order  2  belonging  to 
different  conjugate  sets,  and  if 

(ABY  »  1, 

A^  B  generate  a  dihedral  g^up  of  order  2n.  If  n  were  odd,  A  and  B 
would  be  conjugate,  which  is  not  the  case.  Hence,  n  must  be  even, 
and  then  (-45)*"  is  an  operation  of  order  2  which  is  permutable 
with  n  distinct  pairs  of  operations  of  order  2.  But  this  is  in  direct 
contradiction  to  what  has  just  been  proved,  so  that  this  case  cannot 
occur.  It  follows  that,  if  a  group  whose  order  is  2*m  (m  odd)  contains 
3  different  conjugate  sets  of  operations  of  order  2,  it  cannot  be 
simple. 

If,  next,  the  order  is  ^  =s  2*w, 

where  m  is  odd,  and  if,  as  in  the  case  just  dealt  with,  the  main  group 
contains  the  same  number  of  conjugate  sets  of  operations  of  orders 
2  and  4  as  are  contained  in  a  sub-group  of  order  2",  it  may  again  be 
shown  that  the  group  cannot  be  simple.  In  this  case,  however, 
putting  aside  the  cyclical  groups  of  order  2*  which  have  already 
been   dealt  with,   there  are  4  other  possible  types  of  sub-g^ups 
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of  order  2*.  These  are  the  groups  which  may  be  generated  as 
follows : — 

(i)  A*  =  ff  =(?  =  !,  AB=BA,      AG-QA,    BG=GB; 

(ii)  ^•  =  ^=1,  AB  =  BA', 

(iii)  ^«  =  B*  =  1,  ABz^B'A; 

(iv)  A'  =  B'=l,  AB=i  B'A,  A*  -  S«, 

Of  these  (i)  is  an  Abelian  group  containing  7  operations  of  order  2; 
each  of  which  is  self -conjugate.  Ghronp  (ii)  is  again  Abelian,  and 
contains  4  operations  of  order  4,  and  3  operations  of  order  2,  each 
one  of  the  7  being  self-conjugate.  In  the  case  of  group  (iii)  there 
are  2  conjugate  operations  of  order  4,  and  5  operations  of  order  2,  on# 
of  which  is  self-conjugate,  while  the  remainder  form  2  conjugate 
sets  of  2  each.  Groap  (iv)  contains  a  single  self -con jugate  opera- 
tion of  order  2,  and  6  operations  of  order  4  forming  3  conjugate  seta 
of  2  each. 

If,  now,  in  the  group  of  order 

N=Vm     (m  odd) 

the  sub-groups  of  order  2*  are  of  type  (i),  and  if  the  main  group  con- 
tains 7  conjugate  sets  of  operations  of  order  2,  \ei  A^  B  be  two  such 
operations  chosen  from  different  sets.  The  group  generated  by  A  and 
B  must  be  a  dihedral  group  of  order  4frt,  where  n  is  odd.  If  this  sub- 
group is  not  self -con  jugate  within  a  sub-group  of  order  2*n,  it  must 
form  one  of  a  set  of  2r  conjugate  sub-groups,  where  r  is  odd,  and, 
when  these  are  transformed  among  themselves  by  operations  of  order 
2  of  conjugate  sets  other  than  those  contained  in  the  dihedral  group, 
the  corresponding  substitution  of  the  permutation-group  will  consist 
of  r  transpositions,  which  involves  that  the  group  is  composite. 

If  the  dihedral  group  is  contained  self -con  jugately  in  a  group  of 
order  2*n,  the  cyclical  sub-group  of  order  n  which  it  contains  must  be 
transformed  into  itself  by  the  operations  of  a  group  of  order  2*.  Let 
B  be  the  operation  of  order  n  generating  the  cyclical  sub-group, 
and  let  Ay  By  0  be  the  generating  operations  of  the  group  of  order  2*, 
A  and  B  belonging  to  the  dihedral  group.    Then 

A8A  =  S''    and    BSB  =  8'\ 

H,  now,  (a)  G8G  =  8'\ 

B  is  permutable  with  the  sub-group   formed   by  1,  BO,  GA,  AB 

:•»*  ^  (/3)  G80  =  8y 
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8  is  permntable  with  the  sub-group  formed  by  1,  0,  AB,  ABO, 
Hence,  in  either  case,  8  is  one  of  a  set  of  2«  conjugate  operations, 
where  s  is  odd ;  and  it  follows  as  before  that  the  group  is  composite. 

If  next,  the  sub-groups  of  order  2*  are  of  type  (ii),  and  if  the  main 
\group  contains  3  distinct  sets  of  conjugate  operations  of  order  2,  one 
of  these  sets  contains  exclusively  operations  which  are  the  squares  of 
operations  of  order  4,  and  the  other  two  sets  those  that  are  not. 

Let,  now,  A  be  an  operation  of  order  2  which  is  the  square  of  an 
operation  of  order  4,  and  let  B  be  an  operation  of  order  2  belonging 
to  a  different  conjugate  set  from  A,  Then  A  and  B  must  generate  a 
dihedral  group  of  order  4n,  where  n  is  odd.  Suppose  that  AB  is  an 
operation  of  this  group  of  order  2n,  and  write 

(ABy  =  0,     (ABy  =  S„ 

so  that  0  is  an  operation  of  order  2,  and  S,  an  operation  of  order  n. 
The  operation  C  must  clearly  belong  to  a  different  conjugate  set  from 
both  A  and  B.     Now 

A8U  =  S;\    B8nB=z8:\    05.0  =  S.. 

If  A^  is  any  operation  contained  in  the  sub-group  within  which  the 
cyclical  sub-group  generated  by  S«  is  self -con  jugate,  and  belonging  to 
the  same  conjugate  set  as  A,  then 

A'8A'  =  8:\ 

and,  therefore,  Sn  cannot  certainly  be  permutable  with  any  operation 
of  order  4,  since  it  is  not  permutable  with  the  square  of  any  such 
operation.  The  operation  8n  therefore  forms  one  of  a  set  of  4r 
conjugate  operations,  where  r  is  odd  ;  and,  when  these  are  transformed 
by  any  operation  of  order  4,  the  resulting  substitution  of  the  permu- 
tation-group consists  of  r  cycles  of  4  symbols  each.  This  is  an  odd 
substitution,  and  therefore,  again,  in  this  case,  the  group  cannot  be 
simple. 

A  group  of  order  8  of  type  (iii),  generated  by  A  and  B,  where 

contains  5  operations  of  order  2,  viz., 

A,    B",    AB,    AB\    AB", 

•of  which  B*  is  self -con jugate,  while  -4,  AB'^  and  AB,  Aff  form  con- 
jugate sets.  From  these  5  operations  and  identity  2  groups  of 
order  4  may  be  formed,  viz., 

1,     F,     A,       AS" 
and  1,     B«,    AB,    A&. 
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If,  now,  the  sub-groups  of  order  2*  contained  in  a  g^up  of  order 
2*m  (m  odd)  are  of  this  type,  and  if  the  main  group  contains  3 
distinct  sets  of  conjugate  sub-groups  of  order  2,  one  of  these  sets 
consists  of  the  squares  of  operations  of  order  4,  and  the  other  two  sets 
of  operations  of  order  2,  which  are  not  such  squares.  Moreover,  the 
above  analysis  of  the  operations  of  such  a  group  of  order  2*  shows  that 
no  operation  of  one  of  the  two  latter  sets  can  be  permutable  with  any 
operation  of  the  other.  Now  each  set  contains  2r  conjugate  opera- 
tions, where  r  is  odd,  and,  if  one  set  is  transformed  by  an  operation 
of  the  other  set,  the  resulting  substitution  consists  of  r  transpositions, 
and  is  therefore  an  odd  substitution.  Once,  again,  in  this  case,  the 
group,  then,  cannot  be  simple. 

Finally,  when  the  group  of  order  2*  is  of  type  (iv),  and  the  main 
group  contains  3  distinct  sets  of  conjugate  operations  of  order  4,  the 
number  of  operations  contained  in  each  set  must  be  of  the  form 
4/1-1-2. 

If  such  a  set  is  transformed  by  one  of  its  own  operations,  the  resulting- 
substitution  will  keep  2  symbols  unchanged,  and  interchange  the 
remainder  in  2r  cycles  of  2  and  (f«— r)  cycles  of  4  each,  where  r  is 
some  number  less  than  /i.  If  the  set  is  transformed  by  an  operation 
of  order  4  belonging  to  another  conjugate  set,  the  resulting  substitu- 
tion will  consist  of  2r*  +  l  cycles  of  2  and  0*— r*)  cycles  of  4  each. 
Now,  since  there  is  only  a  simple  conjugate  set  of  operations  of  order 
2  in  this  case,  the  squares  of  these  two  substitutions  must  be  of  the 
same  type,  and  therefore  r  =  r\  Hence,  one  of  the  two  substitutions 
is  necessarily  odd,  and  it  follows  again  in  this  last  case  that  the  g^up 
must  be  composite. 

The  conditions  under  which  it  has  been  shown  that  groups  of  order 
2'm  and  2^m,  m  being  odd,  cannot  be  simple  may  now  be  shown 
to  hold  necessarily  if  in  the  one  case  3,  and  in  the  other  3  and  7,  are 
not  factors  of  m.     For  this  purpose  I  prove  the  following  theorem. 

If,  p"*  being  the  highest  power  of  a  prime  p  which  divides  the 
order  of  a  group  G,  a  sub-group  h  of  order  p^  is  Abelian,  and  if  H  be 
the  greatest  sub-group  that  contains  h  self -con  jugately,  the  number 
of  distinct  sets  of  conjugate  operations  whose  orders  are  powers  of  p 
in  G  is  the  same  as  the  number  in  H. 

Let  P  be  any  operation  of  h,  and  let  it  be  one  of  x  conjugate 
operations  of  H.     Then  P  is  permutable  in  a  sub-group  of  H  of  order 

^,  tis  being  the  order  of  H,     Hence,  if  the  order  of  the  greatest  sub* 

X 

group  within  which  P  is  permutable  is  -^ — ,  P  must  belong  to  a/T 

X 
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different  gronps  of  order  p*^.  Hence,  summing  for  the  distinct  sets 
of  conjugate  operations  whose  orders  are  powers  oip  contained  in  ff, 

no  being  the  order  of  O,  or 

Saj  =;?"•  — 1, 

which  proves  the  theorem. 

Now,  if  the  order  of  H  is  relatively  prime  to  j?"*—  1,  j?"*"*  — 1,  ...  p-^ly 
every  operation  of  ^  is  self -con jugate  in  H,  and  O  contains  2?*— 1  dis- 
tinct sets  of  conjugate  operations  whose  orders  are  powers  of  p. 

When  p"*  =  2',  this  condition  will  be  satisfied  if  the  order  of  H 
does  not  contain  3  ; '  and,  when  p^  =  2*,  it  will  be  satisfied  if  the  order 
of  H  contains  neither  3  nor  7  as  a  factor. 

A  group  of  order  2^m  is  therefore  certainly  composite  if  the  odd 
number  m  is  not  divisible  by  3 ;  and  a  group  of  order  2'w,  in  which 
the  sub-groups  of  order  2*  are  Abelian,  is  certainly  composite  if  m  is 
divisible  by  neither  3  nor  7. 

Suppose,  next,  that  in  a  group  of  order  ^m  the  sub-groups  of 
order  2*  are  of  type  (iii),  given  by 

^«  =  1,     B*  =  l,     AB^B'^A; 

and  suppose  that  A  and  ff  are  conjugate  operations  in  the  group. 

Then  A  must  be  the  square  of  some  operation  B'  of  order  4,  and  the 
sub-group  formed  by 

1,  B*,    B^,     B'B' 

occurs  in  the  two  sub-groups  of  order  2'  which  contain  B  and  B^.  In 
the  first  B^  and  B^B"*  are  conjugate  operations,  and  in  the  second  B* 
and  B^B^  are  conjugate.  Hence  JB*,  B^,  B^B^  form  a  single  conjugate 
set  in  the  sub-group  that  contains  the  group 

1,     ff,    jB^,     ffB^ 

self -con jugately.  The  order  of  this  sub-group  is  therefore  divisible 
by  3 ;  and  hence,  unless  m  is  divisible  by  3,  A  and  B*  cannot  be  conju- 
gate operations. 

The  operation  A  must  enter  into  an  odd  number  n  of  sub-groups 
of  order  2*.  If,  then,  A  and  AB  belong  to  the  same  conjugate  set, 
each  operation  of  the  set  enters  into  n'  sub-groups  of  order  2* ;  while 
the  number  of  operations  in  the  set  is  2»'',  n"  being  odd. 
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Hence  2n'n*  is  the  total  nnmber  of  these  operations,  distinct  or  not, 
which  enter  in  the  conjugate  set  of  snb-gronps  of  order  2".  Bnt,  since 
4  enter  into  each  snb-group  of  order  2',  this  is  impossible;  and 
therefore  A  and  AB  cannot  be  conjugate. 

Suppose,  now,  lastly,  that  in  a  group  of  order  2'm  the  sub-groups 
of  order  2'  are  of  type  (iv),  given  by 

^*  =  1,    B*=l,    A^  =  B',    AB=:B^Ai 

4knd  suppose  that  A  and  B  are  conjugate,  so  that 

8'' AS  =  B, 

8-'A'8^B'  =  A\ 

and  8  occurs  in  the  group  g  within  which  A^  is  permutable.  Let 
the  order  of  this  sub-group  be  ^n^n^;  and  let  it  contain  n,  sub-groups 
of  order  2*.  Since,  within  g,  A  and  B  are  conjugate,  it  cannot  contain 
3  distinct  conjugate  sets  of  cyclical  sub-groups  of  order  4.  Suppose, 
now,  that  the  sub-group  of  g  of  order  2*n,  which  contains  a  sub-group 
of  order  2*  self-conjugately  also  contains  each  of  its  3  sub-groups  of 
order  4  self-conjugately.  Then  any  sub-group  of  order  4  will  be  self- 
conjugate  within  a  sub-group  of  g  of  order  2*n|n^,  and  will  form  one 
of  nj'  conjugate  sub-groups  within  gr,  and  each  of  these  will  enter  in  ni 
of  the  n,(=niwi')  sub-groups  of  g  of  order  2*. 

Hence  3n,  =  Sn-^n^', 

where  the  summation  is  extended  to  the  different  distinct  sets  of 
conjugate  sub-groups  of  order  4  contained  in  g.  This  is  impossible, 
since  the  number  of  these  sets  does  not  exceed  2 ;  and  therefore  the 
-3  sub-groups  of  order  4  contained  in  the  sub-group  of  g  of  order 
2*ni  are,  in  this  sub-group,  conjugate  to  each  other.  Hence  tij  must 
be  divisible  by  3 ;  and,  unless  this  condition  obtains,  A  and  B  cannot 
be  conjugate. 

Hence  a  group  whose  order  is  2'm  (m  odd)  in  which  the  sub-groups 
of  order  2'  are  not  Abelian  cannot  be  simple  unless  m  is  divisible 
by  3. 

Combining  now  all  the  results,  they  give  the  theorem  that  a 
;group  whose  order  is  even  cannot  be  simple  unless  the  order  contains 
either  12,  16,  or  56  as  a  factor. 
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IX.  On  the  non-Existence  of  Simple  Groups  whose  Orders  lie  between 

660  and  1092. 

In  Vol.  XV  of  the  American  Journal  of  Mathematics^  Dr.  Cole  has 
carried  on  from  201  to  660^a  discassion  of  the  possibility  of  a  simple 
group  corresponding  to  a  given  order,  which  was  beg^n  and  taken  as 
far  as  200  by  Herr  Holder  {Math.  Ann.,  Vol.  XLii).  The  simple 
groap  of  next  smallest  order  to  660  that  is  known  to  exist  is  a  group 
of  order  1092  ;  and  it  appears  a  not  uninteresting  application  of  the 
tests  for  the  simplicity  of  a  group,  which  depend  on  its  order,  that 
have  been  given  in  these  notes  and  elsewhere,  to  determine  how  many 
of  the  432  numbers  from  661  to  1092  inclusive  are  at  once  shown  to 
have  no  simple  group  corresponding  to  them.  These  tests  may  now 
be  stated  as  follows.     There  are  no  simple  groups  whose  orders  are 

(i)  the  power  of  a  prime, 

(ii)  the  product  of  two  or  three  prime  factors, 

(iii)  the  product  of  four  prime  factors  (with  the  exception  of  the 
order  2».  3. 5), 

(iv)  the  product  of  five  prime  factors  (with  the  exceptions  of  the 
orders  2».  3 .  7,  2*.  3 . 5 .  11,  2V  3 . 7 .  13), 

(v)  of  the  forms  js^p  (p  ,  p  primes  in  ascending  order), 
(vi)  even,  but  not  divisible  by  12,  16,  or  66. 

These  tests  imply  that,  if  there  are  simple  groups  whose  orders  are 
odd,  none  can  be  of  smaller  order  than  3*.  5'  or  2025,  so  that  in  the 
interval  in  question  there  can  be  no  simple  groups  of  odd  order.  One 
further  test  that  may  be  given  here  for  the  sake  of  completeness  is 
that  there  are  no  simple  groups  whose  orders  are  jjJjj"*  ^^  P^p7'f 

These  tests  applied  to  the  432  orders  from  661  to  1092  dispose  of 
all  cases  except  the  following  sixteen,  viz. : — 

*672  =  2*.3.7,    800  =  2».6',  *880  =  2*.  6 .  11,      960  =  2«.3.5, 

720  =  2*.  3'.  5,  *816  =  2*.  3 .  17,  900  =  2«.  3V  6*,  1040  =  2*.  5 .  13, 

766  =  2^3^7,    840=  2». 3. 5. 7,  *912  =  2*.3.19,  1066  =  2*. 3. 11, 

♦784  =  2*.  7«,        864  =  2*.  3*,  *936  =  2».3M3,  1080  =  2».  3».  6. 

Of  these  the  six  that  are  marked  with  a  star  are  immediately  shown, 

t  VvleBBpj  =  3,  a  group  of  order  P.P,t  ^  simple,  would  necessarily  contain  p 
conjugate  sub-groups  of  order  j?"*.     If  the  operations  of  these  were  all  distinct,  th& 
sub- group  of  order  j;'  would  be  self -conjugate.    If,  on  the  other  hand^  two  «q2c\> 
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each  by  a  simple  applieatian  of  Sylow's  theorem,  not  to  correspond  to 
a  simple  group.  That  none  of  the  remaining  ten  correspond  to  a 
simple  group  may  be  shown  by  considering  them  individually. 

^'=720  =  2*.3«.5. 
A  simple  group  of  this  order  would  contain  either  16  or  36  conjugate 
sub-groups  of  order  5.  If  there  are  16,  each  is  self -con jugate  in  a 
group  of  order  3'. 5.  Such  a  group  is  necessarily  Abelian,  and 
cannot  be  expressed  in  15  symbols.  There  must  therefore  be  36  con- 
jugate sub-groups  of  order  5,  and  each  is  then  self -conjugate  in  a  sub- 
group of  order  2*.  5.  If  this  sub-group  contains  an  operation  of  order  4, 
it  must,  when  expressed  in  36  symbols,  consist  of  either  6,  7  or 
8  cycles.  If  it  has  5  or  7,  it  is  an  odd  substitution,  and  the  group  can- 
not be  simple.  If  it  has  8,  it  is  one  of  45  conjugate  cyclical  sub-groups 
of  order  4  whose  squares  are  all  distinct.  No  one  of  these  can  trans- 
form another,  or  the  square  of  another,  into  itself,  and  therefore,  when 
expressed  in  45  symbols,  these  operations  of  order  4  consist  of  11 
cycles,  and  are  odd  operations,  making  the  group  composite.  If  the 
sub-group  of  order  2'.  5  contains  no  operation  of  order  4,  it  must 
contain  an  operation  of  order  10.  The  corresponding  operation  of 
order  2,  which  is  permutable  with  an  operation  of  order  5,  must,  if  it 
is  an  even  substitution  of  36  symbols,  consist  of  10  transpositions. 
Such  an  operation  is  permutable  with  16  distinct  sub-groups  of  order 
5,  and  is  therefore  permutable  in  a  sub-group  of  order  2*.  5  at  least, 
which  makes  the  group  composite. 

^=756  =  2*.3».7. 
If  simple,  the  group  must  contain  3*.  7  opei^ations  of  even  order 
and  6 .  36  operations  of  order  7,  leaving  350  operations  whose  orders 
are  powers  of  3.  There  are  28  sub-groups  of  order  3',  and,  if  any  two 
of  these  have  a  common  sub-gix)up  of  order  3',  the  group  is  certainly 
composite.  The  sub-groups  of  order  3  which  are  common  to  two 
sub-groups  of  order  3*  form  a  single  conjugate  set ;  and  when  the 
group  is  expressed  in  28  symbols  a  simple  calculation  will  show  that 
each  sub-group  of  order  3'  must  cbntain  8  operations  keeping 
1  symbol  unchanged  and  18  keeping  4  symbols  unchanged.  There 
are  therefore  63  sub-groups  of  order  3  which  occur  in  more  than  one 
^ub-group  of  order  3*.      On  the  other  hand,  such  a  sub-group  of 

groups  of  order  p^  had  a  mRTiTmini  common  sub -group  of  order  p\  this  would 

(see  Note  VI)  be  self -conjugate  in  a  group  of  order  o/?'  and  therefore  in  the  main 
group.  See  also  the  recent  investigations  of  Herr  Frooenius  in  the  Berliner  Sitzungs- 
berichte. 


1895.]  Theory  of  Groups  of  Finite  Order.  335 

order  3  mtist  (Note  VI)  be  pennutable  in  a  sub-gronp  of  order  2*.  3' 
at  least ;  and  must  therefore  be  one  of  a  set  of  21  conjugate  sub- 
groups at  most.  The  supposition  that  the  group  is  simple  thus  leads 
to  a  contradiction. 

A  simple  group  of  this  order  must  contain  16  conjugate  sub-groups 
of  order  5',  each  self-conjugate  in  a  group  of  order  2 .  5*.  Expressed 
in  16  symbols,  the  sub-group  of  order  6'  must  contain  3  sub-groups  of 
order  5,  each  of  which  consists  of  3  cycles,  and  3  each  of  which  con- 
sist of  2  cycles.  Hence,  in  the  sub-group  of  order  2 . 5'  an  operation 
of  order  2  must  be  permutable  with  an  operation  of  order  5,  which 
consists  of  3  cycles.  The  operation  of  order  2  therefore  must  consist 
of  5  transpositions,  and,  this  being  an  odd  substitution,  the  group 
cannot  be  simple. 

J^=840  =  2».3.5.7. 

There  must  be  8,  15,  or  120  conjugate  sub-groups  of  order  7.  That 
there  should  be  8  is  clearly  impossible  if  the  group  is  simple ;  while, 
if  there  are  120,  there  can  only  be  2'.  3.  5  operations  whose  orders 
are  not  7.  Now  (method  of  Note  V),  the  group  contains  at  least 
3.5.7  operations  of  even  order,  so  that  in  this  case  there  would  only 
remain  15  operations  of  orders  1,  3,  and  5.  This  is  clearly  impos- 
sible if  the  group  be  simple.  Hence,  there  must  be  15  conjugate 
sub-groups  of  order  7,  each  contained  self -con  jugately  in  a  sub-group 
of  order  2*.  7.  Such  a  sub-group  necessarily  contains  an  Abelian 
sub-group  of  order  2*.  7,  and  this  cannot  be  represented  in  14  symbols. 
The  group  is  therefore  composite.  ^ 

Before  dealing  with  the  next  case,  it  will  be  convenient  to  prove 
the  following  lemma : — 

If  p"'  is  the  highest  power  of  a  prime  p,  which  divides  the  order  of 
«  group,  and  if  ^  is  a  sub-group  of  order  p*",  the  number  of  sub-groups 
conjugate  to  h  that  have  a  sub-group  of  order  js**,  but  no  sub-group  of 
order  jp''*^  in  common  with  h  is  zero  or  a  multiple  of  p"*"". 

If  there  are  any  such  sub-groups,  let  Ji  be  one,  and  let 


!,*•> 


p,  (=  1),  p„ ...  p, 

be  the  operations  of  h.     Then,  of  the  sub-groups 

just  p"*"'  are  distinct,  and  each  has  in  common  with  h  a  sub-group  of 
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order  p**,  and  none  of  higher  order.  If  these  do  not  exhaust  the  snb-' 
groaps  conjugate  to  h  which  have  in  common  with  it  a  sub-group  of 
order  jf,  and  none  of  higher  order,  let  h"  be  another  such  sub-group. 
Then,  of  the  sub-groups 

no  one  can  be  the  identical  with  any  one  of  the  previous  set,  and  just 
j/*"'  are  distinct.  This  process  can  be  continued  till  the  set  is 
exhausted,  and  the  lemma  is  thus  proved.*  A  theorem  which  is 
equivalent  to  the  above  is  given  without  proof  in  a  note  by  M.  E. 
Maillet  (Ocmiptes  Eendus,  cxviii,  pp,  1187,  1188). 

^'=864.  =  2».y. 

There  is  no  transitive  g^up  of  9  symbols  of  this  order.  {Of,  Dr. 
Cole,  Bull.  New  York  Math.  8oc.,  Vol.  ii.  No.  10.)  Hence,  if  the 
group  is  simple,  there  must  be  27  conjugate  sub-groups  of  order  2*. 
Let  h  be  one  of  them ;  then  there  must  be  2^^,  4sx^,  8x^,  and  16x^ 
groups  conjugate  to  A,  and  having  in  common  with  it  sub-groups  of 
order  2*,  2*,  2^  2  respectively,  and  no  sub-groups  of  respectively 
higher  orders.     Hence, 

l  +  2a;i-h4a',-h8a^H-16ar4  =  27, 

and  therefore  x^  must  be  different  from  zero. 

But  a  sub-group  of  order  2*  which  is  common  to  the  sub-groups  of 
order  2*  must  (Note  VI)  be  self -con  jugate  in  a  sub-group  of  order 
2^.  3  at  least.  Hence  the  group  must  be  isomorphous  to  a  transitive 
group  of  9  symbols ;  and,  thei*efore,  since  the  isomorphism  must  be 
merihodric,  the  group  cannot  be  simple. 

iV;=900  =  2«.3».6V 

There  must  be  36  sub-groups  of  order  5*.  If  a  sub-group  of  order 
5  were  contained  self -con  jugately  in  a  more  extensive  sub-group  than 
one  of  order  5',  it  must  necessaHly  be  in  one  of  order  6 .  5',  and  the 
sub-group  would  then  be  one  of  6  conjugate  sub-groups,  which  would 
make  the  group  composite.  If  this  is  not  the  case,  all  the  operations 
of  the  36  groups  of  order  5',  except  identity,  are  distinct ;  so  that 
there  are  only  2*.  3*  operations  whose  orders  are  not  powers  of  5.  But 
the  group  must  contain  at  least  3'.  5'  operations  of  even  oi'der;  so 
that  this  latter  supposition  is  impossible. 


•  From  this  lemma  it  foUowH  at  onoe  tliat  a  group  of  ozder  p'^pl 
case  be  simple  unless  pj  =  1  (mod.  p^.     Qf,  Note  VI. 


p    camiot  in  any 
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\N  =  960  =  2«.  3 . 5. 


X. 


o.-\ . 


The  group  mnst  contain  15  conjugate  sub-groups  of  order  2^.  Let  T 
be  an  operation  of  order  2  which  is  contained  self-conjugately  in  a  "^  I', 
sub-group  of  order  2'.  If  the  group  is  simple,  T,  when  expressed  in 
15  symbols,  must  consist  of  6  or  4  transpositions.  Represent  the  *;, 
symbols  by  1,  2,  ...  14,  15,  and  consider  that  sub-group  of  order  2*  ^^  ^ 
which  keeps  15  unchanged.  Let  T  keep  13,  14,  and  15  unchanged. 
Then,  if  T  is  self-conjugate  in  the  sub-gi'oup,  every  one  of  its  opera- 
tions must  either  keep  13  and  14  unchanged,  or  must  interchange 
them.  Now  T  belongs  to  3  different  sub-groups  of  order  2',  and 
therefore  the  sub-group  that  keeps  15  unchanged  must  contain  3 
operations  of  the  conjugate  set  to  which  T  belongs.  These  3  opera- 
tions must  all  keep  13,  14,  and  15  unchanged,  as  otherwise  T  would 
be  self -con  jugate  in  a  group  of  greater  order  than  2'.  Hence  the  15 
conjugate  operations  consist  of  5  sets  of  3  each,  each  set  keeping  3  of 
the  15  symbols  unchanged.  The  group  is  therefore  imprimitive  in  5 
sets  of  3  symbols  each,  and,  if  simple,  must  be  expressible  as  a 
transitive  group  of  5  symbols.  This  is  impossible  for  a  group  whose 
order  contains  the  factor  2*.  The  case  in  which  T  consists  of  4  trans- 
positions may  be  treated  in  a  similar  manner. 


JV'=1040=2*.5.13. 

If  simple,  the  group  must  have  26  sub-groups  of  order  5,  each 
contained  self-conjugately  in  a  sub-group  of  order  2*.  5.  Such  a  sub- 
group necessarily  contains  an  opei'ation  of  order  10  ;  and  the  corre- 
sponding operation  of  order  2,  which  is  permutable  with  an  operation 
of  order  5,  must,  if  expressed  as  an  even  substitution  of  26  symbols, 
consist  of  10  transpositions.  It  must  therefore  occur  in  6  sub-groups 
of  order  2*.  5,  and  be  permutable  with  6  sub-groups  of  order  5.  But, 
since  6  is  not  a  factor  of  the  order  of  the  group,  this  is  impossible. 


JV^  =  1056  =  2»;.  3 .  U. 

There  must  be  12  conjugate  sub-groups  of  order  11,  each  self- 
conjugate  in  a  sub-group  of  order  2M1.  But  such  a  sub-group 
necessarily  contains  an  operation  of  order  22,  and  this  cannot  be 
expressed  in  12  symbols. 
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There  muBt  be  6,  36,  or  216  snb-gronps  of  order  5 ;  and  the  first 
supposition  is  clearly  impossible  for  a  simple  group.  If  there  were 
36,  each  wonld  be  self-conjngate  in  a  group  of  order  2.3.5.  This 
.group  would  contain  a  sub-group  of  order  15,  and  a  sub-group  of 
order  3  self-conjugately.  The  latter  would  necessarily  be  self-conju- 
gate in  a  sub-g^up  of  order  2 .  3*.  5,  and  would  be  therefore  one  of  at 
most  12  conjugate  sub-groups.  But  in  a  group  of  degree  12  an 
operation  of  order  15  would  contain  a  single  cycle  of  5  symbols,  so 
that  this  case  cannot  occur.  There  must  therefore  be  216  sub-groups 
of  order  5;  leaving  only  2*.  3'  operations  whose  orders  are  not  6. 
Now,  since  7  is  not  a  factor  of  the  order  of  the  group,  there  must  be 
more  than  one  conjugate  set  of  operations  whose  orders  are  2,  or 
powers  of  2,  and  corresponding  to  each  there  must  be  a  distinct  set 
of  either  3'. 5  or  2. 3*. 5  operations  of  even  order  in  the  group 
(method  of  Note  Y).  Hence  this  case  certainly  cannot  occur,  and 
this  group  must  be  composite. 


2^^:- 1092  =  2*. 3. 7. 13. 


If  simple,  a  group  of  this  order  must  contain  14  sub-groups  of  order 
13,  each  being  self -conjugate  in  a  group  of  order  6 .  13.  Since  a 
group  of  degree  14  cannot  contain  operations  of  order  26  or  39, 
this  latter  sub-groap  must  be  metacyclical  in  type.  Again,  there 
must  be  78  sub-groups  of  order  7,  each  self -conjugate  in  a  sub-group 
of  order  2.7;  and  this  must  be  dihedral  in  type,  as  otherwise  the  78 
sub-groups  would  contain  78 .  12  distinct  operations.  Hence  the 
distribution  of  the  operations  of  the  group  in  conjugate  sets  is  neces- 
sarily identical  with  that  of  the  known  simple  group  of  this  order. 
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On  the  Geometrical  Meaning  of  a  Form  of  the  Orthogonal  TranS" 
formation.  By  M.  J.  M.  Hill^  M.A.j  D.Sc,  F.R.S.,  Professor 
of  Mathematics  at  University  College^  London.  Beceived 
and  read  May  9th,  1895. 


The  orthogonal  transformation  in  space  of  three  dimensions  has 
been  put  by  Lipschitz  in  a  publication  entitled  Untersuchungen  uber 
die  Summen  von  Quad/rateUy  published  at  Bonn,  in  1886,  into  the  form 


(1), 


fjLX-Xy^-   «  =  — /uXH-XFH-   Z) 


where  the  new  axes  X,  Y,  Z  are  derived  by  a  right-handed  rotation 
through  an  angle  B  from  the  old  axes  a;,  y,  z^  the  constants  X,  /u,  v 
being  defined  thus : 

X  =  tan|Scosf,    /i  =  tan  |S  cos  iy,     i'  =  tan^flcosf  (2), 

where  £,  ly,  {  are  the  direction  angles  of  the  axis  of  rotation. 

The  object  of  this  note  is  to  point  out  the  geometrical  meaning  of 
the  equations  (1). 

Draw  a  sphere  whose  centre  is  at  the  origin  0,  cutting  the  axes 
of  «,  y,  «  at  X,  y,  z;  the  axes  of  X,  F,  Z  at  X,  F,  Z;  the  axis  of  rota- 
tion at  I. 

Draw  great  circle  arcs  perpendicular  to 
Ixy  IX  at  X  and  X,  respectively,  meeting 
at  A. 

Then  the  first  of  equations  (1)  is  obtained 
by  projecting  the  coordinates  of  any  point 
in  the  two  systems  along  OA, 

Let  the  direction  angles  of  OA  with  re- 
gard to  Oxy  Oy,  Oz  be  a,  )3,  tt— y ;  bo  that 
in  the  annexed  figure  a,  )3,  y  are  all  acute 
angles. 

To  find  the  direction  angles  of  OA  with  regard  to  OZ,  OF,  OZ 
imagine  the  figure  rotated  about  I  until  IX  coincides  with  Ix  \  th^iL 

z2 
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A  moves  to  a  point  D,  so  that 

xD  =  xA. 

Let  yA  cut  zuc-  at  F.  and  yl)  cat  zx  at  E, 
Then  the  spherical  triangles  xEB^  xFA  are 
equal  in  all  respects.     Therefore 

EB  =  AF, 

yB-hyA  =  ir; 

therefore  y^  =  t— j3. 

In  like  manner 

therefore  zB  ^  y. 

Hence  the  direction  angles  of  OB  with  regard  to  Ox,,  Oy,  Oz  are 

a,  ^— /3,  y. 

Hence  the  direction  angles  of  OA  with  regard  to   OX,  OF,  OZ  are 
a,  'T-^,  y. 

The  next  step  is  to  express  a,  /3,  y  in  terms  of  0,  £,  17,  f . 

tan  \d  sin  f  =  tan  AIx  sin  irJ  =  tan  xA  =  tan  a  ; 
therefore        cos  a  =  (1  +  sin'  f  tan'  \B) "*, 
cos  /3  =  cos  Ay 

=  cos  Ax  cos  a!y  +  sin  Ax  sin  on/  cos  ^iry 
s=  sin  a  sin  Ja?t/ 

sin  a    •     I-    •     T 

=  -; — -  sin  4  sm  ia*y 

sin  4 

sin  a     .     I  IT        r  \ 
=  -T— -sin(-~-l3] 

sin  5         \  5a  / 

tana         « 
=  cos  a  — —  cos  C 

sm  t, 

=  cos  a  tan  ^0  cos  t 

cos  y  =  —  cos  (t— y)  =  — co^Az 

=  —  (cos  Ax  cos  a!x?-|-  sinilaj  sin  xz  cos  Ja?z) 

=  —  sin  a  cos  (  —  '\-Ixz  J 

=  sin  a  sin  Ixz 
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Sin  a    .    f.    «     T 
=  — ; — -  sin  ^  sin  Ixz 

sm( 

sin  a    .     /  IT       y  \ 
smft         \  2     .../.. 

sin  a 
=  -r-r  cos  I? 

sin  4 
=  cos  a  tan  |^d  cos  17 ; 
therefore    cos  o  :  cos  j3  :  cos  y  =  1  :  tan  |6  cos  (  :  tan  ^d  cos  17 

=  1  :  V  :  /M. 

Now,  projecting  the  coordinates  x,  y,  z,  and  then  X,  F,  Z  of  any  point 
P  along  0-4,  it  follows  that 

«cosa +ycos/3 +2C0S  (^— y)  =  X  cosa4-  Ycos  (ir— /3)  4-Zcosy ; 

therefore  a  +  vy— /ijs  =  X—yY+fiZy 

which  is  the  first  of  equations  (1). 

The  second  and  third  equations  can  be  obtained  in  like  manner. 


A  Property  of  Skew  Determinants.  By  M.  J.  M.  Hill^  M.A., 
D.Sc,  F.B.S.j  Professor  of  Mathematics  at  TTniversity 
College,  London.    Received  and  read  May  9th,  1895. 

It  has  been  shown  by  Professor  Cayley  that  the  orthogonal  trans- 
formation could  be  expressed  thus 

where  o,„  =  ?^r^  (2), 

«v..  =  ^ (3). 
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where  A  is  the  skew  determinant 


^1,1  ...  6i,) 


*..     ... 


in  which 
but 


On,l    •••    On,, 

hr,$  =  — &•, 
hr,r  =  1 


r^8 


) 


(4), 


and  where  (3,,,  ifl  the  co-factor  of  6,,, 


To  see  directly  that  this  is  orthogonal,  it  is  necessary  to  show  that 


j^,,+/^.r+...+/3',.,=  Aj3,„ 


and  2  03,,,A.,+j3,„i3.,.+  ...+^.,,i3.,.)  =  A  08,,.+^.,,) 


(5), 
(6). 


As  the  latter  equation  includes  the  former,  it  is  sufficient  to  prove  it. 


Let 


A«  = 


Cl,i    •••    Ci^i 


>•     •  •  • 


Cf»,  1  •••  Cii,i 


(7), 


where 


Cr,«  —  ^r,l^«,l  +  ^r,J  &«,!+  '••^'^K^n  ^.n       '(S)* 


It  should  be  noticed  that  Or^,  contains  two  terms  from  the  diagonal 
of  A,  viz.,  6r,r  wid  6,,,  which  occur  in  the  terms  hr,rh,^r  and  6^,,  6,,„ 
whose  sum  is  equal  to 

They  may  therefore  be  omitted  or  replaced  by 


&r.r&r,t  +  &«,r&.,«, 


which  also  vanishes. 


Hence 

If  r=«, 
Also 


Cr,.  =  ^l,r&l,,+  &2.r^2,.+  ...+&»i,r&, 


(9). 


Cr,r  =  ^r,l  +  ^r,2+...4-&r,n  =  &l,r  +  &J,r  +  ... +^ii,r 


Cr,«  —  C,. 
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Multiply  now  the  matrices 


^,1    —  \n 

•«•  ••«  •••  •••' 

Or-1,1   —  &r-l,ii 

Or*  1,1   •••  ^♦l.ii 

•••   •••   •■•   ••• 


and 


^,1    •••  ^,n 

•••  ■••  •••  ••• 

^«-i,i  •••  ^-1,11 

0«+l,l   •••  ^,^x,ii 

•••    •••    •••     ••• 

^n,l    •••  ^11. » 


The  product  is 


•  ••     •••  •••     •••     •••     •••     ••• 

^'r-l,!    •••  Cr-i,«-iCr«i,,+i  ...    C,-l,ii 

^r+1,1    •••  0r-t-l,*-l^r^l,«-|>l  •••    ^r+l,* 

•  ••        ...  .••        ..•        •.•        ..•         ••• 


and  is  also      (-1)'-  O^,,,  |3.,i  +i3,, , /J,^+ ...  +i8„./3..0. 


Again, 


^1,1  •••  1^,1 


^i»,i  —   Vi 


^1,1  —     ^,«-l       ^1,»         ^l,«  +  l  —     ^l,« 

•  ••         ..•         .••         ...         *••         •••  •••         *•. 

Or-1,1    •••    0,._i^,_i  6r-l,«^^-M+l  •••    0^-l,« 

0       ...  0         10  ...  0 

Or4-l,l    •••    0,+l,»-l^r+l,»^r4-M4-l  •••    &r+l,» 

...        ...        ...        ...        ...        ..•  *••        ... 


^,1     •••    (h,r-l  ^l.«Cl,r+l    —    ^h\ 


^11,1    •••    Cj|,r-1  f^nti^ntr*!    •••    ^n,i 


as  is  seen  by  nmltiplying  rows  by  rows,  and  nsing  (8). 
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Also 


Oi,i    ...    61,, 


•  •  •         % 


•  • 


On, I    ••.     ^n. 


•  (•        •••        •••        ••■,..«•«        •  ««K^       ■>•        ... 

...        .••        ■••        ••.        •■•        ••«        •■■        •.. 


^1,1     .••    ^,r-l    t>,^i    Ci/r+l      »••    Cl,« 


as  is  seen  by  maltiplying  columi:LS  by  colamns,  and  using  (9). 


Therefore 


•  ■  •  ■ 


C..1 


'n.l 


•        ••*        ••.         ••*         ...         ...        •.. 

■      •••      •••       •••       •••       •••      ••• 


=  (-1)*'*V2 


^1,1         •••     Oi^r~l       Ci^r*l 


Cl,, 


..■        ...        ...        ...        ..•         .*.         ••• 

.••        .*•        ...        •*.        ...         ...         ■•. 


Putting  r  =  «,  /3j,i +/?J,,+ ...  +/3j,,  =  A/?,, „ 
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and  also  by  symmeiay 


Researches  in  the  Calculus  of  Variations. — Part  VL,  The  Theory 
of  Discontinuous  or  Compounded  Solutions,  By  E.  P. 
CuLVBBWELL,  M.A.,  Fellow  of  Trinity  College,  Dablin. 
Communicated  (with  certain  additional  Critical  Remarks) 
May  10th,  1894. 

In  the  following  pages  I  hope  to  place  the  theory  of  dis- 
continuous, or  as  they  may  more  appropriately  be  called  com- 
pounded, solutions  in  the  calculus  of  variations  on  a  satisfactory 
basis.  The  theory  also  leads  to  a  rule  for  ascertaining  whether  the 
•continuous  solution  given  by  the  ordinary  equations  of  the  calculus 
is,  or  is  not,  the  only  possible  solution. 

1.  Discontinuity  presents  itself  in  two  ways  in  the  calculus  of 
variations : — 

(1)  There  may  be  stationary  solutions,  which  involve  discon- 
tinuity of  some  fluxion  of  y  at  some  point  or  points  of  the 
integral. 

(2)  There  may  be  maximum  or  minimum  solutions,  which  are 
not  stationary,  t.e.,  solutions  in  which  BU,  as  well  as  ^[7,  is 
capable  of  only  one  sign. 

Solutions  of  this  class  appear  to  arise  in  two  principal  ways : — 
(a)  The  region  of  integration  may  be  restricted  so  that,  along 
a  certain  boundary,  By  is  not  capable  of  either  sign.  The  restric- 
tion may  either  be  explicit,  as  when  we  are  asked  to  find  the 
shortest  sea  line  from  one  bay  to  another,  or  implicit,  as  in  the 
case  of  least  action,  where  the  fact  that  the  values  of  the 
variables  must  be  real  gives  rise  to  a  boundary.  This  class  of 
problem  has  been  sufficiently  treated  of  by  Mr.  Todhunter  in  his 
Adams  Prize  Essay,  entitled  "Researches  in  the  Calculus  of 
Variations,"  and  it  will  be  unnecessary  here  to  discuss  it. 


l; 
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(h)  It  may  be  required  to  find  the  least  value  of  an  integral 
iohen  every  element  is  taJcen  positively  whatever  its  algebraic  sigpi 
may  be.  This  class  of  problem  does  not  appear  to  have  been 
treated  of  hitherto. 

2.  With  regard  to  the  first  class  of  problem,  considerable  uncer- 
tainty may  arise,  for,  although  it  is  clearly  the  duty  of  the  pro- 
poser of  the  problem  to  state  with  exactness  the  conditions  which 
the  solution  must  satisfy,  yet  accuracy  is  usually  sacrificed  for 
brevity,  and  not  until  the  solution  is  actually  presented  does  the 
question  as  to  the  true  meaning  of  the  problem  arise.  The  difficulty 
is  usually  to  know  what  amount  of  discontinuity  is  admissible  at  the 
point  of  junction  of  the  two  curves  which  give  the  compound  solution- 
This  point  is  fundamental  in  the  theory.  For  in- 
stance, suppose  that  the  two  straight  lines  QB  and 
BF  are  offered  as  a  solution  of  the  problem  to  make 

C 

a  minimum.     Then  the  first  objection  would  be  that, 

since  if  became  infinite  at  E,  the  solution  was  not  satisfactory  without 

a  special  justification.     If  we  endeavour  to  avoid  this  difficulty  by 

splitting  the  integral  into  two  others,  thus, 

^  if-^)  ^  =  f ^  (i^-2y)  dx-\-^  (^-2y)  dx, 

so  that  no  infinite  values  occur  in  either  integral,  the  proposer  of  the 
problem  would  say  that,  had  he  contemplated  such  an  artifice  being- 
adopted,  he  would  have  expressly  excluded  it  by  a  stricter  enuncia- 
tion, for  it  is  evidently  a  mere  evasion  first  to  lump  an  infinite  portion 
of  the  integral  at  the  point  i^,  and  then  to  omit  entirely  the  term  at 
R  on  the  ground  that  it  does  not  belong  to  either  the  integral  from 
Q  to  B  or  from  B  to  P.  But,  if  the  solution  be  still  defended  on  the 
ground  that  it  does  conform  to  the  problem  as  actually  stated^  the  pro- 
poser would  ask  what  is  meant  by  y  in  the  last  element  of  the^ 
integral  from  Q  to  22,  or  in  the  first  element  from  JB  to  P  ?  If  we^ 
make  y  as  zero  throughout  in  eaoh  integral,  this  implies  that  the 
definition  of  y  is  changed  at  B,  For,  whether  we  take  yrda^  as 
y„+i-hy»_i— 2y„,  where  n  has  the  value  r — 1,  r,  or  r+1  (and  it  must 
be  one  of  these),  y  will  be  infinite  in  one  or  both  integrals,  and  the 
raison  d^etre  of   the  division  into  two  integrals  disappears.     Here^ 
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then,  we  see  the  cardinal,  rale  as  to  dividing  an  integral  into  two- 
others,  and  employing  different  solutions  in  the  two  integrals — the 
division  can  only  he  made  when  it  is  permissible  to  change  the  defi- 
nition of  the  derived  function  at  the  point  of  junction,  and  even  then 
the  change  mast  be  made  in  accordance  with  conditions  to  be  laid 
down  by  the  proposer  of  the  problem. 

3.  There  is  another  fundamental  point  which  does  not  seem  to  have- 
been  sufficiently  attended  to  hitherto.  When  the  initial  and  terminal 
coordinates  are  fixed,  it  is  usual,  in  dealing  with  continuous  solutions, 
only  to  give  a  variation  to  y.  But  this  method  is  defective  where- 
there  is  a  discontinuity.     For  it  does 

not  enable  us  to  compare  a  curve 
PBfQ  with  PBQ  in  (a),  because 
the  elements  to  the  right  of  R  do 
not  appear  in  the  original  integral 
at  all,  and  no  variation  of  the  ele- 
ments of  that  integral  can  introduce 
them,  nor  can  it  get  rid  of  the 
elements  which  are  omitted  in 
passing  from  PBQ  to  PBTQ.  Nor 
are  we  much  better  off  where  the 
discontinuity  is  like  that  in  (6),  for 

the  first  variation  of  y  between  the  ordinates  at  C  and  (f  has  a,  finite- 
value,  and  terms  involving  squares  of  ^2^  will  therefore  be  of  the  same 
order  of  magnitude  as  the  terms  of  the  first  variation,  so  that  the- 
ordinary  theory  of  the  calculus  cannot  be  applied.* 

4.  Variation  of  a  Compounded  Solution, — Suppose  we  are  required 
to  find  the  stationary  value  of 

f  («» y»  3^»  if)  ^y 


: 


and  that  in  calculating  the  values  of  the  fluxions  ^  and  y  we  are- 
allowed  to  use  different  functions,  6  and  0,  in  different  parts.     Then 

*  I  have  thought  it  necessary  to  dwell  on  the  points  explained  in  §§  2  and  3  at 
considerable  length,  because  the  principles  there  laid  down  are  in  direct  opposition 
to  those  assumed  by  the  late  Mr.  Todhunter  in  his  Adams  Prize  Essay  on  this  sub- 
ject. As  a  consequence  of  these  fundamental  differences,  I  am  unable,  speakings 
grenerally,  to  accept  any  of  Mr.  Todhimter's  stationary  solutions,  except  in  those 

problems  in  which  there  is  no  discontinuity  in  the  direction  of  the  tangent,  y  beings 
the  highest  fluxion  of  y  involved.  Fortunately  this  exception  includes  some  of  th& 
most  important  problems  in  that  work. 
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we  write  317=  31    /(2aj  =  3  I  *t*ciir+3  I     vdx, 


u  and  t;  being  the  forms  which  /  assumes  when  6  and  0  are  substi- 
tuted for  y.     Hence,  writing 

jj du        jj  du       jj  du 


^'  -  ^'       ^*-  df 


we  obtain,  after  integrating  by  parts,  the  equation 


iJJ^ 


{(^i-^i)^«+^i^^}+  '^{(^1-^,)  3^+7,3^} 


4-^1 


(m-v)  +  ["  (Uo-  cr,+ cf,)  ledx  +  r  (Fo-  t.Vv;)  ^dx. 


the  fluxional  notation  being  adopted  throughout,  and  A  being  used  to 
•denote  the  complete  variation,  so  that 

whether  y  has  the  form  6  or  ^.  Hence  the  conditions  at  the  terminal 
points  are  the  same  as  in  the  continuous  solution,  and  in  addition, 
we  must  have 

(iri-^i)W+l7,3d  +  ttAa;-{(7i-7i)3^  +  7,30+vAa;}  =0, 

when  aj  =  «! 

The  subsequent  treatment  of  this  equation  depends  on  the  con- 
ditions of  the  problem.  We  may,  of  course,  assume  that  the  solution 
is  to  consist  of  a  continuous  series  of  points,  so  that  always 

when  x=^x^.  The  first  of  these  equations  gives  a  relation  among 
the  eight  constants  introduced  in  the  solution  of  the  differential 
equations  for  d  and  0,  while  the  second  reduces  by  one  the  equations 
which  determine  the  constants.  Similarly,  if  it  is  required  that  the 
•direction  of  the  tangent  shall  be  continuous,  we  again  lose  one  equa- 
tion and  one  constant.  Now,  if  there  were  no  equation  between  B  and 
0  at  iCj,  we  should  in  all  have  eleven  constants  to  determine,  viz.,  the 
eight  constants  of  integration,  and  x\  arj,  and  x\  and  we  should  have 
six  equations  from  the  x  and  x"  limits,  and  five  from  the  coefficients 
Ad,  Ad,  A0,  A^  and  Ao^i,  obtained  from  the  terms  at  x^     Hence,  in 
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every  case,  the  problem  is  determinate,  so  far  as  regards  the  number 
of  equations  and  disposable  quantities. 

6.  Number  of  Possible  Solutions. — It  is  evident  that  the  problem  is 
definite,  no  matter  how  many  separate  curves  we  assume  the  solution 
to  be  composed  of,  because,  in  every  case,  the  number  of  the  equa- 
tions as  obtained  is  the  same  as  that  of  the  disposable  constants. 
Hence  there  would  appear  to  be,  in  general,  an  indefinite  number  of 
discontinuous  solutions,  obtained  from  supposing  first  one  point  of 
discontinuity,  then  two,  then  three,  and  so  on.*  But  it  will  usually 
be  found  that  the  curves 

are  really  the  same   curve,  from  which  we  can  infer  that  the  con- 
tinuous solution  is  the  only  stationary  solution. 

6.  But,  besides  problems  in  which  y^  is  explicitly  restricted,  there  is 
another  class  in  which  the  quantity  under  the  integral  sign  may 
differ  in  sign  from  the  physical  quantity  it  is  intended  to  represent, 
and  a  discontinuity  is  thus  introduced  when  we  seek  the  maximum  of 
the  physical  quantity. 

The  example  which  suggested  this  class  of  problem  was  the  follow- 
ing, taken  from  pp.  270-273  of  Mr.  Todhunter's  ResearcJies. 

"  A  paHicle  [of  unit  mass]   is  to  descend  in  a  vertical  plane 
from  one  fixed  point  to  another,  constrained  by  a  smooth  curve 

which  is  convex  downwards  ;    required  the  curve  so  that  I  P  dt 

taken  during  the  time  of  motion  may  be  a  minimum,  where  P 

denotes  the  pressure  on  the  curve  at  the  time  t.     Thus  we  may 

say  that  we  require  the  whole  pressure  [i.e.,  the  momentum]  to 

be  a  minimum." 

I  give  the  continuous  solution,  as  obtained  by  the  ordinary  rule,  in 

Mr.  Todhunter's  notation,  except  that  I  use  y  and  y  whei'e  he  uses 

p  and  q. 

Taking  the  highest  point  0  as  origin,  and  the  axis  of  x  verti- 
cally downwards,  and  denoting  by  v,  p,  and  s  the  velocity,  radius  of 

♦  This  is  what  we  should  expect  from  first  principles.  For,  if  we  regard  the 
integral  as  the  sum  of  an  indefinitely  great  nimiber  of  terms,  the  problem  becomes 
that  of  finding  the  stationary  value  of  an  expression  involving  an  indefinite  number 
of  variableH.  That  there  is  often  but  one  solution  is  probably  in  part  duo  to  the  fact 
that  imaginary  values  are  excluded  by  the  very  nature  of  the  problem,  and  in  part 
because  it  is  an  implied  condition  of  the  problem  that  as  the  successive  values  of  x 
approach  coincidence  so  also  shall  those  of  p,  as  weU  as  to  the  special  form  of  the 
equations. 
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^snryature,  and  length  of  arc  described  at  the  time  t,  we  get  for  the 
integral  the  expression 

By  the  usual  theory  we  must  have 

from  which  we  iret  -- — ^ — —  =  0 (2). 

The  term  of  the  first  order  in  ^U"  which  is  free  from  the  integral 

sign  reduces  to 

2^xZy 

since  the  limits  of  the  coordinates  are  fixed. 

Here,  however,  we  are  in  a  difficulty,  for,  though  2\/a;^y/l+2?' 
vanishes  when  oj  =  0,  it  does  not  vanish  elsewhere,  even  though 
3^  =  00 ,  for  it  is  evidently  2^  tan"*  y,  and  is  proportional  to  the  change 
in  the  angle  the  tangent  makes  with  tbe  vertical,  so  that  the  solution 
would  not  be  stationary,  even  if  it  were  a  possible  one,  and  again,  if 
the  initial  and  final  coordinates  be  given,  the  curve  is  thereby  deter- 
mined, and  it  is  not  possible  in  addition  to  prescribe  the  direction  of 
the  tangent — which  might  have  been  anticipated,  because  y,  the 
highest  fluxion,  appears  linearly  in  the  integral.* 


*  If  wo  work  the  queetion  with  $  as  the  independent  variable,  we  get   v  z^  +  y' 
under  tho  integral,  and  at  first  sight  the  above  objection  would  be  avoided,  for  the 

quadratic  terms  involving  8^  and  8y  in  the  second  variation  are 

(^2 + y^(5i*  +  8y«)  -  (i*»8i*+  y  lyf 
upon  a  positive  factor,  i.e. ,  they  are 

which  is  always  positive,  and  therefore  it  would  seem  that  the  theory  laid  down  in 
my  paper  on  the  discrimination  of  maxima  and  wimima.  in  this  class  of  problem  did 

not  hold  here     But  «s  +  y'  s  i ;  therefore  xx-k-yy  »  o,  whenoe 

»^  — »^. 

showing  that  xiy^y9x  is  only  of  the  order  xhy—yZx, 
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There  is,  however,  one  case  in  wliich  the  stationary  solution  gives 
«.  true  minimum,  viz.,  when  the  extreme  points  0  and  P  are  on  the 
«ame  horizontal.     For,  writing  IT  in  the  form 

l7  =  y2^ta«-«^-f(|^tan-^--5^J^  (4). 

we  get  easily 


S'U=:-2 


0        ^   (l+y«)«^J    •«  (1+2?*) 


Since  a;  =  0  at  P  and  at  0,  the  terms  at  the  limits  disappear.  Again, 
the  quantity  under  the  integral  sign  is  always  positive,  because,  though 
y  changes  sign  at  the  bottom  of  the  curve,  dx  changes  sign  there 
also,  so  that  the  coefficient  of  Bj^  which  has  the  same  sign  as  ^^  e2ic  is 
-everywhere  positive,  and  S^U  is  always  positive. 

Observe,  however,  that  this  involves  the  assumption  that  the  tan- 
gent is  everywhere  continuous  in  direction.  Otherwise,  instead  of  a 
single  pair  of  limiting  terms  corresponding  to  P  and  0,  we  should 
have  as  many  pairs  as  there  were  points  of  discontinuity,  and  the 
reasoning  would  fail.  Hence  enunciation  of  the  problem  should  be 
modified,  by  the  addition  of  the  words  "  of  continuous  curvature  "  to 
"  smooth  curve." 

The  occurrence  of  a  limiting  term  which  can  only 
vanish  when  the  x  coordinate  of  the  final  point 
vanishes  seems  to  show  that  in  general  thei'e  can  be 
no  maximum  or  minimum  of  the  integral,  and  evi- 
dently, by  drawing  the  figure  as  in  (a),  we  can 
give  the  integral  any  negative  value,  while,  with 
no  point  of  inflexion  as  in  (6),  we  can  give  it  any 
positive  value. 

The  physical  quantity  which  the  proposer  of  the 
problem  seems  to  have  had  in  mind  is  the  "  whole 
pressure  "  as  obtained  from  the  sum  of  the  numerical 
values  of  the  elements  taken  irrespective  of  sign.     We  can  represent 


Henoe  the  most  important  terms  in  S^U  are  not  quadratic  terms  of  the  order  i'i'. 

•        •  •  ' 

but  are  of  the  order  9x9xy  and  there  is  no  maximum  or  TniniiniiTn-  Of  course  these 
correspond  to  the  terms  which  in  the  discussion  of  the  text  are  brought  outside  the 
sign  of  integration  as  -  l^/^gxy  l'y^\  (1  +  y«)2.  Again,  if  we  integrate  the  equation 
obtained  when  we  use  i  as  the  independent  variable,  we  of  course  find  that  the  con- 
stants introduced  are  not  independent,  and  we  get  the  same  result  by  this  method  as 
by  the  other. 
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thia  analytically  by  saying  that  we  have  to  make 
tr  =  I  +  i/^da,* 

a  minimum,  and  thna  we  get  a  problem  of  a  novel  character. 

The  first  condition  evidently  is  that  S 17  shall  he  zero  or  positive 
whatever  sign  iy  has.  The  stationary  aolntion  is  the  only  one  which 
makes  SU  zero  for  all  values  of  ty.  The  curve  «  ^  0  is  the  only  one 
which  makes  ^U  positive  for  all  values  of  iy.  Hence  the  carve  we 
require  mast  be  made  up  of  arcs  of  these  two  curves.  Pnrthormore, 
as  to  the  stationaiy  curve,  it  is  evident  that  its  use  is  only  legitimate 
where  the  elements  udx  are  positive  it  the  stationary  curve  gives  a 
minimum  value  to  the  integral,  or  are  negative  if  it  makes  the 
integral  a  maximum. 

8.  Applying  thia  to  Mr.  Todhunter's  problem,  we  see  that,  if  we 
exclude  euddcri  changes  of  direction,  the  solution  must  consist  of  what 
we  may  call  the  vunnentum  carve,  defined  hy  (3),  and  arcs  of  patabolas 
touching  them.  We  cannot  say  how  many  arcs  may  be  requii-ed,  bnt 
it  is  nataral  to  begin  with  two,  the  parabola  being  of  course  the 
lower,  for  the  momentum  curve  cannot  fulfil  the  limiting  conditions 
at  the  lower  point  P. 

Now  each  parabola  described  by  a  particle  projected  from  P  with 
velocity  due  to  the  descent  from  0  will  touch  one  of  the  series  of 
momentum  curves  OA,  OB,  &c.,  described  from  0.  Draw  the  curve 
FMR  through  the  points  of  contact.  The  solution,  if  it  consists  of 
only  two  arcs,  must  be  one  of  those  compounded  curves,  such  as  OMP. 
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Draw  therefore  a  series  of  equimomental  trajectories  aa\  bh\  cd^  &c., 
to  the  momentum  curves,  i.e.,  trajectories  such  that  the  whole 
momentum  impressed  on  the  particle  in  descending  from  0  to  the 
trajectory  is  the  same  whatever  momentum  curve  it  describes. 

In  general  a  ti^ajectory  will  cut  the  curve  PME,  but  at  least  one, 
«ay  hh\  will  touch  it.  Let  R  be  the  point  of  contact.  Then 
OBP  is  the  required  solution,  OR  being  the  momentum  curve,  and 
RP  the  parabola.  We  have,  however,  still  to  ascertain  whether  this 
really  gives  a  minimum. 

In  the  first  place  it  is  evident  that,  if  i2  be  the  point  for  which  the 
trajectory  touches  PMR  externally  (and  there  will  obviously  be  such 
a  point),  then  ORP  is  preferable  to  any  neighbouring  compound 
momentum-parabola  curve. 

Hence,  to  compare  ORP  with  any  neighbouring  curve  OXP,  take 
the  point  X  where  this  curve  meets  PMR  and  draw  the  compound 
momentum-parabola  curve  which  passes  through  X.  If  we  can 
prove  that,  for  all  positions  of  X  near  to  R,  the  momentum-parabola 
curve  gives  a  better  result  than  any  other  through  X,  we  shall  have 
verified  oui'  solution.  If  the  two  curves  touch  at  X,  it  is  obvious  that 
the  momentum -parabola  curve  gives  the  best  result,  for  OX  gives  a 
minimum  for  fixed  tangents,  and  of  course  XP  gives  a  minimum.  If 
the  varied  curve  does  not  touch  OXP  at  X,  then  the  first  variation 
under  the  integral  sign  in  the  value  of  BU  obtained  by  operating  on 
(4)  with  ^  is  certainly  zero,  since  0  and  X  are  supposed  to  be  fixed 
points,  and  the  second  vaHation  under  the  integral  sign  is  certainly 
positive,  while  the  complete  variation  of  the  limits  is  exactly  equal 
to  the  value  of  the  momentum  necessary  to  alter  the  direction  of  the 
varied  motion  at  X,  so  as  to  make  it  coincide  with  the  direction  of 
motion  in  the  compound  curve  OXP.  Hence  it  is  evident  that  in 
order  to  verify  the  solution  we  must  solve  the  following  problem. 

9.  A  point  P  lies  in  the  free  trajectory  XQP  of  a  particle  starting 
from  X  with  velocity  V ;  ifu  and  v  he  the  compotients  of  a  velocity  equal  to, 
hut  differing  slightly  in  direction  from,  V,  find  the  curve  XHP  of  hast 
mornentum,  from  X  to  P,  with  the  given  initial  velocities  u  and  v  at  X. 

If  we  find  that  the  least  momentum  is  not  less  than  that  required 
to  make  the  particle  move  along  XGP  by  a  blow  given  at  X,  then  we 
shall  have  verified  our  tentative  solution. 

Without  the  restriction  on  the  u,  v  velocities,  this  problem  would 
seem   more  general  than  the  onginal  one,  avivG^  \iet^  ^'b  Vw^^b  '^aa. 
initial  Telocity.     But,   knowing  that  v^e  c«i.Ti  ^«J^^  ^xwa.  *0^^  -q«\!^ 

VOL.  XXTI.—NO.  522.  ^  K 


354 


Mr.  E.  P.  Culverwell  on 


[May  10, 


motion  at  X  to  P  with  an  infinitely  small  momentum  (by  giving  a 
blow  at  X),  we  see  that  in  the  combination  of  parabolas  and  momen- 
tum curves  of  which  the  solution  necessarily  consists  there  cannot  be 
a  finite  length  of  the  latter,  for  that  would  give  a  finite  quantity  of 
momentum.  But  evidently  an  evanescent  length  of  momentum 
curve  is  equivalent  to  an  evanescent  impulse  at  right  angles  to  the 
direction  of  motion,  so  that  the  curve  may  be 
taken  to  consist  of  a  series  of  arcs  of  parabolas, 
such  as  XH,  HF,  FP,  u  and  v  being  the 
velocities  at  X  in  the  motion  along  XH, 

Consider  only  two  arcs,  XH  and  HEP.  Let 
the  whole  time  of  passage  along  XHEP  be  t, 
while  t'  is  the  time  corresponding  to  HP.  Let 
u  and  v'  be  the  velocities  communicated  by  the 
blow  at  Hj  and  a  and  b  the  coordinates  of  P  relative  to  X.  Then  we 
have  the  equations 

a  =  wf  -h  uY  -f  ^gt*y      h  =:  vt+ vt\ 

{u  +  g(t'-t')}u -^w'^O, 

and  we  have  to  make  w'^-l-r''  a  minimum,  subject  to  these  conditions,, 
n,  v,  a,  and  b  being  given  quantities,  and  the  rest  variable.  Neglect- 
ing the  squares  of  u'  and  v\  we  get  a  cubic  equation  for  ^,  and  after 
some  reductions  we  obtain  the  following  inequality  as  the  condition 
that  w'*-hv'*  shall  not  have  a  minimum  value  between  X  and  P, 

u^u*+SuyUv^+v*>^u^ (5)^ 

where  u^  is  the  w-component  of  the  velocity  at  P.  Hence,  if  this  con- 
dition be  satisfied,  the  single  parabola  XGP  is  preferable  to  the  two 
XH  and  HP.  Again,  if  (5)  be  satisfied  for  X  and  P,  it  is  easily  seen 
to  be  satisfied  for  any  intermediate  point,  H  with  P,  whatever  be  the 
relative  positions  of  X  and  P,  so  that  HEP  is  preferable  to  HFP^ 
and  thus  we  see  that,  if  (5)  be  satisfied,  the  single  parabola  is  prefer- 
able to  any  number  of  parabolic  arcs. 

It  would  not  be  easy  to  express  generally  the  velocities  w,  v,  and  m^ 
in  terms  of  the  coordinates  of  P  relative  to  0,  because  the  result  of 
integrating  (2)  is  complicated,  but  it  is  quite  easy  to  satisfy  oneself 
by  carefully  drawn  figures  of  the  curve  PMli  (Fig.  p.  352)  that  (5) 
is  satisfied  when  OP  makes  only  a  small  angle  with  the  horizontal, 
since  in  that  case  u  and  u^  are  both  negative,  and  k^  is  smaller  than  u^ 
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And,  again,  when  OP  is  nearly  vertical  the  condition  will  not  be 
satisfied,  or  at  least,  if  it  be  satisfied,  it  is  evident  from  a  well  drawn 
figure  that  the  solution,  though  in  that  case  a  minimum,  would  not 
give  the  least  momentum.  But  doubtless,  if  the  trajectory  curves 
were  drawn,  we  should  find  that  the  solution  in  that  case  was  not 
even  a  minimum. 


10.  The  principles  on  which  the  solution  of  this  problem  depends 
appear  to  apply  generally ;  in  fact,  if  the  limits  be  fixed,  the  only  point 
in  which  the  discussion  differs  from  that  6f  the  ordinary  discontinuous 
solution  is  the  mode  of  ascertaining  whether  the  portion  in  which  u 
is  zero  can  be  altered  so  as  to  give  a  better  result,  and  here  the 
principle  laid  down  seems  generally  applicable. 


11.  If  we  work  the  question  with  Mr.  Todhunter's  limitation  that 
the  curve  is  to  be  convex  downwards,  or,  more  properly,  that  it  is  not 
to  be  concave  downwards,  we  may  evidently  use  a  straight  line  any- 
where as  part  of  the  solution.  Tfien  the  work  will  proceed  much  as 
in  the  preceding  paragraphs.  The  parabola  being,  of  course, 
excluded,  the  solution  consists  of  momentum  curves  and  sti*aight 
lines.  At  P  we  must  have  a  straight  line,  just  as  we  had  a  parabola 
before.  Naturally  we  try  one  of  each  at  first.  Draw  from  P  a  series 
of  lines  touching  the  momentum  curves  from  0.  Express  the 
momentum  along  any  one  of  these  compound  momentum  straight 
line  curves  in  terms  of  a  parameter.  Find  the  parameter  for  which 
the  expression  is  a  minimum.  Then  the  corresponding  compound 
curve  gives  the  required  minimum.  For,  representing  the  left-hand 
side  of  (1),  p.  350,  by  0^  we  get  always 


acr=  _j%/2«    ^       _1_  p02  ^ 


it  being  only  assumed  that  there  is  no  discontinuity  in  the  tangent, 
and  that  the  limiting  coordinates  are  fixed.     Reducing,  we  obtain 

Now,  let  OOP  be  the  solution,  OQ  bemg  VJiva  xttOTasoicaxa.  ^sQxs<^^«o^ 

2  A.  2 
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GP  being  the  tangent  line,  and  let  OHP  be  any 
other  consecutive  course.  First  suppose  that 
OEP  is  helow  OOP,  so  far  as  the  portion  OH  is 
concerned,  so  that  ^y  is  positive  from  O  to  P, 
Then,  so  far  as  the  limiting  term  of  iU  ia  con- 
cerned, ^F  is  positive,  for  evidently  ^jjf  is  positive 
at  P,  and  the  integral  may  be  divided  into  two 
parts,  one  from  0  to  0,  for  which  the  coefficient 
of  ?y  is  zero,  this  being  the  stationary  solution, 
and  one  from  G  to  P,  for  which,  since  y  is  constant,  the  coefficient 

becomes 

y*       d  f  I  \. 
l+f  dxKx^xJ     ' 

which  is  always  negative,  dx  being  necessarily  positive.  Hence,  as 
the  integral  has  the  negative  sign,  the  expression  for  SUia  necessarily 
positive  in  both  its  terms. 

If  ^y  should  not  be  positive  from  G  to  P,  we  must  draw  a  consecu- 
tive compound  curve  OO'P  above  OOP,  and  so  that  the  ^y  in  passing 
from  this  curve  to  OHP  is  positive  along  the  straight  portion  O'P. 
Then,  by  the  preceding,  the  momentum  along  OHP  is  greater  than 
that  along  OQ'P,  and,  a  fortiori ,  it  is  greater  than  that  along  OOP,, 
which  is  therefore  a  true  minimum. 

13.  If  we  required  to  find  the  path  of  absolutely  least  momentum 
from  0  to  P,  discontinuity  of  the  tangent  being  permitted,  it  is 
evident  that  the  stationary  curve  cannot  enter  into  the  solution  at  all, 
for  it  is  only  a  minimum  when  the  values  of  the  tangent  at  its 
extremities  are  given.  Hence  the  solution  must  consist  entirely  of 
arcs  of  parabolas  intersecting  at  points  where  impulses  have  been 
applied.  To  detennine  the  number  and  position  of  these  arcs  is  a 
problem  of  the  differential  calculus. 

14.  Isoperimetrical  problems  of  this  class  can  be  solved  by  applying 
the  same  principle.  Suppose  it  is  required  to  make  I  +  Vu^d^  a 
minimum,  subject  to   \vdx  being  given.     Then 

hJJ  =  I  {lu-\-\lv)  dx  =  limiting  terms  +  I  (M-^XN)  ^ydx  ; 
but  we  must  be  cai'eful  to  take  the  proper  signs  for  ^u  and  M,     The 


curve, 
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limits  being  supposed  fixed,  we  slionld  therefore  write 

and  hence  the  curve  w  =  0  can  only  be  part  of  the  solution  when  M 
is  numerically  greater  than  X^,  for  otherwise  iU  would  change  sign 
if  the  sign  of  Sy  were  changed .  Similar  reasoning  applies  if  there  are 
two  variables  connected  by  an  equation  of  condition  v  =  0. 

The  simplest  example  of  such  an  isoperimetrical  problem  is  to 

make  an  area  I    +  y^i^cb^  a  maximum  subject  to  the  length  of  the 

>,  or  I    +  v^(l-l-yO  ^y  being  given,  P  and  Q  being  two  points 
Jq 
on  the  axis  of  x.     Here  tt  =  0  becomes  y  =  0,  which  cannot  be  part 

of  the  solution,  since 

is  positive,  when  y  ^  0.  Hence  the  solution  must  consist  entirely  of 
stationary  curves,  which  in  this  case  are  circles  whose  radius  must 
necessarily  be  the  same  for  all  the  curves  (for  it  is  a  function  of  \ 
alone,  and  of  course  X  cannot  alter  from  one  portion  of  the  solution  to 
another,  for  X  is  merely  Euler's  multiplier).  But,  as  has  been  already 
stated,  when  ydx  is  negative,  the  integral  must  fulfil  the  condition  for 
a  minimum,  not  a  maximum,  and  therefore  the  concavity  of  the  arcs 
must  be  turned  in  opposite  directions.  It  is  not  hard  to  show 
analytically,  and  is  evident  geometrically,  that,  if  the  gfiven  length  be 
greater  than  the  semicircle  on  PQ^  the  solution  QB8P  is  obtained, 


by  placing  a  semicircle  AR8B  of  the  given  length  anywhere  on  AQPB^ 
and  drawing  aitss  QB  and  PS  so  as  to  be  exact  reflections  of  AB  and 
BS  with  regard  to  verticals  through  B  and  S,  and  the  solution  is 
thus  partially  indeterminate. 

16.  Applications  of  the  Foregoing  Theory, — The  range  of  problems  in 
which  the  integration  can  be  completely  efEected  is  so  small  that  the 
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most  interesting  application  of  the  theory  is  to  show  that  in  certain 
cases  there  is  no  stationary  solution  other  than  that  obtained  by  the 
ordinary  method. 

Ex.  1. — Is  there  any  stationary  solution  for  the  bra<5histochrone 
when  angular  points  such  as  that  at  B  are  allowed  ? 

Evidently  a  broken  solution  of  this  character  would 
not  be  obtained  by  the  ordinary  method,  as  it  requires 
that  we  use  two  different  solutions.     Now,  if  we  assume 
that  between  P  and  B  there  is  no  discontinuity,  the 
ordinary  investigation  will  be  applicable  to  that  poi'tion 
of  the  integral  which  must  therefore  be  a  part  of  the 
brachistochrone  curve,  and  similarly  for  the  portion  from  JB  to   Q. 
Hence  we  have  only  to  examine  the  terms  at  the  a^  limits  (see  §  4). 
For  the  sake  of  variety,  however,  I  will  work  this  problem,  using  the 
arc  s  as  the  independent  variable,  and  write  the  time  of  descent  as 

using  the  suffixes  p  and  q  to  denote  the  two  solutions. 

The  P  and  Q  a^-limits  being  fixed,  the  equations  we  obtain  are 

1  X  1 


v^yi 


—  Ap  —  C, 


y/y^ 


-K  =  C, 


throughout  the  respective  curves,  and  at  B, 


From  the  coefficient  of  As  we  have  c  =  c\  wherefore,  as  yp=i  y^  at  JB, 
we  have  A^  =  X,  at  i2 ;  and  therefoi*e  the  coefficients  of  ^x  and  Ay 
give  us 

Hence  the  two  curves  y^  and  y^  are  portions  of  a  single  brachistochrone 
PQ,  and  there  is  no  point  such  as  jB  with  an  abrupt  change  of  direc- 
tion. The  discussion  can  evidently  be  applied  to  show  that  there 
cannot  be  more  than  one  abrupt  change  of  dii^ction. 

We  are  not,  however,  as  yet  in  a  position  to  assert  that  there  is  no 

maximum  or  minimum  solution  which  is  not   a  stationary  solution. 

For  there  is  a  boundary  y  =  0  above  which  the  particle  cannot  pass 

without  introducing  imaginary  quantities,  and  therefore  6y  must  be 
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positive  all  along  that  boundary.  It  is  easy  to  see  that  this  gives  no 
minimum  (but  by  taking  R  at  infinity  on  this  boundary,  so  that  FR 
and  QR  are  both  horizontal,  we  do  get  what  may  be  called  a  maxi- 
mum solution,  which  is,  of  course,  not  stationary).  Hence  there  is 
no  minimum  solution  other  than  the  brachistochrone  from  P  to  Q. 
I  now  take  the  so-called  problem  of  the  solid  of  least  resistance. 

Ex.  2. — "  To  find  the  form  of  a  solid  which  experiences  a  minimum 
resistance  when  it  moves  through  a  fluid  in  the  direction  of  the  axis 
•of  revolution."     (Todhunter,  Researches^  p.  167.) 

The  mode  of  translating  this  problem  into  symbols  is  to  say  that 
we  require  to  make 

a  minimum,  P  and  Q  being  the  given  limiting  points.  It  is,  indeed, 
well  known  that  if  there  be  angular  points  the  integral  ceases  in  any 
way  to  represent  the  resistance,  but,  since  Legendre  pointed  out  that 
a  zigzag  solution  rendered  the  integral  indefinitely  small,  the  problem 
has  been  discussed  as  though  the  integral  represented  the  resistance 
under  all  circumstances. 

Restricting  ourselves  to  the  integral  therefore,  let  us  see  if  there  is 
any  compounded  solution.     We  have 


(i+y 


4r-.  ifndx 


1+y* 


yf 


-|±^  (Ay-y^x)  +^MSydx, 

and  If  =  0  gives,  when  integrated, 

yf  =  c(l+fy. 

Hence,  if  there  be  a  compound  solution  where  y  has  the  value  y  from 
P  to  iiJ^  and  z  from  Rto  Q?  we  have,  from  the  coefficients  of  Aaj  and 
Ay  at  JB,  the  equations 

(1+2/T     (1+^)"      0+y')*        (i+^T     

Dividing,  we  obtain 

y—z  =  0, 

which  only  gives  the  continuous  solution,  and  the  factor 

2/S-3  =  0. 
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But,  when  we  substitute  from  this  in  (6),  we  get  only 

(«»-3)»  =  0, 
80  that  z  =  ys   and   y  =  -v/3,   or  i  =  —  \/3   and  y  =  —  \/3, 

and  these  again  are  one  and  the  same  solution.  Hence  there  is  no- 
componnded  stationary  solution,  for  y  =  0,  which  satisfies  the  equa* 
tions,  is  not  applicable. 

When  we  examine  the  sign  of  S*Uj  we  find  that  the  stationary 
solution  is  not  a  minimum  if  y'  >  3.     It  is  usual  to  argue  that,  as  there 
must  be  a  minimum  value  for  the  integral  in  every  case,  there  must 
be  one  where  the  line  FQ  is  so  steep  that 
y'  must  exceed  3  somewhere.     But  this  is 
incorrect ;  so  long  as  we  confine  ourselves 
to  the  integral,  there  may  be  no  minimum, 
because  we  may  use  a  zigzag  solution  in 
which  the  value  of  y  for  those   parts  of 
the  integi'al  which  are  negative  (either 
because  dx  is  negative,  or   because  y  is 

negative)  is  greater  than  for  the  positive  parts,  and  therefore  we  may 
make  the  integral  have  a  negative,  and  indeed  any  negative  value. 

If,  however,  we  restrict  the  value  by  taking  every  term  positively, 
we  must  have  a  minimum  value.  Then  we  have,  by  §  7,  the- 
boundary  given  by 

which  gives  only        y  =  0,    y  =  0,     and     dx=:0] 

but  the  latter  value  does  not  really  make  the  expression  vanish,  and,, 
as  y  =  0  or  y  =  0  is  a  special  case  of  the  continuous  solution,  it  is 
seen  from  the  above  equations  that  it  cannot  be  joined  to  any  other 
continuous  solution  so   as    to  give  a  stationary  value  when  ^x  is 
changed.     Since,  therefore,  neither  y  =  0  nor  y  =  0 
can  be  made  to  pass  through  both  P  and  Q,  we 
see  that  this  is  a  case  in  which  there  is  no  definite 
solution,  but  by  continually  shifting  the  point  R 
further  back  we  can  make  the  integral  as  small 
as  we  choose,  until,  when  i?>  is  at  infinity,  the  minimum  value  of  the 
restricted  integral  is  obtained,  or  the  zigzag  may  be  used  instead  of 
the  straight  line. 

Ex,  3. — Mr.  Todhunt^r,  in  his  Bescarches,  gives  a  modification  of 
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tliis  problem  in  which  he  introduces  the  restriction  that  the  volume- 
of  the  solid  of  revolution  is  to  be  given.  He  takes  a  particular 
case  in  which  the  point  Q  is  to  lie  on  the  axis  of  revolution.  But» 
independently  of  any  limiting  conditions,  we  can  see  from  the  dis- 
cussion of  the  last  problem  that  there  cannot  be  any  definite  solution. 
For  the  introduction  of  the  term  \y^dx  under  the  integral  sign  is  the* 
only  difference  between  this  problem  and  that  of  the  last  article,  and 
this  change  does  not  in  any  way  affect  the  coefficient  of  Ay,  nor  does 
it  affect  the  ^x  terms,  for  the  only  difference  is  that  in  deriving  th& 
£ix  terms  at  B>  we  have  to  add  and  subtract  the  term  Xj/^Ax,  Hence 
the  equations  of  the  last  example  are  applicable  to  this  problem,  and 
there  is  no  compounded  solution.  Nor  do  we  get  any  solution  other 
than  the  zigzag  by  taking  every  term  positive,  for  this  only  requires 
us  to  compound  with  the  ordinary  solution  the  curve 

y2/V(i+y')=o, 

not  the  whole  quantity  now  under  the  integral  sign,  which  differs 
from  this  by  Ay*. 

16.  With  reference  to  zigzag  solutions,  it  is  to  be  noted  that,  if  they 
were  permitted,  no  unrestricted  integral  would  have  a  maximum  or 
minimum  value.  For,  by  giving  alternate  positive  and  negative 
signs  to  dxj  we  could  always  arrange  that  S*U  should  have  either  sign. 
Thus  the  integral  which  gives  the  shortest  distance  between  two 
points  is 

U=  \y/l  +  fdx, 

wherefore  ^17  =  I  — -^ — r  dxj 

and  if  we  take  ^  large,  where  dx  is  negative,  and  small  where  dx  is 
positive,  we  shall  get  ^17  negative,  wherefore  it  would  appear  that 
the  straight  line  is  not  the  shortest  distance  between  two  points.  Of 
course  the  answer  is  that  the  integral  does  not  represent  the  length 
unless  each  element  of  the  integral  be  taken  positively.  This  is,  of 
course,  implied  always  in  problems  relating  to  length,  but  the  curious 
thing  is  that  the  implication  is  never  carried  to  its  logical  conclusion, 
which  is  that  the  zero  distance  between  two  curves  at  their  point  of 
intersection  is  a  true  minimum  distance,  though  not  a  stationary  dis- 
tance.    Thus  the  point  of  intersection  ia  to\i^  t^^kc^^^  ^»»  ^  ^<^cQ^3iSsv^-*- 


SG2 


Mr.  E.  P.  Culrerwell  on, 


[May  10, 


analytically  discontinuous,  but  geometrically  continuous,  of  the  pro- 
blem of  finding  the  shortest  distance  between  two  curves. 

A  similar  observation,  of  course,  applies  to  the  brachistochrone 
from  one  curve  to  another,  and  various  other  problems. 

17.  A  supposed  discontinuous  solution  has  been  given*  of  James 
Bernoulli's  problem  to  join  two  given  points  A  and  JB  by  a  curve  ASB 
of  given  length,  such  that,  if  on  any  ordinate  SN  (1  take  the  axis  of  x 
T^ertically  upwards)  a  length  PN  be  taken  equal  to  the  arc  AS,  the 
area  of  the  curve  OPQ  so  formed  shall  be  a  maximum  or  a  minimum 
-(Todhunter,  History,  p.  221). 


Analytically  the  problem  is  to  make  I  « (2a;  a  maximum,  subject  to 


•Since 


f: 


sdx  = 


constant. 

B 


B  fB 

A  iA 


xds, 


and  the  limits  of  s  and  x  are  given,  the  problem  is  to  make   I  a;  d$  a 

minimum  (or  a  maximum),  s  being  given.  Hence  the  solution  is  a 
catenary,  and,  examining  the  problem  as  we  examined  the  bi'achisto- 
ichrone,  it  is  easy  to  see,  what  is  indeed  obvious  from  physical 
■considerations,  that  there  is  no  other  solution  than  the  continuous 

catenary  which  will  make  I  x  c?s  a  minii 


minimum  or  a  maximum. 


♦  As  the  mistake  made  is  not  uncommon,  considering  the  small  number  of  PJ^- 
blems  which  can  be  solved  at  all,  it  is  perhaps  worth  pointing  out.  It  arises,  taking 
the  Jacobian  criterion  for  a  mR-rimiim  or  a  minimum  of  ]  udx  in  the  incomplete 

-form  that  — — -  should  not  change  sign,  whereas  it  is  really  the  product  of  this 

quantity  and  eUc  which  is  to  remain  unchanged  (see  Froc.  Loud.  Math.  Soc,  Vol. 
xxm.,  p.  246,  Prop,  iv.,  where  the  correct  statement  of  the  Jacobian  criterion  is 
jgirenj. 
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18.  There  is  a  class  of  problem  whicli  might  fairly  be  termed  dis- 
continuous to  which  I  have  not  here  alluded,  i.e.,  problems  in  which 
the  variation  BU  cannot  be  made  to  vanish  by  any  definite  curve,  but 
can  be  diminished  without  limit.  The  best  example  I  can  give  of 
this  is  that  of  the  shortest  line  of  given  curvature  between  two  given 
points,  solved  in  my  paper,  Proceedings,  Vol.  xxiii.,  p.  267. 

There  is  another  class  of  discontinuity  which  seems  hardly  to  have 
received  the  attention  it  deserves,  viz.,  that  in  which  there  are  too 
many  boundary  conditions,  or,  what  is  practically  the  same,  where  we 
have  to  deal  with  an  expression  F-|-  U,  where  U  is  the  usual  integral 
and  V  contains  limiting  fluxions  of  a  higher  order  than  those  for 
which  a  continuous  solution  would  be  possible  if  V  were  absent.  It 
seems  to  have  been  generally  assumed  that  in  such  a  case  there  is  no 
maximum  or  minimum  (see,  among  other  writers,  Jellett,  pp.  44-47, 
and  65,  66).  But  it  is  evident  that  there  are  many  cases  in  which 
there  must  be  a  maximum  or  a  minimum  solution.  For  instance,  the 
problem  to  draw  between  two  points  P  and  Q  the  shortest  line  which 
shall  touch  two  lines  PA  and  QB  at  P  and  Q,  respectively,  cannot 
have  for  solution  a  length  shorter  than  the  straight  line  PQ,  and 
therefore  there  must  be  a  minimum,  though  possibly  not  a  determinate 
one.  The  solution  is  evidently  the  discontinuous  line,  straight  to  the 
eye,  which  takes,  for  an  infinitesimal  length,  a  sharp  turn  at  P  and 
Q,  so  as  to  have  the  required  direction  at  those  points. 

A  most  important  example  of  this  class  of  problem  is  that  in  which 
we  are  required  to  give  a  minimum  value  to  the  integral 

the  solution  being  of  course  an  electric  potential,  whatever  the 
boundary  conditions  may  be.  Now,  if  the  value  of  0  be  given  as  a 
function  of  a;,  y,  and  z  over  two  continuous  closed  surfaces,  the  pro- 
blem, so  far  as  the  calculus  of  variations  is  concerned,  presents  no 
discontinuity,  although  it  may,  of  course,  happen  that  the  quantities 

--^,  &c.,  appearing  in  U  may,  as  in  any  other  problem,  become  dis- 

continuous  somewhere  within  the  region  of  integration.  But  if,  in 
addition  to  the  values  being  given  over  two  surfaces,  there  are  other 
boundary  conditions,  as,  for  instance,  if  the  value  over  a  dozen 
conductors  is  given,  then  we  get  a  necessary  discontinuity  at  the 
limits  quite  independently  of  any  discontinuity  whicK  'caa.-^  v>xv&.^  'xsi. 
/the  range  of  the  integration.     PhysicaWy,  oi  coTXT^^^^^a  xcksasis*  H^oaJ^ 
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we  must  have  a  distiibution  of  electricity  at  some  of  the  snr&uses^ 
whether  we  have  any  in  the  space  included  in  the  dxdydz  integra- 
tion or  not.     Analytically,  it  means  that  we  are  no  longer  to  make 

dsf      d]f      ds? 

throughout  the  entire  space  of  the  integration,  but  only  up  to  an 
infinitesimal  distance  from  the  boundaries  where  there  is  electricity^ 
just  as  in  the  case  of  the  straight  line,  we  are  not  to  make 

d^yjdx^  =  0 

everywhere  throughout  the  integration,  but  only  up  to  an  infini- 
tesimal distance  from  the  limiting  points  P  and  Q. 

What  occurs  in  the  potential  problem  is  probably  typical  of  what 
happens  in  multiple  integrals  generally.  For  instance,  gfiven  two- 
continuous  closed  curves,  the  solution  of  the  problem  to  join  them  by 
the  surface  of  least  area  is  analytically  as  well  as  physically  con- 
tinuous. But,  if  we  replace  the  two  curves  by  two  lines  with  any 
number  of  angular  points,  we  shall  evidently  have  a  physically  con- 
tinuous surface  giving  a  solution  which  has  analytical  discontinuities- 
at  the  boundaries.  In  general,  we  may  expect  that  the  effect  of  a 
superabundant  number  of  limiting  conditions  is  merely  to  introduce 
discontinuities  of  some  kind  at  the  boundary^  and  to  leave  the  solution 
continuous  within  the  general  extent  of  the  integration,  and  not  by 
any  means  to  render  the  function  incapable  of  a  maximum  or  a 
minimum  value. 


On  those  Orthogonal  Substitutions  that  can  be  Generated  by  the 
Repetition  of  an  Infinitesimal  Orthogonal  Substitution.     By 
Hbnry  Taber.     Received  May  1st,  1895.     Read  May  9th^ 
.  1895. 

§1. 

In  the  following  I  show  what  are  the  conditions  necessary  and 

sufficient  that  a  given  orthogonal  substitution  of  n  variables  may  be 

generated  by  the  repetition  of  an  infinitesimal  orthogonal  substitution 

of  the  same  number  of  variables  (that  is,  by  the  repetition  of  an 
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•orthogonal  substitution  of  n  variables  infinitely  near  to  the  identical 
substitution). 

An  orthogonal  substitution  may  be  designated  as  of  the  first  or 
second   kind  according  as  it  is  or  is  not  the  second  power  of  an 
orthogonal  substitution.     Improper  orthogonal  substitutions  are  then 
of  the  second  kind.     All  real  proper  orthogonal  substitutions,  and 
all   imaginary   proper  orthogonal   substitutions     of    two    or  three 
variables,  are  of  the  first  kind ;    but  there  are  imaginary  proper 
orthogonal   substitutions  of  n  variables    of  the    second    kind    for 
any  value  of  »  ^  4.     Thus  the  imaginaiy  proper  orthogonal  substi- 
tution of  four  variables  given  on  p.  255  of  the  Bulletin  of  the  New 
York  Mathematical  Society,  for  July,  1894,  is  not  the  second  power  of 
any  orthogonal  substitution  whatever ;    and,  from  the  existence  for 
foar  variables  of  an  orthogonal  substitution  of  the  second  kind,  it 
follows  that,  for  any  number  of  variables  greater  than  four,  there  are 
proper  orthogonal  substitutions  of  the  second  kind.     In  the  number 
of  the  Bulletin  referred  to  above,  I  have  shown  that  any  orthogonal 
substitution  of  the  first  kind  can  be  generated  by  the  repetition  of  an 
orthogonal  substitution  infinitely  near  to  the  identical  substitution; 
but  that  no  orthogonal  substitution    of   the    second    kind    can   be 
generated  thus.     (See  §  3.)     The  conditions  necessary  and  sufficient 
that  a  given  orthogonal  substitution  may  be  generated  by  the  repeti- 
tion of  an  orthogonal  substitution  infinitely  near   to   the  identical 
substitution  are,    then,  the  same  as    the  conditions   necessary  and 
sufficient  that  a  given  orthogonal  substitution  shall  be  the  second 
power  of   an  orthogonal  substitution,  that  is,    that  an  orthogonal 
substitution  shall  be  of  the  first  kind. 

In  Vol.  XVI.,  p.  130,  of  the  American  Journal  of  Mathematics,  I  have 
shown  that  certain  conditions,  presently  to  be  named,  are  satisfied  by 
every  orthogonal  substitution  of  the  first  kind,  that  is,  by  every 
orthogonal  substitution  which  is  the  second  power  of  an  orthogonal 
substitution.  I  now  find  that  these  conditions  are  sufficient  as  well 
as  necessary. 

That  these  conditions  are  sufficient  may  be  most  readily  shown,  if, 
in  accordance  with  Cayley's  "  Memoir  on  the  Theory  of  Matrices," 
Philosophical  Tra7isactio7is,  1858,  we  regard  the  operations  of  addition 
and  subtractimi  as  capable  of  extension  to  linear  substitutions  or  their 
matrices,  that  is,  the  square  array  of  their  coefficients.*     Multiplication 

*  Denoting  by  {<p)r,  the  coefficient  of  the  linear  subetitution  ^  of  fi  variables  in 
the  rth  row  and  «th  column  of  its  matrix,  the  sum  or  diiference  of  two  linear  substi- 
tutions <p  and  ^  of  fi  variables  is  defined  as  follows : — 

(<^±^)r«  -  (<t>)r,±Wri      (r,  *  -  1,  2,  ...  fl). 
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is,  of  course,  taken  as  equivalent  to  the  composition  of  linear  substi- 
tutions, and  is  associative  and  distributive.  Multiplication  is  not  in 
general  commutative  ;  but,  if  /  (^)  and  F  (^)  are  two  polynomials  in 
the  linear  substitution  ^,  we  have 

In  what  follows  the  identical  substitution  will  be  denoted  by  5 ;  the 
linear  substitution  which,  multiplied  by  or  into  ^,  gives  the  identical 
substitution  will  be  denoted  by  0"^;  and  the  linear  substitution 
transverse  or  conjugate  to  0  will  be  denoted  by  0.*     We  then  have 


and 


(0  =  W-^ 


The  linear  substitution  ^  is  symmetric^  if  0  =  ^  ;  is  skew  symmetric,  if 
0  =  —  ^  ;  and  is  orthogonal,  if  ^  =  0"\  Finally,  the  determinant  of 
the  linear  substitution  ^  will  be  denoted  by  |  ^  |  .  The  characteristic 
equation  of  ^  is  then 

(^—z^  I  =  0. 


Further,  following  Sylvester,  I  shall  employ  the  term  nullity  ta 
denote  the  complement  relative  to  w,  the  number  of  variables,  of  the 
order  of  the  non-evanescent  minor  formed  from  the  rows  and  columns 
of  the  determinant  or  matrix  of  a  linear  substitution.  Thus,  the 
nullity  of  the  linear  substitution  ^  of  w  variables  is  m,  if  the  (m— 1)*** 
minors  of  |  <^  |  (the  minors  of  order  n— w-fl)  all  vanish,  but  not  all 
the  m^  minors  (the  minors  of  order  w— m).     In  particular,  if 

the  nullity  of  0  is  zero.  If  ^  is  a  root  of  multiplicity  m  of  the 
characteristic  equation  of  ^,  the  nullity  of  ^—g^  is  at  least  1,  and 
the  nullity  of  successive  integer  powers  of  ^—^5  increases  until  a 

power  of  index  /a  <  m  is  attained,  whose  nullity  is  m.     The  nullity 

♦  With  the  notation  of  the  preceding  note,  we  have  r  and  s  taking  all  integer 
yalnee  from  1  to  ft, 

(5)rr  =  l,       (5)r.  =0      (r  ^t  *), 


and  if ,  as  in  what  follows,  we  denote  the  determinant  of  ^  by  |  ^  |  , 


(*-') 
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of  the  (fi  +  l)*^  and  higher  powers  of  <p—g^  is  then  also  m.     And  if 
we  designate  respectively  by 

nil,  ^j>  •••  ^—1?  ^M  ^^  ^> 
the  nullities  of  (^-f/^),  (0-(7^)S  ...  (i^-giy'\  (0-(7^)^ 
we  have  7/i,— 7n^  ^  m^—rn^  ^  ...  ^  m^— m^_i  ^  1. 

The  numbers  7n^,  m^,  <fcc.,  may  be  termed  the  numbers  helo7iging  to  the 
root  g  of  the  characteristic  equation  of  ^.  If  gf  is  not  a  root  of  the 
characteristic  equation  of  0,  that  is,  if  the  multiplicity  of  g  is  zei*o, 
the  nullity  of  9— grS  [and  of  (0— gf^)',  <fcc.]  is  zero,  and  we  may  say 
that  the  number  belonging  to  gr  is  zero.  Again,  by  the  "  corollary  ot 
the  law  of  nullity,"  if  g^  and  gr,  are  distinct  roots  of  the  characteristic 
equation  of  ^,  the  nullity  of  (^— ^1)''*  (^— g^j)*^  is  the  sum  of  the- 
nullities  of  the  two  factors. 

Let,  now,  ^  be  an  orthogonal  substitution  which  is  the  second 
power  of  an  orthogonal  substitution  yp  ;  that  is,  let  <^  =  \f^,  ij/  being 
orthogonal.  The  roots  of  the  characteristic  equation  of  0  are  the 
squares  of  the  roots  of  the  characteristic  equation  of  \lf.     Therefoi'e,  if 

—  1  is  a  root  of  the  characteristic  equation  of  0,  v--l  is  a  root  of  the 

characteristic  equation  of  ij/ ;  that  is,  the  determinant  of  ilz—yZ—lB 

is  zero.     But  then  the  determinant  of  the  transverse  of  ^— v^— 1  ^, 

namely,  ^—  \/— 1  B,  obtained  from  ^—  v—l  8  by  interchanging  the 
rows  and  columns  of  its  matrix,  is  also  zero  ;  and,  since 


therefore,  because 


I  ^-M  ^  0, 


that  is,  —  >/—  1  is  also  a  root  of  the  characteristic  equation  of  \p. 


If  the  nullity  of  rp—yZ—lB  is  m^,  the  nullity  of  its  transverse. 


namely,  i/J--/-l  5  =  ,/.-»-  v/-l  a)  =  -  %/-!  ^-'  (t/r-h  v/-l  ^) 

is  also  mi ;    and,  since   the   nullity  of  xf/'^  is  zero,    the  nullity   of 
^  -h  \/^  ^  is  7?h-     Therefore,  the  nullity  of 


is  2m^l. 


(^  +  i)  =  (,/r-/-l  «)(l/r+  V^-i^) 
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Similarly,  if  the  nullity  of  (^  —  \/— 1)'  is  m^,  the  nullity  of  its 
transverse 

is  also  mp.     Therefore,  the  nullity  of 


(^+a)p  =  (^-  y-i)p  (^+  yiiiy 


is  2mp. 


§2. 

Conversely,  if  ^  is  orthogonal,  and  if  for  any  positive  integer  p  the 
nullity  of  (0  +  By  is  even,  0  is  the  second  power  of  an  orthogonal 
Substitution. 

In  Vol.  Lxxxiv.  of  CrelWs  Journal^  Frobenius  has  gfiven  sub- 
stantially the  following  theorem,  namely,  that  an  orthogonal 
substitution  t//  can  always  be  formed  of  whose  characteristic  equation 
any  given  quantities  (other  than  zero)  are  roots  of  any  given 
multiplicities,  provided  that,  if  ^  :^  ::b  1  is  a  root  of  the  characteristic 
equation,  gr"^  is  also  a  root  of  the  same  multiplicity  as  g ;  moreover, 
that  we  may  take  any  set  of  numbers  mj,  m„  ...  m^,  subject  to  the 
conditions 

7?i,— mj  ^  w, — m,  ^  ...  ^  m^— 7/1^.1  ^  1, 

as  the  numbers  belonging  to  the  root  gf  ^t  ±  1,  provided  that  the 
same  set  of  numbers  belongs  to  g'^.  Further,  i//  may  have  +1  as  a 
root  of  its  characteristic  equation,  and  the  numbers  belonging  to  + 1 
may  be  taken  the  same  as  the  numbers  belonging  to  the  root  + 1  of 
the  characteristic  equation  of  any  other  orthogonal  substitution. 

Let,  now,  the  roots  of  the  characteristic  equation  of  0  be  + 1  of 
multiplicity  m,  —1  of  multiplicity  2m^  and  </^,  g~^  each  of  multi- 
plicity 7n^^\  r  taking  all  integer  values  from  1  to  v.  Let  the  numbers 
belonging  respectively  to  -|- 1  and  —  1  be 

(m„  m,,  ...  m^o)(27w^,  2mfi^,  ...  2m^), 

and  the  numbers  belonging  to  ^^,  gr^*,  for  r  =  1,  2,  ...,  v,  be 

Let  us  now  form  an  orthogonal  substitution  i//  whose  characteristic 

equation  shall  have  as  roots  -h  1  of  multiplicity  m,  ±  \/  —  1  each  of 
multiplicity  m,  and  for 

r  =  1,  2,  ...  V,     hr  =  y^^,     h;^  =  —=, 

•^gr 
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•each  of  multiplicity  m^'*\     Further,  let  the  uumbers  belongiug  to  + 1  be 

(mi,  m,,  ...  m^)  ; 

let  the  numbers  belonging  to  +  V^— 1  and  to  —  -s/^l  be 

(mj,  m,,  ...  m^) ; 
and,  for  r  =  1,  2,  ...  v,  let  the  numbers  belongfing  to  K  and  h^^  be 


( 


m['\  mj", 


..  to'")- 


The  roots  of  the  characteristic  equation   of    ^    are    then    +1   of 

multiplicity  m,  —1  of  multiplicity  2m,  and  (for  r  =  1,  2,  ...  v)  g^  and 

g~^  each  of  multiplicity  m^''^     Further,  since  —1  is  not  a  root  of  the 

characteristic  equation  of  if^,  the  nullity  of  t//+^  is  zero;    therefore, 

the  nullity  of 

(,/.«-«)"=  (^  +  a)p  (^-3)' 

is  equal  to  the  nullity  of  (^—3)'*.     Consequently,  the  numbers  belong- 
ing to  the  root  + 1  of  the  characteristic  equation  of  ^Z^'  are 

(mi,  m,,  ...  m^). 
Again,  the  nullity  of 

(J/'+^y  =  (,/.-  y/^\  Zy  {^^,^  yiTi  iy 
is  equal  to  the  sum  of  the  nullities  of 

(^-y^ia)!'     and     (»//+y^«y, 


since  both  ±a/— 1  are  roots    of  the  characteristic  equation  of  »//. 

Therefore,  the  numbers  belonging  to  the  root  —1  of  the  characteristic 

equation  of  i/^  are 

(27?ii,  2m,,  ...  2m^). 

Finally,  the  nullity  of 

{^^grhy  ^  {i^+Kiy  {}\^-hr^y 

is  equal  to  the  nullity  of  {^—h^iyy  since  —  ^r  is  not  a  root  of  the 
characteristic  equation  of  ^;  and,  therefore,  the  nullity  of  {^-^-hriy 
is  zero.     Similarly,  the  nullity 

is  equal  to  the  nullity  of  (j^  —  h^^  5)',  since  —  A^*  is  not  a  root  of  the 
characteristic  equation  of  ^.     Whence  it  follows  that,  for  r  =  1, 2, ...  f, 
TOL.  IITI. — HO.  623.  2  B 
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the  munbers  belonging  to  the  root  g^  g^^  of  the  charaoterifltic  equar 

tion  of  tf/*  are 

(mr,  mW    ...  m'^). 

Since  0  and  ^  are  similar,  that  is,  the  roots  of  the  characteristio 
equations  of  0  and  ^  and  the  numbers  belonging  to  these  roots  are 
the  same,  a  linear  substitution  m  of  non-zero  determinant  can  be 
found  such  that 

Since  both  0  and  ^  are  orthogonal,  -we  can  always  so  choose  «r  thai 
it  shall  be  orthogonal.     For  we  have 

^  =  ^  0  =  «r~^  i/f'  or  w^W*. 


That  is,  denoting  or «  by  oi. 


^01  ^  =  O); 


or,  since  t//'  is  orthogonal,       a>i/r'  =  ij/'w. 

The  linear  substitution  oi  is  of  non-zero  determinant;  there  are^ 
therefore,  one  or  more  polynomials  in  oi  whose  second  power  is  equal 
to  uf.  Let  w*  denote  any  one  of  these  polynomials.  Then,  since  tt  is 
symmetric,  w*  is  also  symmetric ;  and,  moreover,  since  ^Z'*  is  commu- 
tative with  w,  it  is  also  commutative  with  w*,  that  is, 

ft)*  1^  =:y  w*. 
Any  linear  substitution  to'  satisfying  the  equation 

is  given  by  the  expression  «*x>  in  which  x  is  aii  orthogonal  substitu- 
tion.    For  the  last  equation  may  be  written 


and,  if  we  put 


it  becomes  X  X  =  ^• 

Conversely,  if  x  is  orthogonal,  and 


we  hare 


m  =  x<^*» 


nr  tir  =  w*  v  -%/  i.i*  = 


Xx«'  =  «. 
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We  therefore  have 

And,  if  we  put  '^=:X^X'*» 

"¥  is  orthogonal,  since  both  \p  and  x  S'TO  orthogonal ;  and 

that  is,  ^  is  the  second  power  of  an  orthogonal  substitution. 

§3. 

We  may  show  as  follows  that  any  orthogonal  substitution  of  the 
first  kind  can  be  generated  by  the  repetition  of  an  orthogonal  substi- 
tution infinitely  near  to  the  identical  substitution,  but  that  no 
orthogonal  substitution  of  the  second  kind  can  be  generated  thus. 
Let  e^  denote  the  infinite  series 


ml 


convergent  for  any  linear  substitution  ;&.     We  then  have 

(e»)-'  =  e-*, 

(?)  =  e5'; 
and,  if  m  is  any  positive  integer. 

Moreover,  if  S  and  S'  are  commutative. 

Finally,  for  any  linear  substitution  ^  of  non-zero  determinant,  we  can 
always  find  a  polynomial  in  9, 

such  that  ^  =  e*. 

K,  now,  ^  is  orthogonal,  we  have 

5=/(f)=/(0-'). 

that  is,  ^  is  also  a  polynomial  in  0  ;*    and,  consequently,  5  is  com- 
mutative with  ^. 


♦  The  reciprocal  of  a  linear  sabatltiitioii  4>  la  exyK«s\>\b  «j^  ^^  ^^^J^i^^^'*^^'^^  ^' 

2b^ 
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—  *-«        >■* 

Therefore,  e*+*  =  c*  e*  =  ^  ^  =  o. 

Let  20^  =  ^+^,    20  =  :^-5. 

Since  ^  and  ;&  are  commutatiye,  0^  and  0,  their  half  sum  and  differ- 
ence, are  commutatiye  ;  and,  consequently, 

Therefore,  v>*  =  (e«o)>  (e«)«  =  eS^oe**  =  e^, 

since  e^^o  =  e*+*  =  5. 

Let  m  be  any  positive  integer,  and  let 

then,  since  0  is  skew  symmetric, 

moreover,  ^"^  =  (et*/*^*)"*  =  g^*  _-  ^t 

By    taking    m  sufficiently    great,  we  can  make  the  coefficients   of 

2 

—  tf  as  small  as  we  please,  and,  consequently,  we  can  make 
m 

as  nearly  as  we  please  equal  to  the  identical  substitution.  But, 
however  great  m  may  be,  we  have 

}P\j,  ^  B    and     ^T  =  ^'. 

Therefore,  any  orthogonal  substitution,  as  ^*,  which  is  the  second 
power  of  an  orthogonal  substitution  can  be  generated  by  the  repeti- 
tion of  an  infinitesimal  orthogonal  substitution. 

Every  orthogonal  substitution  given  by  Cayley's  expression  is  of 

the  first  kind.     For,  if 

^  =  (a-Y)(5+Y)-, 

in  which  Y  is  skew  symmetric,  and  such  that 

I  5+Y  I  #  0, 
we  can  find  a  polynomial  in  Y, 

^  =  /(Y), 
such  that  (^H-Y)=e^. 

Equating  the  transverse  of  either  side,  we  have 
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And,  since  ^  =  /  (Y)  =  /  (  —  Y) 

is  also  a  polynomial  in  Y,  ^  and  c  are  commutative.     Therefore,  if 

we  put  w 

fl=S_:5=/(-Y)-/(Y), 

6  is  skew  symmetric,  as  it  is  a  polynomial  in  odd  powers  of  the  skew 
symmetric  matrix  Y,  and 

^  =  (a-Y)(a-f  Y)  =  ^e-*  =  e». 

If,  now,  }p  =  e**, 

since  0  is  skew  symmetric, 

moreover,  ^  =  (e**)'  =  e*  =  ^. 

That  is,  0  is  an  orthogonal  substitution  of  the  first  kind. 

If  we  take  the  orthogonal  substitution  0  sufficiently  near  to  the 
identical  substitution,  —  I  cannot  be  a  root  of  the  characteriKtic  equa- 
tion of  0 ;  and  ^  is  therefore  given  by  Cayley*s  expression,  and  is 
consequently  of  the  first  kind.  But  the  repetition  of  an  orthogonal 
substitution  of  the  first  kind  gives  an  orthogonal  substitution  of  that 
kind.  Whence  it  follows  that  no  orthogonal  substitution  of  the 
second  kind  can  be  generated  by  the  repetition  of  an  infinitesimal 
orthogonal  substitution.  Nevertheless,  we  can  approximate  as  near 
as  we  please  to  any  proper  orthogonal  substitution  of  the  second 
kind  by  the  repetition  of  an  infinitesimal  orthogonal  substitution 
properly  chosen.  For  we  can  obtain  an  orthogonal  substitution  of 
the  first  kind  which  shall  be  as  nearly  as  we  please  equal  to  any 
proper  orthogonal  substitution  of  the  second  kind,*  and  the  former 


*  In  particular,  if  ^  is  any  proper  orthogonal  substitution  of  the  second  kind,  we 
can  find  an  orthog^onal  substitution  ^^  of  the  first  kind  whose  coefficients  are  rational 
functions  of  a  parameter  p  such  that,  by  taking*  p  sufficiently  small,  the  several 
coefficients  of  <p^  can  be  made  as  nearly  as  we  please  equal  to  the  corresponding 
coefficients  of  <p.    Consequently,  if  the  rational  functions  are  properly  chosen,  we 

shall  have  (^p)p.o  «  <P»  So  long  as  p  ^  0,  there  exists  an  orthogonal  substitu- 
tion ^p  whose  coefficients  are  algebraic  functions  of  p  such  that  ^J  »  ^^ ;  and 
thus,  by  taking  p  sufficientiy  small,  we  may  make  4^^  as  nearly  as  we  please  equal 

to  <p.    We  thus  have  ^  ^  lim^.o  (r^l).    But,  for  p  »  0,  4^^  becomes  illusory,  as  ita 
coefficients  are  then  infinite.     (See  Bulletin  of  the  Ntw  York  MaiKema\.\AQ\  ^«vft.\.'^> 
for  July,  1894,  p.  255.) 
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can  be  generated  by  tbe  repetition  of  an  infinitesimal  orthogonal 
substitution. 

Since  an  orthogonal  substitution  of  the  first  kind,  and  only  an 
orthogonal  substitution  of  the  first  kind,  can  be  generated  by  the 
repetition  of  an  orthogonal  substitution  infinitely  near  to  the  identical 
substitution,  we  have,  by  §  1  and  §  2,  the  following  theorem : 

The  necessary  and  sufficient  condition  thai  a  given  orthogonal  suhstitu^ 
Hon  may  he  generated  by  the  repetition  of  an  infinitesimal  orthogonal 
substitution  is  thai  either  —1  shall  not  be  a  root  of  the  chara^steristic 
equation  of  tlie  substitution^  or^  if  —1  is  a  root  of  this  equation^  that  the 
numbers  belonging  to  —1  shall  all  be  even. 

§4. 

The  preceding  division  of  the  substitutions  of  the  orthogonal  group 
gives,  of  course,  a  coiTesponding  division  of  the  group  of  linear  sub- 
stitutions wliich  transform  autpmorphically  a  symmetric  bilinear 
form  with  cogredient  variables.  Thus  we  may  designate  a  substitu- 
tion of  this  group  as  of  the  first  or  second  kind  according  as  it  is  or 
is  not  the  second  power  of  a  substitution  of  the  group ;  and  then  any 
substitution  of  the  first  kind  may  be  generated  by  the  repetition  of 
an  infinitesimal  substitution  of  the  group,  but  no  substitution  of  the 
second  kind  can  be  generated  thus. 

For  let  the  variables  of  the  symmetric  bilinear  form 

(ajaji,  aj,,  ...  a;,][y„  t/,,  ...  yO 

be  cogredient.  The  necessary  and  sufficient  condition  that  the  linear 
substitution  f  shall  transform  the  form  automorphically  is  that  ^ 
shall  satisfy  the  equation 

It  is  assumed  that  the  determinant  of  the  form  is  not  zero,  that  is, 

a  I  ^  0. 


There  are  therefore  one  or  more  polynomials  in  Q  whose  second 
power  is  equal  to  O.  Let  O'  denote  any  such  polynomial  in  Q,  We 
may  then  write  the  preceding  equation  as 

(a*)-»^n*.n*^(Q*)-'  =  ^; 
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since  O^  is  symmetric,  aa  it  is  a  polynomial  in  the  symmetric 
matrix  Q.  Whence  it  follows  that  the  most  general  expression  for 
the  linear  substitution  ^  is 

(a»)-'i/,n*, 

in  which  Q*  is  a  symmetric  square  root  of  O,  and  yp  ib  am  arbitrary 
orthogonal  linear  substitution  or  matrix. 

If,  now,  ^  is  an  orthogonal  substitution  of  the  first  kind,  ^  is  also 
of  the  first  kind,  and  conversely.     For,  if  \//^  is  orthogonal,  and 

^  =  'A. 


then,  if 

^.=  (o*)-'«^.o', 

we  have 

5,0^0  =  0, 

and 

^:= 

(o»)-'^o*  =  (oo-W 

Conversely,  if 

f.  =  f' 

and 

j;o^,=.o, 

then,  if 

^.  =  o»^.(ov. 

we  have 

Mo  =  ^> 

and 

^  =  "A- 

As  stated  above,  the  orthogonal  substitutions  of  the  second  kind 
are  all  imaginary.  But  the  linear  substitutions  of  the  second  kind 
which  transform  automorphically  certain  real  symmetric  bilinear 
forms  are  not  all  imaginary.     Thus  the  bilinear  form 

is  transformed  automorphically,  if  we  put 

a5i  =  — ii,     35,  =  — £|+48,     aJ,  =  — is+£«i     «4  =  — ^4> 

yi  =  —nv  yj  =  --'7j+'?i>  ys  =  -vt-\-Vi,  2^4  =  — j?*; 

and  this  substitution,  which  is  real,  \a  oi.  ^3[i^  ^^corsAVtiA. 
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If  a  and  b  are  both  positive,  three  of  the  roots  of  the  equation 

r  (z)  =    a-z,  0,         0,         0=0 

0,  -«,        0,      -26 

0,  0,      2b -z,      b 

0,  -26,      6,        -z 

are  positive  and  one  negative.  If  a  and  6  are  of  difEerent  sign^  two 
of  the  roots  of  this  equation  are  positive  and  two  negative.  If  both 
a  and  6  are  negative,  all  but  one  of  the  roots  of  this  equation  are 
negative.     But  any  real  symmetric  bilinear  form 

(O Ja?„  a-,,  a-,,  aj^Jy,,  y„  t/,,  yj 

with  cogredient  variables  can  be  transformed  into  the  form  (df  by  a  real 
linear  substitution  tir,  if  the  number  of  positive  roots  of  the  equation 

n-ra  I  =  0 


is  equal  to  the  number  of  positive  roots  of  the  equation 

r  (z)  =  0. 

If  this  condition  is  satisfied,  and  if  9  denotes  the  linear  substitution 
given  above,  the  real  linear  substitution  tor^tir"*  transforms 

(Oja^,  Xi,  a-,,  ar^Jt/,,  y^,  y„  t/J 

automorphically,  and  is  of  the  second  kind.     Whence  it  follows  that 
any  real  symmetric  bilinear  form 

with    two    sets   of  four    cogredient    variables  the   roots  of   whose 

characteristic  equation 

^  '  Q-zS  I  =  0 


are  not  all  of  the  same  sign,  is  transformed  automorphically  by  a  real 
inear  substitution  of  the  second  kind. 
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Tlbursday,  June  13/A,  1895. 
Major  P.  A.  MACMAHON,  R.A.,  F.R.S.,  President,  in  the  Chair. 

Mr.  Gilbert  Thomas  Walker,  M.A.,  Fellow  of  Trinity  College,. 
Cambridge,  was  elected  a  member. 

Mr.  Bryan  communicated  a  note  "  On  an  Extension  of  Boltzmann*s 
Minimum  Theorem,"  by  Mr.  S.  H.  Burbury,  F.R.S. 

Dr.  Larmor  gave  a  sketch  of  a  paper  by  Mr.  J.  Brill,  entitled  "  On 
the  Form  of  the  Energy  Integral  in  the  Varying  Motion  of  a  Viscous^ 
Incompressible  Fluid  for  the  case  in  which  the  Motion  is  Two- 
Dimensional,  and  the  case  in  which  the  Motion  is  Symmetrical  about 
an  Axis." 

A.  paper  by  Dr.  Routh,  "  On  an  Expansion  of  the  Potential  Fiinc- 
tion  1/B'~^  in  Legendre's  Functions,"  was  taken  as  read. 

Mr.  Macaulay  read  a  paper  entitled  "  Groups  of  Points  on  Curves 
treated  by  the  Method  of  Residuation." 

The  President  informed  the  meeting  of  the  death  of  Prof.  A.  M. 
Nash,  of  the  Presidency  College,  Calcutta,  which  took  place  on  the 
voyage  home,  for  a  two  years'  furlough,  after  twenty  years'  service 
in  India. 

The  following  presents  were  made  to  the  Library  : — 

**  Beiblatter  zu  den  Annalen  der  Physik  und  Ghemie,"  Bd.  xix.,  St.  5  ;  Leipzig, 
1895. 

**  Proceedings  of  the  Royal  Society,*'  Vol.  Lvn.,  No.  345. 

**  Journal  of  the  Institute  of  Actuaries,*'  Vol.  zxxn.,  Pt.  1  ;  April,  1895. 

**  Berichte  iiber  die  Verhandlungen  der  Konigl.  Sachsischen  Gleeells.  der  Wissen- 
schaften  zu  Leipzig,"  1895,  i. 

**  Wiskundige  Opgaven  met  de  Oplossingen  door  de  Leden  van  het  Wiskondig 
Q^nootfichap,"  Deel  6,  St.  5  ;  Amsterdam,  1895. 

Mantel,  W. — **  Gewone  Lineaire  Differentiaalvergpelijkengen,"  pamphlet,  8vo, 
1894. 

D^Ocagne,  M. — **Sur  la  Composition  des  Lois  de  Probability  des  Erreurs  de 
Situation  d'un  Point  sur  un  Plan,"  pamphlet. 

D'Ocagne,  M. — **  Abaque  en  Points  Isopldthes  de  I'Equation  de  K6pler,'^ 
pamphlet. 

"Proceedings  of  the  Physical  Society  of  London,"  Vol.  nn.,  Pt.  7,  No.  57  ; 
June,  1895. 

•*Nyt  Tidsskrift  for  Mathematik,"  Aargang  Sjette,  A.,  Nt.  l^^\ 'B».^'^x.^.^ 
Copenhagen^  1895. 
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Nienw  Arohief  yoor  Wiskmide,"  Reeks  2,  Deel  1,  2  ;  Amsterdam,  1895. 

Sohouten,  Dr.  G. — **  Theorie  der  FunctiM  xiaar  Weientrass,"  pamphlet,  8yo 
1895. 

*'  Bulletm  of  the  American  Mathematical  Sodetj,"  Series  2,  Vol.  i.,  No.  8 
May,  1895. 

**  Bulletin  de  la  Soci6t^  Mathdmatique  de  France,"  Tome  xxrn.,  Nos.  2  and  3 
Paris,  1895. 

**  Bulletin  dee  Sdenoes  Mathdmatiques,"  Tome  zix.,  mai  et  juin,  1895 ;  Paris. 

Lamb,  H. — ^*  Hydrodynamics,'*  8yo  ;  Cambridge,  1895.     From  the  Author. 

Schwarz,  |H.  A. — ''Uber  die  analytische  Darstellung  elliptisoher  Funotionen 
mittelfit  rationaler  Functionen  einer  Exponentialfunction,"  pamphlet. 

Schwarz,  H.  A. — *^  Zur  Theorie  der  Minimalflachen,  deren  Begrenzung  aus 
geradlinigen  Strecken  besteht,**  pamphlet. 

**  Kendiconto  dell'  Accademia  delle  Soienze  Fisiche  e  Matematiohe  di  Napoli," 
Serie  3,  Vol.  i.,  Fasc.  4  ;  1895. 

**  Journal  of  the  Japan  College  of  Science,"  Vol.  vn.,  Pt.  4 ;  Tokyo,  1895, 

*'  Sitzungsberichte  der  K.  Preuss.  Akademie  der  Wissenschaften  zu  Berlin," 
1895,  1-25. 

*'  Atti  della  Beale  Accademia  dei  Lincei — ^Rendiconti,"  Sem.  1,  Vol.  iv.,  Fasc. 
8,  9,  10 ;  Roma,  1895. 

**  AnnaU  di  Matematica,"  Ser.  2,  Tomoxxm.,  Fasc.  2 ;  Ifilano,  1895. 

**  Educational  Times,"  June,  1895. 

D'Ocagne,  M. — ^*Sur  une  Application  de  la  Theorie  de  la  Probabilite  des 
Erreurs  aux  Nivellements  de  Haute  Pr^ision,"  pamphlet. 

Weierstrass,  K. — **Formeln  und  Lehrsatze  zum  G^brauche  der  elliptischen 
Functionen,"  heraiisgegeben  von  H.  A.  Schwartz,  Zweite  Ausgabe,  Abt.  1,  8yo  ; 
Berlin,  1893. 

'*  Annales  de  la  Faoult6  des  Sciences  de  Toulouse,"  Tome  ix.,  Fasc.  2 ;  Paris, 
1895. 

'*  Journal  fur  die  reine  und  angewandte  Mathematik,"  Bd.  ox:v.,  fieft  1; 
Berlin,  1895. 

**  Indian  Engineering,"  Vol.  xvn.,  Nos.  16-20. 

^'  Application  de  la  G^m6trie  &  la  Resolution  d'une  Classe  deProbl^es  relatifs 
au  Calcul  des  Probabilit^s,"  by  Rev.  T.  C.  Simmons.  (Offprint  of  the  Association 
Fran^aise,  Congr^  de  Caen,  1894.)    From  the  Author. 
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On  Elliptic  and  Hyper-Elliptic  Systems  of  Differential  Equations 
and  their  Ratioyial  and  Integral  Algebraic  Integrals,  with  a 
Discussion  of  the  Periodicity  of  Elliptic  and  Hyper-Elliptic 
Functions,  By  W.  R.  Wbstropp  Roberts,  M.A.  Received 
and  communicated  4th  April,  1895.  Received^  in  reyised 
form,  28th  August,  1895. 

I  do  not  by  any  means  claim  originality  or  novelty  for  some  of  the 
results  given  in  this  paper,  but  only  for  the  method  by  means  of 
which  they  are  obtained.  The  subject  of  elliptic  and  the  higher 
Abelian  integrals  still  receives  such  attention  from,  and  occupies  so 
largely  the  time  of,  our  distinguished  mathematicians  that  I  do  not 
hesitate  to  put  forward  a  method  which  enables  us  immediately  to 
write  down  all  the  rational  and  integral  algebraic  integrals  of  the 
system  of  differential  equations  known  as  Abelian,  and  embraces  them 
in  the  unity  of  the  larger  theory  of  co variants.  In  what  follows  in 
these  pages,  it  will  appear  that,  being  given  any  one  of  these  rational 
and  integral  algebraic  integrals,  all  the  remaining  ones  may  be  ob- 
tained by  an  operative  process  alone. 

Further,  it  will  be  shown,  by  integration  of  what  I  term  the 
"fundamental  equation,"  an  irrational  algebraic  integral  will  be 
obtained,  which  will  yield  us  a  whole  series  of  equations  of  a  similar 
nature  by  the  application  of  the  same  operative  process. 

Finally,  I  treat  of  Abelian  functions,  defining  them,  and  giving  a 
complete  proof  of  the  nature  of  their  periodicity. 

I  now  give  a  short  summary  of  the  contents  of  my  paper. 

Articles  1-4  treat  of  general  theorems  connected  with  functions  of 
the  differences  of  various  sets  of  variables,  and  discuss  two  operators 
h  and  A. 

5  contains  a  definition  of  I  {z)» 

6.  Investigation  of  the  conditions  which  must  be  fulfilled  in  order 
that  a  binary  quantic  of  degree  2n  may  be  a  perfect  square.  Deriva- 
tion of  all  these  conditions  from  a  "  square-matrix." 

7.  Abelian  system  of  differential  equations. 

8-9.  Development  of  our  theory  and  definition  of  the  function 
JP(2),  which  introduces  m— 1  arbitrary  constants. 

10-16.  Further  development  and  determination  of  all  rational  and 
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integral  algebraic  integrals  by  showing  that  F  («)  must  be  a  perfect 
square. 

17-18.  Integral  in  the  case  of  m  =  2.     Cayley's  form. 

19-20.  Dednction  of  well-known  equation 

dz^ ,         dg,        — d\ 


21-22.  Value  of  '*'^^      -»-       '*^' 


^AJiz,)'^  ^Afi',)' 


23.  Application  to  the  case  m  =  3,  and  deduction  of  the  rational 
algebraic  integrals,  which  are,  as  far  as  I  am  aware,  now  given  for 
the  first  time. 

24.  Case  of  m  =  4. 

25.  General  theory  and  integration  of  the  "  fundamental  equation.'*" 
26-27.  The  T-function. 

28.  Transformation  theory. 

29-30.  Determination  of  p^  in  terms  of  t—f. 

31-33.  Determination  of  2 J,,  (i?) -21,(0. 

34.  Determination  of  21.  r  (2;)  — 21.,.  (f). 

35.  Discussion  of  2i  (2?,  n)  —  2ii  (f,  n). 

36.  General  theory. 

37.  Proof  that  2Ir  (^)— 2rl(0  can  be  found  by  an  operative  pro-^ 
cess  alone. 

38—41.  Definition  of  Abelian  functions  and  their  periodicity. 

42.  The  number  of  periods. 

43.  Interesting  algebraic  equation,  when  z^  =  a^  and  (^  =  oj. 

1.  Before  entering  on  the  discussion  of  the  theory  of  the  transcen- 
dents known  as  Abelian,  we  shall  first  investigate  some  algebraic 
theorems  having  an  important  bearing  on  the  subject. 

Let  the  roots  of  the  equation 

f  (z)  =  «^+p,2r-^+^,jB-'-'+. ..+!?«  =  0 

be  denoted  by  Zi,  z^^  ...  z^,  and  let  us  suppose  we  have  a  relation 
such  as  the  following 

Ci«r-*  +  c,«"'""'  +  ...+c„  =  0, 
connecting  m  quantities  c^,  C|,  ...  c^  with  z,  where  2;  is  a  root  of 
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then  it  is  plain  that,  if  this  relation  is  satisfied  for  each  root  of 

it  being  understood  that  f  (z)  =:  0 


has  no  equal  roots,  we  must  have 


Ci  =  0,    c,  =  0,  ...  Cn  =  0 


(1). 


Now,  since  2?"  =  — {pi «**"*+!?,«**■* +  ...+!?«}, 


when  2;  is  a  root  of 


*  W  =  Q, 


we  can  express  af,  r  being  greater  than  m— 1,  in  terms  of  a*"\  a*'*, ... « 
and  the  quantities  p^,  p„  ...  pm  ;  so  that,  if  we  had  a  relation  of  the 

satisfied  for  each  root  of  the  equation 

*  W  =  0, 

we  could  reduce  this  case  to  the  one  first  discussed,  by  substituting 
for  all  powers  of  z  higher  than  the  m — 1*^  their  values  in  terms  of 
2;*"*,  2;*'*,  ...  z  and  the  quantities  Pi,  Pt,  "» Pm,  and  then,  equating 
the  coefficients  of  «"''\  2;* "',...«,  «**  each  to  zero,  arrive  at  m  equa- 
tions connecting  the    quantities    2>q,  2>i,  ...  Dr  with  the  quantities 

PuPti  •••  Pm- 

As  an  example,  suppose 

^  (z)  =  s?+p^z-\-p^, 
and  that  we  had         2>o«* + A^ + A« + A  =  0 


for  both  roots  of 
We  have 

consequently 


^  {£)  =  0. 

«•  =  -  Cpi«+i^  ; 


introducing  then  these  values  of  sf  and  s?  into  the  expression 
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we  find       {D,  (l»!-ft) -  Al>i+ A}  «+ J>»Pift- Aft+ A. 
and  tills  being,  hj  hTpothesis,  zero  for  both  roots  of 


we  must  have 


♦  W  =  0, 

A(i>I-p.)-Afi+A  = 
Aj>ift-Ai'i+-D, 


(2). 


2.  Again,  being  given  that  an  expression  sncH  as 
is  a  f anction  of  tlie  differences  of  the  quantities 

^l>  ^V  •••  ^w  >       ^l>  ^Ji    •••   **2«  J       4i»  y|»   •••  Smy 

where  z  stands  for  any  root  of 

9  W  =  0, 

and  the  coefficients  B^  ^„  ...  B^  are  symmetric  functions  of  the  above 
quantities,  then  it  is  clear  that,  when  V  is  operated  on  by 

it  must  vanish  identically  where 

a;?       aZ|      ax^]  ctem 

^  d  _d_   ,  _d_    ,        ,     d 

(fa       dai      da^  (^sm 

sA  — A-4.A   J-       4.    ^ 

^dc'-dird^.^-^d!:^' 

Professor  Gayley  has  applied  the  name  facients  to  the  quantities  to 
which  the  expression  "  degree  "  refers,  or  in  regard  to  which  a  func- 
tion is  considered  a  quantic,  the  term  quantic  being  used  to  denote 
the  entire  subject  of  rational  and  integral  functions. 

Now,  although  most  of  the  algebraic  expressions  we  shall  have 
occasion  to  deal  with  are  neither   rational  nor  integral,  we  shall 
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retam  the  name  **  facients  "  to  denote  the  various  sets  of  qoantities^ 
which  enter  into  them. 


If  we  now  call  the  operation 


dz         da         d( 


-5, 


and  operate  on  the  expression  V  with  ^,  we  shall  find 
aF=  «-- » aj?,-f  «^-'  {aJB,-(m-l)  B,]  + ...         • 

and,  since  BV  must  vanish  for  each  root  of 

the  coefficient  of  each  power   of  z   in  the  above  expression  must 
vanish  by  Art.  1,  giving  us 

2B^.,-aJB^.,  =  0, 


•  •  .  •  •  • 


BBi  =  0,  J 


or 


B^ 

-1  — 

SB^ 

B„ 

-a  = 

^B„ 
1.2 

R 

a'B- 

1.2.3 


...      ••• 


(1)^ 


^5^  =  0 
From  these  results  we  learn  that,  if  an  expression  such  as 

where  2?  is  a  root  of  ^  (z)  =  0, 

is  a  function  of  the  differences  of  the  facients 

Ziy  Z^   ...  Z^f       Qj,  a|,   ...    Otmy       Hi»  Sl>   •••   Sm? 

the  coefficient  of  «*"*  is  a  functioii  oi  tYi©  AiSLqc^hcj^  o1^^®»  ^a«sv«^5^-» 
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ttnd  all  the  coefficients  J?i,  J?„  ...  B^.i,  can  be  derived  by  snccessive 
operations  of  i  on  JB^,  to  which  function  we  shall  apply  the  term 
source,  a  name  which  has  already  been  applied  to  that  term  from 
which  covariants  of  a  quantic  are  derived. 

The  function  V  must  then  be  capable  of  being  written  in  the  form 

^-^-+^^^-+0^^-+-+l^    (2), 

or,  symbolically,  F=  (l+«3)"-*B«   (3). 

To  illustrate  our  theory,  let  us  take  m  =  3,  and  consider  the  ex- 
pression 

+ ffj «,  «i + ^tH^i  +  -Ht  «i  «|j 

in  which  H„  H^,  H^  are  functions  of  the  differences  of  the  facients, 
and  consequently  vanish  when  operated  on  by  Z, 

Now  this  expi-ession  is  evidently  a  function  of  the  differences  of 
the  facients,  whenever  2?  is  a  root  of 

f  («)  =  0, 

but  it  is  also  clearly  a  function  of  the  differences  of  the  facients  and 
a  new  quantity  z,  no  matter  what  z  may  be. 

And  this  is  easily  seen  to  be  true  in  general,  that,  if  any  expression 

is  a  function  of  the  differences  of  the  facients  z^,  z^,  ...  z„  and  other 
sets  of  facients  in  each  case,  that  2;  is  a  root  of 

0  (z)  =  0, 

then  the  same  expression  is  a  function  of  the  differences  of  the  same 
facients  and  a  new  quantity  z,  no  matter  what  z  may  be.  For,  if  the 
above  expression  is  a  function  of  the  differences  of  z  and  the  various 
facients  Zi,  2;|,  ...  ^m  ;  ^i,  oj,  ...  oa,, ;  Ci,  (s,  ...  (m  it  must,  when  operated 

on  by  ~  y  +^>  vanish  identically,  and  we  shall  be  led  to  the  very 
ctz 

same  equations  connecting  the  functions  B^,  B^,  ...  B^  and  their  deri- 
vation from  JBm  as  a  source,  by  equating  to  zero  the  coefficients  of 

•^    )  z>      ,  ...  z  f  » , 

in  the  result  which  is  to  vanish  identically. 
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In  general,  then,  V  can  be  written  in  the  form 

3.  It  will  be  found  convenient  in  what  follows  to  introduce  new 
sets  of  facients  in  order  to  render  homogeneous  certain  algebraic  ex- 
pressions we  shall  have  to  deal  with. 


We  shall  write 


a,  = 


fl  = 


a,  = 


6/ 


Ojw  = 


__  (hm 


'im 


the  introduced  facients  or  symbols  being  ultimately  replaced  by  unity 
in  each  case.  With  this  change  in  our  notation,  the  operator  we 
have  called  8  becomes  altered  as  follows  : 

dx  da  di 

It  is  clear  we  have  also  an  operator  which  affects  the  introduced 
facients,  which  we  shall  denote  by  A,  and  write 

—A  =  2aJ  —  +2a  —-  +2f  —  . 
dy  do  dri 

Any  function  of  the  difiEerences  of  the  old  facients  will  vanish  when 
operated  on  by  3,  and  any  invariant  will  vanish  when  operated  on  by 
^  or  A. 


4.  Let  us  now  write 


=  (if— aj)(«— a,)  ...  (z—a2m), 


calling  a^,  o^,  ...  03^)  the  2m  roots  of 
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If  we  now  put  «  =  —     and    c^.  =  -^  , 

y  K 

r  being  an  integer  which  may  have  anj  value  from  2m  to  unity,  and 
introduce  these  values  into  the  above  identity,  we  find 

=  U,  say, 
and  we  write  U  with  binomial  coefficients,  so  that 

we  have  finally,  then,  &i&] ...  &2m  being  equal  to  A^^ 
and  also,  by  difEerentiation, 

y" 

5.  Let  us  now  write 

r  being  any  positive  or  negative   integer.      We    find    easily,  by 
operating  with  B, 

and  again,  by  operating  with  A, 

We  shall  also  write 

dz 


L(z,n)s[- 

J    («— n) 


and  we  readily  find 

SL  (z,  n)  =  f ^' 

J   iz-n)WA,fiz) 

6.  We  shall  now  investigate  the  conditions  which  must  be  fulfilled 
in  order  that  a  binary  quantic  of  degree  2n  may  be  a  perfect  square. 
These  conditions  are  of  the  utmost  importance  to  us,  as  they  enable 
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TLB  to  write  down  the  rational  and  integral  algebraic  integrals  of  the 
Abelian  system  of  differential  equations,  which  we  shall  treat  of 
presently. 

If  a  binary  quantic  contains  a  square  factor,  it  is  clear  one  con 
dition  among  its  coefficients  is  necessary,  and  if  it  contain  two  square 
factors,  two  conditions  are  necessary,  and  if  the  quantic  of  degree  2n 
has  n  square  factors,  or,  what  is  the  same  thing,  becomes  a  perfect 
square,  n  conditions  must  be  fulfilled. 

Let  U  be  our  quantic,  which  we  shall  suppose  written  with 
binomial  coefficients,  and  which,  by  hypothesis,  is  the  square  of  a 
quantic  u,  of  the  degree  n,  which  we  also  write  with  binomial 
coefficients. 

We  write  then 
U=  ^«*'+2nili«'-*  + ...  +At^  =  t*'  =  (ao«»+nai«->+ ...  +a^y. 


Now  we  have,  of  course, 


A 


=   On, 


and  it  is  easily  seen  that  the  same  operator  S  which  converts  A,,  r 
being  an  integer  which  may  have  any  value  from  zero  to  2n,  into 
Ar.u  80  that  5  .  . 

will  also  convert  a,  into  a«_i,  agreeably  to  the  same  law  of  derivation, 

so  that  ^ 

8  being  an  integer  having  any  value  from  zero  to  n. 
Now  the  source  of  the  Hessian  of  IT"  is 


and  that  of  the  Hessian  of  «  is 


a»-aa„— a„_i, 


and,  as  we  easily  find  that 


A  S 


(2n-l)  Jfc,.,  =  nai.i+ (n— 1)  a^a^-\> 


^^^ 
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it  follows  that 

(2n-l)fl'=  (n-l)A2nh, 

where  we  have  called  the  source  of  H  {U)^  H,  and  that  of  h  (u),  h  ; 
H  (JJ)  and  h  (u)  denoting  the  Hessians  of  the  qnantics  TJ  and  u  re- 
spectively. 

We  can  now  operate  4n— 4  times  on  the  equation 

thus  obtaining  4n— 4  equations  which,  added  to  the  one  above 
written,  give  us  in  all  4w  — 3  equations  connecting  the  2n— 3  un- 
known quantities  A,  hh^  Ph,  ...  P**~*h. 

The  various  results  of  elimination  of  these  quantities  may  be  most 
clearly  exhibited  in  the  following  manner. 

Form  the  matrix  written  below,  which  I  call  the  "  square-matrix  " 
for  the  quantic  Z7,  consisting  of  2»— 2  columns,  and  4»— 3  rows,  the 
law  of  its  formation  being  obvious  on  inspection. 


-^211 

0 

0 

0 

84^ 

A^ 

0 

0 

1      e\ 

SA^ 

^,. 

0 

1.2 


m 

1.2 


I •  •..     •••     •••     •••     •••     •••     ••• 


0        0 


0     0 


(4»-4)! 


then  the  conditions  that  U  may  be  a  perfect  square  will  be  obtained 
by  equating  to  zero  all  the  determinants  which  can  be  derived  from 
this  matrix,  and  consisting  of  2n— 2  columns  of  2n— 2  elements  taken 
in  the  order  they  stand  in  any  2n— 2  of  the  4n— 3  rows  of  this 
matrix. 

This  "  square-matrix  "  is  full  of  interest,  and  an  investigation  of  it 
leads  us  to  many  curious  theorems  which,  however,  I  cannot  here 
examine,  but  will  only  mention  one  of  its  most  striking  properties, 
namely,  that,  if  any  one  of  the  algebraic  equations  resulting  from  it 
be  given,  all  the  remaining  equations  can  be  found  by  repeated  opera- 
tion of  B  on  the  g^ven  equation,  and  on  that  which  results  from  it  by 
subatitntmg  for  the  suffixes  their  complementary  values. 
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7.  We  now  enter  on  the  discussion  of  the  Abelian  system  of 
differential  equations,  whicli  system  consists  of  m— 1  differential 
equations  connecting  m  quantities  Zj,  «„  ...  z^,  and  whicli  we  shall 
write  as  follows : 


dzi 


+ 


dz^ 


Zidzi        .        ZfdZf 


+  ...+ 


+  ...+ 


dz. 


=  0 


=  0 


m-2 


dzi 


+ 


w— 2  J 

Zj     az^ 


v^AJ^)       ^A/(^i) 


+  ...+ 


gm       dz^        


y/AS  (*-) 


=  0 


(1). 


Any  one  of  these  m — 1  equations  may  be  written  in  the  more  com- 
pact form 


M) 


2  denoting  summation  with  regard  to  the  m  quantities  ^j,  z^^  ...  z, 
which  in  future  we  shall  call  the  js's  ;  and  the  complete  Abelian 
system  can  thus  be  obtained  by  giving  to  i  successively  all  the 
integer  values  it  can  assume  from  zero  to  m— 2  in  the  equation  which 
is  typical  of  all,  viz., 

'^^'^  "     (2). 


^/A/(*) 


=  0 


If  we  now  assume,  with  Jacobi, 


thus  introducing  a  new  variable  t,  it  is  clear  that  the  z^b  are  functions 
of  t,  and  that  consequently  the  quantities  ^„  j?„  ...  j?„,  which,  for 
brevity,  we  shall  call  the  ^'s,  are  functions  of  t  also.  Wow,  from  the 
system  of  equations  (1)  joined  to  the  equation  (3),  there  results,  as 
is  well  known, 

dz^ 

di  ^ 


^AJ(z,) 


and  generally,  z  representing  any  root  of 

9  (^)  =  0, 


we  have 


dz  _  ^/AJ  (z)  j^ 

dt  ^{z)       
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8.  So  far  we  have  followed  Jacob!  in  the  introduction  of  a  new 
variable  t^  leading  to  the  well  known  equation  written  above,  but  we 
now  proceed  to  obtain  the  algebraic  integrals  of  the  differential 
system  in  a  totally  different  manner.     If  we  differentiate  the  equation 


we  obtain 


where 


and 


d^(z)  (dz\      cg»(g)_  A 
dz     \dt)         dt 


^)=>>,^-i+A^-»+...^^, 


(1)> 


the  dot  indicating  differentiation  with  regard  to  t     Introducing  inta 

equation  (I)  the  value  of  -^  given  in  the  last  article,  we  find 

dt 


^  +  ^AJiz)  =  0, 


from  which  we  obtain 


{^5'= 


A/W 


(2)» 


an  equation  which  is  true  for  all  values  of  z  which  make  ^  {z)  become 
zero. 


9.  Let  us  now  take  m— 1  new  quantities  X,„,  X,„-i,  ...  A,,  and  let  us 
determine  them  so  that  the  equation 

may  be  identically  satisfied  for  all  possible  values  of  z,  where 

z 

Now  the  left-hand  side  of  the  above  identity  is  obviously  of  the 
degree  2m— 2  in  r,  and  it  will  be  found  that  the  right-hand  side  is 
likewise  of  the  degree  2m— 2,  since  the  coefficients  of  both  z^""  and 
«**"*  vanish ;  we  have  consequently  2m— I  equations  connecting  the 
p's,  j^'s  and  X's  with  the  quantities  Pj,  P„  ...  P^^,     But  it  is  obvious 
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that,  if  we  eliminate,  from  these  2m— 1  equations,  the  X's,  we  arrive 
at  the  typical  equation  of  the  last  article 


}^  }'=-'•/(* 


where  z  is  now  a  root  of  0  (z)  =  0, 

which  determines  the  z*b  and  consequently  the  jj's  in  terms  of  t,  their 
values  being  agreeable  to  this  system  of  differential  equations,  con- 
tained in  the  equations 


^Af^^) 


=  0,   s  f"'^   =at'. 


we  have  therefore  m— 1  equations  to  determine  the  m— 1  X's  in  terms 
of  the  p*B  and  ^'s  ;  and  finally  in  terms  of  t. 
The  problem  is  then  a  possible  one. 

10.  If  we  now  consider  the  equation 

and  operate  on  it  with  d,  we  obtain,  since  hA^^f  (z)  is  zero, 

dt  ' 

whenever  «  is  a  root  of  ^  (0)  =  0 ; 

hence  by  Article  1,  the  coefficients  of  the  several  powers  of  z  must 
vanish,  and  we  find 

^Pm       =  Pm^l 
^Pm.l  =  2^«-. 


^Pm-t  =  3p«-» 

•••        •••        •••        ••• 

Sp,     =0 
Again,  it  follows  from  Article  2  that,  since 


(1) 
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is  a  ftmction  of  the  differences  of  the  facients  when  zia  &  root  of 

it  must  also  be  a  function  of  the  differences  of  the  various  facients 
and  a  new  quantity  z,  no  matter  what  z  may  be,  and  moreover 
derivable  from  a  source  p„.     Hence  it  follows  that,  if  we  write 

{^y^Fi.) (2). 

F  (z)  must  vanish  when  operated  on  by  ^,  and  must  be  itself 
derivable  from  a  source  which  is  easily  seen  to  be 

from  which  it  follows  that  the  X's  are  obedient  to  the  same  law  of 
derivation  from  a  source  X^,     This  being  the  case,  we  must  have 

2A,=  (m-l)Pj 


} 


(3). 


r  being  an  integer  which  may  have  any  value  from  3  to  m. 

We  now  see  that  the  2m— 1  equations  obtained  by  equating  the 
coefficients  of  like  powers  of  js  in  the  identity 


{^}-.F« 


can  all  he  obtained  by  successive  amplications  of  the  operator  h  on  the 

equation  ,  , 

^«  =  -4o(p„-2X^p„+P,J  (4). 

This  equation  I  call  the  fundamental  equation  in  the  theory  of  elliptic 
or  hyper-elliptic  functions,  since  from  it  flow  all  the  Protean  forms 
which  the  algebraic  equivalents  of  the  transcendental  system  are 
capable  of  assuming.     We  also  find  easily 

P\  =  A  {(i>,-P.)'+P.+i1-2X,}, 

an  equation  we  shall  make  use  of  presently. 
11.  We  shall  now  write  the  identity 

intheform         fiz)*:=A,riz)+A^{fiz)-L(_z)y  (1), 
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where     F  (z)  =  /  («)-i  (z)*  =  Foa*"-'+  F,a»"-'  + ...  +  F^_, 

=  Fo(«--'+i?,2"-'  +  ...+B».,)(«"-'+«.2"-'+... »,.,) 
=  F.iJ(«)S(«), 

and  we  shall  denote  the  roots  of 

B{z)=0    and    iSf  («)  =  0 

^y  n»  ^j»  •••  ^m^i;  «i»  «f>  •••  «— 1>  respectively. 
If  we  now  differentiate  the  identity 

^  (zy  =  A,  {f  iz)-2L  (z)  ^  (z)  +<f  (zy) 

with  regard  to  t,  we  readily  obtain 

A,L  (z)  ^  (z)  =  {A,  y  iz)  -L  W  ]  -0  («)  }  f  (z). 

Now  the  left-hand  side  of  the  identity  vanishes  for 

z  :=  Zi,    z  •=  z^^  ...  «  =  «^, 

while  0  (z)  does  not  vanish  for  such  values  of  z.  Consequently,  if 
L  (i)  be  not  zero,  we  should  have 

A^[^{z)^L{z)'\'-'^{z\ 

a  function  of  the  m— 1^  degree  vanishing  for  m  values  of  z^  which  is 
impossible ;  hence  it  follows  that  L  (i)  must  vanish  identically,  that 
is  to  say,  that  A„X„  ...  X,„_2  must  be  regarded  as  constants,  and 
independent  of  t.     We  must  then  have 

'i  (z)  =  A^[^  {z)-Hz)-] (2). 

from  which  we  infer         p^  =  -4^  (jPr^K) (3)> 

r  being  an  integer  which  may  have  any  value  from  r  =  1  to  r  =  m. 

12.  Being  g^ven,  then,  the  system  of  differential  equations  con- 
tained in  the  following  typical  equation 

-      *''^^      =  0, 


-/Ajj^) 


holding  for  all  integer  values  of  i  from  i  =  0  to  *  =  m— 2,  we  see 
that,  if  we  determine  m  quantities  Xj,X„  ...  X,„  by  the  m— 1  conditions 
that  must  be  satisfied  in  order  that  F{z)y  as  previously  defined,  may 
-be  a  perfect  square,  these  quantities  will  be  constants,  and  that  con- 
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seqnentlj  these  m—1  oonditioiis  constitnte  m— 1  rational  and  integral 

algebraic  integrals,  involving  m-1  arbitrary  constants,  of  the  above 

system  of  differential  equations.     Hence  we  have  the  following  canon 

for  the    determination   of   the  rational    and  integral  forms  of  the 

differential  system 

«,      sfdz 


^^Af(z) 


=  0. 


First  form  the  function  F(z),  thus  introducing  m— 1  arbitrary  con- 
stants A),  X,,  ...  \^;  then  construct  the  square-matrix  of  F(z),  con- 
sidered as  a  binary  quantic  of  the  2m— 2**^  degree,  this  matrix 
consisting  of  2m — 4  columns  and  4wi — 7  rows ;  then  every  determinant 
which  can  be  derived  from  this  matrix,  and  consisting  of  any  2m — 4 
of  the  4m— 7  rows  of  the  matrix  of  2m— 4  elements,  will,  when 
equated  to  zero,  be  an  algebraic  integral  of  the  system  of  differential 
equations. 

13.  If  we  now  write 

0  izy-A,  {^  iz)-L  (*)}•  =  A,r,B  («)  8  («), 
we  may  write 

<f(z)  +  VA^{<f>(z)-Liz)}  =e^A^B(£)  (1), 

^  {S)-VA,  {^  (z)-L  {£)}  =  Si^5  (0 (2).. 

0  being  some  function  of  t. 

To  determine  B  we  shall  differentiate  (1)  with  regard  to  ^,  when 
we  shall  find,  since  the  X's  and  consequently  r,,  r,,  ...  r„,i  are  constants. 

But  from  (2)  of  the  last  article,  we  have 

'^{z)^A^y{z)^L{z)}, 
and,  introducing  this  value  into  the  above  equation,  we  obtain 

or,  by  integration,  B  =  B^e^^^*'*^ (3),. 

where  B^  is  the  value  of  6  when  t  =  f„  we  have  also,  by  equating  the 
coeJ£cients  of  «•"*  in  (1), 
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14.  From  (1)  and  (2)  of  Article  13,  we  readily  deduce 

or  2e^{z)^em{z)+2eL{z)^V^8(z)  (1), 

and,  if  we  multiplj  eacli  side  of  this  identity  by  B,  («),  we  obtain^ 

2e*(«)  =  {BB{z)+L{z)Y-L{zy-V^B,(z)B{t) 

=  {eB{z)+L{z)Y-f{z)  (2). 

We  see  then  that  the  roots  of  the  expression 

when  equated  to  zero,  are 

«X>    *f>     •••    ^m  I       ^1>    ^j»     •••     ^m-l  » 

and,  if  we  difEerentiate 

on  the  hypothesis  that  the  z's  and  the  r's  as  well  as  B  are  yariable^ 
we  obtain 

2Q^{z) dz-^2  [6 B (z)-^L (z) }  (ddB+BdO)  =  0, 
z  being  a  root  of  ^  (z)  B  (z)  =  0. 

Now,  when  ^  (z)  =  0, 

wemusthave  eB(z)+L (z)  =-Wj {z)    (3),. 

where  A'  =  1 ; 

introducing  this  value  into  the  above  equation,  we  easily  obtain 

B^      ..(edB(z)-\-B(z)dd}_Q  ... 

the  symbol  d  afEecting  only  the  coefficients  in  ^  (2;) . 

Now,  the  above  equation  holds  for  each  root  of 

*(«)=0; 
oonseqaentlj,  if  we  snin  for  the  z's  and  the  r's,  that  is,  for  the  roots  of 

*  («)  =  0, 
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we  obtain,  by  the  well-known  theory  of  partial  fractions,  ^  (z)  being 
of  the  2m— 2*''  degree  in  z,  R  (z)  of  the  m— l*,  and  dB  («)  of  the 

y     dz     ^y     Ar     _^ 

and  if  we  multiply  (4)  hj  sf,  where  r  has  any  integer  value  from 
r  =  l  to  r  =  m— 1,  and  sum,  we  obtain  results  which  are  contained 
in  the  typical  equation 

-      ^d«      ±S    /^      =0    (5), 


^A/  (z)  ^Ajir) 

where  i  has  any  integer  value  from  t  =  0  to  t=m— 2;   and  the 

'«"°™»      ,  _p^  ^  ,.pt  +  -ML  -  „ (e, 

where  we  must  take  A  =  —  1  to  give  results  in  accordance  with  what 
precedes. 


15.  We  shall  now  investigate  the  relations  connecting  the  2m— 2 
^"^  °*  F  (.)  =  0, 

which  are  independent  of  any  values  the  X's  may  assume. 

We  have  y(^)=f  W  -^  («)* ; 

and  if  we  differentiate,  regai*ding  the  roots  of 

F  (;?)  =  0 
and  the  X's  as  variable,  we  find 

r  (z)  dz^2  L(z)dL(z)  =  0; 

and,  replacing  L  (z)  by  its  value  y/fiz),  which  it  possesses  when  z  is 
*™°*°*  F(.)  =  0, 

we  readily  obtain       ,  ^       -2  J^^  ^"^    =  0   (1), 

and,  multiplying  this  typical  equation  by  «*,  where  h  has  any  integer 
value  from  A?  =  OtoA?=:m— 1,  and  summing,  we  obtain 

S    /'^      -l-S    f^      =0  (2), 
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holding  for  all  integer  values  of  k  from  A;  =  Otofc=m— 2;  also 


(3). 


16.  If  we  were  to  connect  the  z's  with  the  «'s  by  a  process  of 
reasoning  precisely  similar  to  that  employed  in  Article  14,  we  must 
have 


sfdz 


rkS 


s'ds 


=  0 


^A,f  {z)  ^AJ  is) 

holding  for  all  integer  values  of  i  from  t  =  0  to  t  =  m— 2,  also 
-    8"-'(fe         ^  a— 'cfe     _    2dX,  <M 


(1) 


■/AJ{z)         ^/AJ(t)      Fov/^     fl-ZA 


(2), 


which  gives  results  which  are  agreeable  to  the  results  obtained  in 
the  last  two  articles. 


17.  If  we  now  write 


IT       Z= 


Pm^Kn 

•••  •••  •••  •••! 


(1), 


it  is  clear  that  w<  =  j?<,  i  being  any  integer  from  t  =  1  to  i  =  m ;  the 
fundamental  equation  becomes 

and  from    this  equation,    as  before  indicated,    we  can  obtain,   by 
successive  operations  of  d,  the  systems 

ir«  =  A^  (ffm'+  Fjin-a), 


■••         •••         •••  ••• 


irj=:^o(irJ+Fo). 

18.  I  now  discuss  the  case  in  which  m  =  2,  or  the  case  of  elliptic- 
integrals.     Here  we  have 


398         Mr.  W.  R.  Westropp  Roberts  on  Elliptic  and    [April  4, 


and  there  are  two  variables  Zi  and  z^  connected  by  the  equation 


dzi 


^==0. 


The  source  of  F{z)  being  A^  (^J+  F,),  the  function  itself  is  evidently 
F {z)  =  A,  {(t\+V;)  +z  (ar,,r,+  7.)  +  (tJ+  f.)}, 

and,  since  F  (z)  must  be  a  square,  the  rational  and  integral  algebraic 
integral  is  at  once  seen  to  be 

(2T,,r,+  F,)'  =  4  (ir;+F,)(irJ+Fo) (1), 


or 


where 


FoT;-F,ir,x.+  FX  =  ^~|^»^»  =  A«  8S7 

F,  =  P.-^, 

F,  =  P,-\P„ 

'0  ==  Ff — ij""2X„        . 


(2), 


it  being  remembered  that  dX,,  by  Article  10,  is 


m— 1 


P, ;    or  in  this 


case  o'Jl  j« 

This  result  will  be  found  identical  with  that  given  by  Cayley  in 
his  Elementary  Treatise  on  Elliptic  Functions,  provided  we  write 

2X,  =  P,-c. 

The  reader  will  perceive  that  the  above  integral  (2)  is  obtained 
directly  by  the  application  of  our  theory,  and  not  derived  from  an 
irrational  form  of  the  integral  which,  when  rationalized,  contains  the 
irrelevant  factor  («i  — ««)*,  of  which  it  must  be  cleared  before  the  result 
given  above  can  be  obtained. 


19.  We  have  also,  by  Article  14, 


dzi 


+ 


dZf 


dr 


vXf(0       v^^7(^      ^Af(r) 


=  0, 


(1). 


where  we  consider  A,  variable,  r  being  a  root  of  the  equation 

from  which  we  find 

{r,r+  Fj)»  =  ^=^  =  A,, 
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or,  taking  the  square  root, 

For+  F4  =  v^A,. 

We  have  also  V(z)  =/(i5)-[L  («)]• 

hence,  differentiating  this  identity  with  regard  to  A,,  we  find 

^IM  =  -2L(z)^^^=-2L(z), 


(2); 


Since 


dL  (z)  __  . 


If  we  now  differentiate  the  equation 

we  obtain  2  (For  +  Fj)  dr+  §Zpl  iX,  =  0, 

d\ 

and  consequently,  by  what  we  have  proved  above,  we  find 

2-/A,  (ir-2i  (r)  d\,  =  0; 
but,  since 


we  have 


and,  finally. 


dzi 


L  (r)  =  y/  (r), 


(3). 


+ 


(4). 


20.  If  we  now  introduce  binomial  coefficients  into  the  equations 
discussed  in  the  last  two  articles,  and  write 

JoA,  =  ^+2X, 
we  find 


Air,  =  {A,A,-A\-4X'-4XA,]  \ 
^V,  =  4  {A,A,-A,A,-2kA,) 
AlV,  =  4  {A,A,^A\-\A,} 


•••1 


(1). 


Again,  if  we  write 


!>•  = 


Pi 


we  find 


(2). 
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and  also  we  have 

^Ja,  =  4^o{-4X»+IX-/}  =4.4o^>  say, 
whence 


A       4A 


I  and  /  being  the  invariants  of  the  qnartic. 

The  algebraic  equation  of  Article  18  then  becomes,  when  arranged 
in  powers  of  X, 

+  »j  (^J-^o-^f)  +  «i  (^»— ^^4)  +a!  (-41— -4,-44) 

+  2aoa,(^J-ili-40+2aoai(A^-^f^s)  =0  (3), 

an  equation  which  vanishes  identically  when  operated  on  by  5.     At 
the  same  time  the  transcendental  equation  assumes  the  form 


y^dx^—x^dy^  _^y^dx^-'X^dy^  _  -dX 


^U{x,,yO        ^U(x,,y,)       V^-4X»+IX-/ 


(4). 


where  we  have  put 


«i  = 


«  an 


yi 


«,  = 


-  ^ 


Vi 


21.  Again,  from  Article  14,  we  have 


+ 


dd 


now 


ylj^)       v/4,/(*,)        ^/^/(r)        ^/^0 


=  0; 


-/^./(r)        a/A 


by  what  precedes,  and 


nr+  Fj  =  yA,  = 


2^/A 


conseqaently 


rdr_  _  C  F>+FV-Fj  1   d\ 


^^/ 


(r)       I 


I 


v'A 


(1)» 


which,  after  a  few  reductions,  we  find  to  equal 

where  H  =  A^^A^^-A^. 

We  have  also 


^^A^e  =  p,+  ^/A^w,=^/A,(7r,-^^Ai\TV^), 
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80  that  we  easily  arrive  at  the  formula 


yi  ^^U(x,,y,)  3        y,  ^^U(x,,y,)  ) 


1     J^,^((^a,-Aan)  +  ^/(Aa~^1a.)'-^a;(g-^A)] 


^A 


_i  H,^3-^^,~2X/f,]   t?.\ 


^  (  -ff-.1„X  )  v'A 


} 


=  0 


(2) 


22.  From  the  form  of  the  equation  (4)  in  Article  20,  and  from 
other  considerations,  it  is  easy  to  see  that  X  is  an  absolute  invariant 
of  the  f acients ;  and  that  consequently  AX  vanishes  identically. 

If  we  now  operate  on  equation  (2)  of  the  last  article,  bearing  in 

mind  that  at  r  \         t      r  \ 

^Ir(z)  =rlr.t  W, 

we  obtain  a  formula  which  gives  us  the  value  of 

y]  ^v/[/{x„yj  3        yl  ly/U(x,,y,)  )' 

in  terms  of  a^,  a,,  Oj,  A^^  A^^  A^,  yf,,  A^  and  X,  and  from  which,  by  a 
second  application  of  A,  we  can  obtain  a  formula  for  Xdl^  (z). 

Again,  in  equation  (2)  above  referred  to,  if  w^e  interchange  x  and  y 
and  (replace  the  suffixes  of  the  A* a  and  as  by  their  complementary 
values)  X  remains  unaltered,  and  we  find 


1l  (  y^^-Xydyi  \  ^  li  \  yjdx^-x^dy^  I 


_  1  I  A,A,'-A,A,-2\A,  »  _dX 
*  (     A^A^-Al-A^k     ]  \/A' 

If  we  wish  to  obtain  2  ci/_2  (^)>  we  can  operate  on  the  above  formula 
with  ^,  and  so,  having  obtained  Sdf  J_3  (z),  we  can,  by  repeated  appli- 
cations of  the  operator  ^,  obtain  Sd  J_r  (^)>  r  being  any  positive 
integer. 
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2d 
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dl,  W  =  0 1 
,dl,(s)=0) 


(I), 


23.  We  shall  now  discuss  the  case  in  which  m  =  3.     Here  we  have 
three  quantities  r„  jt,,  z,,  and  two  equations,  which  we  may  write 

5. 

and  two  arbitrary  constants  A,  and  A,  connected  as  follows : 

5Xj  =  X,,     ^X,  =  P,. 
The  source  of  the  function  F  (z)  is 

and  the  coefficients  of  F(z),  supposing  it  written  in  the  form 

F(z)  =  F^-^-zF^'^z'Fi'^...  ^F^ 
are  found,  by  application  of  ^,  to  be 

F*  =  A,  (^1+  VO 

F,  =  A,  (2ir,ir,  +  F,) 

it  being  remembered  that 

^ir,  =  TTg,     8ir,  =  2iri,     Sir,  =  0. 
The  square-matrix  is  then  at  once  seen  to  be 

F,    8F^F,-SFl 

F,    2(SF,F,-^24>F,F,-2Fl) 
Fi    4(6F,Fo-F,F,) 
F,    8F,Fo-3Fj 

giving  us  the  well  known  conditions  that  a  binary  quartic  should  be 
a  square. 

From  these  we  deduce 


(2). 


(3), 


(4), 
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and,  if  we  now  operate  on  this  equation  with  5,  we  obtain 

F,Fl+SF,F,F,^^F,F,F,  =  0 (5). 

We  have  consequently  the  two  following  i*ational  and  integral 
algebraic  equations  as  equivalents  of  the  transcendental  system  (1) 
of  this  article : 


.  ...(6). 


(2x.V.  +  F,)  (2»-,,r,  +  F,)' +8(kI+  FJ  in\  +  F,)  (2^.  t,  +  F,) 

-4  (x^  +  F,)C2x.,r,+  F,)(ir;  +  2;r,x,+  F.)  =  0 

I  merely  give  these  two  equations  as  an  example  of  the  method,  an 
immense  number  being  easily  obtained  by  combining  the  various 
results  flowing  from  the  square-matrix. 

We  have  also  the  transcendental  forms 


2dIo  (z)  +  —M,-^=  +  —J-L^.-^.  =  0 


(7). 


ri  and  r,  being  a  pair  of  roots  of  the  equation 

F(z)  =  0. 

In  this  case  I  have  not  succeeded  in  expressing  in  terms  of  \  and  Xi 
the  sums  ,  , 

_»j^r, y  _r,drf ^ 

By  a  process  of  reasoning  similar  to  that  employed  in  Articles  21 
and  22,  we  can  obtain  S^ZI,  (;;)  in  terms  of  r^  and  rj,  the  ^^'s,  and  A, 
and  X„  r  being  any  positive  or  negative  integer. 

24.  For  the  case  in  which  m  =  4,  we  have  four  quantities  z^,  z„  z„  r^, 
and  three  equations,  viz., 

2d/o(z)=0, 

Sdl,(;r)=0, 
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•ml  thive  arbitrary  constants  X^,  X„  A,  connected  as  follows  : 


M,=  X»,     8X,  =  2A„     ^X,== 


3P, 


Now  the  source  of  F(z)  is 


^('^I-fF.), 


and  the  coefficients  of  F(z)  fonnd  by  repeated  applications  of  the 
o|Hnnitor  c^  mv.  found  as  follows  : — 

F,  =  A,  {•2w,T,+  7.), 

F,  =  ^(27r,,r,  +  27r,»-,  +  F,), 
F,  =  A(2T,'r,+  F,), 


If  wo  now  form,  by  the  general  rale,  the  square-matrix  for  F  (z), 
wo  fln<l  it  to  bo 

J?*.  0  OH, 

F,  F,  0     JET, 

F,  F,  F,    fl, 

^.  F,  F,    H, 

F,  F,  F,    H, 

F,  F,  F,    H. 

F„  F,  F,    fl,i 

0  F.  F,     ff,  I 

0  0  F,    So ! 


where   Hg,  £r„  ...  if,  are    the  coefficients  of  the  Hessian  of  F(z) 
written  without  binomial  coefficients. 

We  thus  find  for  the  equation  the  weight  of  which  is  the  greatest 
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the  following  fonn  : 


i=0 


(1), 


F,  0  0  9F,F,-bFl 

F,  F,  0  27F,F,-'nF,F, 

F,  F,  F,  b4F,F,--UFl^3F,F, 

F,  F,  F,  90F,F,-^12F,F,-24F,F, 


and  from  this  equation  by  successive  operations  of  8  all  the  rest  can 
be  obtained  by  the  rules  already  indicated  in  Article  6. 

A  simpler  form  can,  however,  easily  be  found  by  forming  a  deter- 
minant from  the  first  two  and  last  two  rows  of  the  square-matrix, 
giving  us 


or 


We  have  also 


Fl     20F,F,F,-5Pl-27]<'lFt 


(2) 


±2dIo(z)  + 


dr, 


+        ^''*         +         '^''' 


^/AJ(r,)       ^AJir,)       ^AJir,) 


=  0, 


±2rfli(2)+  - 


r,dr, 


±XdI,{z)  + 


^A,f  (r.)       yj,/  (r,)       ^A,f  (r,) 


0, 


0, 


r„  r„  r,  being  three  roots  of    V  (z)  =  0. 


25.  We  now  proceed  to  investigate  some  forms  and  properties  of 

the  algebraic  integrals  when  the  arbitrary  constants  are  simultaneous 

values  of  the  i's,  when 

<— ^  =  0. 

Let  Ci,  f„  ...  i^  be  the  corresponding  values  of  z^,  r„  ...  2?«,  when 
^  -  ^^  is  zero  ;  we  shall  have  then 


5I<W-2I<(0  =  0 


(1) 


for  all  integer  values  of  t  from  1  =  0  to  t  =  m— 2,  and  in  addition 
we  have  the  equation 


SJ„.,W-5/„.,(0='-«» 


(2). 
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It  easily  follows  from  these  equations  that  ^— ^  is  a  function  of  the 
diffei'ences  of  the  facients  involved  in  these  formulae,  namely  the  z*s, 
the  i's,  and  the  a's,  for  we  tind 

We  shall  now  integrate  the  fundamental  equation,  writing  it  in  the 


we  have  then 


dir, 


m 


v^'L  +  Fj^.-s 


=  y/A^  dty 


and  by  integration  find 


V^  (^-O  =  log  {  ^'>«+V^''+^2.,^2  j 


(3), 


c  being  a  constant. 

If  we  now  suppose  fj,  4^,,  ...  {«,  to  be  the  roots  of  the  equation 

it  is  clear  that,  when       f — ^*  =  0,    |?i  =  g',, 

and  also  pi  =  ^j, 

the  (/'s  being  difEei*entiated  with  regard  to  f. 

Again,  if  we  write  r,  =  g,  — X<, 

we  must  have  ^<  =  if<, 

when  ^— ^  =  0, 


as  well  as 


ITi  =  Ki 


fi'om  which  it  follows  that  the  constant 

introducing  this  value  of  c  into  equation  (3),  we  obtain 


(4), 


a  foiTUula  we  may  also  write  in  the  more  convenient  fonn 


(.5), 


1895.]    Hyper-Eliiptic  Systems  of  Diffei'ential  Equations,        407 


26.  From  the  value  of  ^— ^  given  in  the  last  article,  we  find 


* 


m 


m 


(1). 


from  which  equation  we  obtain 


=  T,  say,  =  /^-^o(^'"""'^«")  ■•"  '^-  "^S 


Now,  since  the  *:'s  are  simultaneous  values  of  the  it's,  when  ^— ^  is 
zeix),  we  have 


and  consequently 


or 


•1      '2  J/*       '•'n 


from  which  it  easily  follows  that 


''^m  —  *f|. 


VA  ('Tm  +  f «) 


This  function  of  f— ^  which  we  have  called  T  plays  an  important 

part  in  the  theory  of  Abelian  functions  and  integrals,  and  obviously 

vanishes  when 

t—^  =  0, 


and  when 


becoming  infinite  for 


^-^  = 


/-^  = 


2tV 

VA' 


IK 


y/A' 


but  for  no  real  values  of  ^  —  t^. 


27.  By  Article  7,  we  have 


dz^>/AJ(z), 
dt  f  (z)      ' 

consequently  j?j  and  ^<  are  expressible  in  terms  of  the  ^'s  and  the  {'s 
respectively,  and  therefore  we  are  enabled  to  express  T  in  terms  of 
the  zs  and  ^'s,  by  means  of  the  formula 


T=yj. 


XPrn-^-im) 


(1), 
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which  the  reader  will  obsei've  does  not  contain  the  X's.  By  operating 
on  this  formula  with  ^,  bearing  in  mind  that 

ar=o, 

since  T  is  a  function  of  the  differences  of  the  facients  z^^  z*^  ...  z^\ 
4*1,  fj,  ...  f „  ;  Qj,  ttj,  ...  tt2«,  we  and ve  at  the  important  system  of 
equations 

^m+^«  i^«-i-f^«.i  *"  A  +  ^1        " 

which  affords  us  a  ready  means  of  obtaining  a  number  of  algebraic 
integi'als  involving  simultaneous  values  of  the  variables  z^,  j5„  ...  z^^ 
which  are  algebraic  equivalents  of  the  transcendental  system 

2Ii(«)-5Ii(O  =  0. 
We  have  also  the  system 


T  = 


^»»-^. 


Pm-\—^m~\ 


^A,{p,^q,^F,)  ^  ^- 

This  latter  system  enables  us  to  express  the  X's  linearly  in  terms  of 
the  z^^  and  Ts. 

28.  We  shall  now  derive  a  new  and  important  system  of  equations 
from  the  value  of  T  given  in  the  last  article,  viz., 

If  we  diminish  all  the  facients  in  the  above  expression  by  fj,  say, 
i,  being  the  value  of  z^  when 

t-f  =  0, 
and  call  (^i-0(^-4:i)  ...  (^-.-£,)  =  w  (£,), 

or,  simply  u  if  we  have  no  occasion  to  put  in  evidence  the  element 
Ci,  it  is  clear  that 

p^  becomes  (— l)'"M(fi) 


»> 


>» 


>j 


dt 


zero 


-v/^./(^.) 


(1). 
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while  T  remains  unaltered ;  we  then  find,  introducing  these  values 
into  the  above  formula,  having  first  multiplied  byj&^-f  ^«, 

^[^^+(-l)->v/^7(f^)}  =  ^^^««.) (2), 


it  being  understood,  of  course,  that  differentiation  with  respect  to  t 
does  not  affect  ^^ 

Bjr  substituting  in  succession  for  fj  the  remaining  m— 1  values 
of  {,  we  obtain  m— 1  other  equations,  giving  us,  in  all,  m  equations 
of  which  the  following  is  typical : 


rJrf^^+C-i)— yij(0|=^^«(0 


(3). 


Now,  if  we  call 


(f.--*)(f.-^)  •••«:«-«)  =  «'•(«). 


z  standing  for  any  root  of         ^  {z)  =  0, 

and  interchange  corresponding  z'b  and  {'s,  it  is  clear  that  t—f 
changes  sign,  and  consequently  T,  while  u  ({)  becomes  v  (2),  and 
therefore  from  the  above  equation  we  are  led  to  the  following : 


AH?  +(-1)-'-''A7W  }  =  -  ^A,v  (.) 


(4), 


from  which  it  appears  that,  if  one  of  the  z*s  becomes  equal  to  one  of 
the  Cs,  we  must  have  T  =  0,  and  consequently  jpi  =  qi. 


29.  These  equations  are  of  considerable  value,  as  we  shall  show  by 
what  follows ;  in  the  first  pla<;e,  they  enable  us  to  obtain  readily  an 
algebraic  equation  which  contains  only  two  of  the  quantities 
-:„  Sj,  ...  «„,.  This  equation  we  obtain  by  eliminating  T  between  two 
equations  of  the  type  (4)  in  the  last  article,  and  find 

{^+(-ir-vij(^)}«(z.) 

=  [  ^^  +  (-1)"-'  v^A7(^  ]  V  (.-.), 
into  which  equation  only  enter  5i,  j^,  and  the  £'s. 
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30.  By  comparison  of  the  coefficients  of  «"''  in   (1)  and  (2)  of 
Article  13,  we  find 

/«+v^^(j)»-\«)  =  «y^B» (1), 


p„  -  ^A,  (p^-K)  =  ^^^^''^— 


(2), 


from  which  we  obtain 


2  (P--X.)  =  OB^.,-  ^-^ 


Pm_   «  D         _|_   VpOiw-l 


(3), 


We  have  also,  from  (3)  of  Article  11, 

£?  =  p„-K,.. 


(4) 


A 


(5), 


•  ••  • 

If  we  now  put  t  =  tf^,  6  becomes  6^,  and  |?„,  p^,  and  p^  go  into  g«,  q^, 
and  q^j  respectively,  and  we  have 


2(g«.-M  =  e'-B«.i- 


0" 


22=  =  6«i2„.i-^^§=^» 


A 


(^ 


(6), 


from  which  we  find 


AJ  ff> 


and,  introducing  these  values  into  the  equation 


2  (p.-qnd  =  (^-^)  B-.-1+  ^^^  F>S«.i, 


^^ 


we  find  easily 


(7), 
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or,  since 


T=: 


We  can  operate  on  this  equation  with  ^  and  readily  dednce 

•  •• 

(p.-gOa-r*)  =  2r-2i-  +2r«a^ 

which  holds  for  any  integer  value  of  i  from  i  =  1  to  i  =  m. 


(9). 


(10), 


The  form  of  the  typical  equation  (10)  shows  ns  that  we  can,  by 
elimination  of  1  —  T*,  T  and  T',  obtain  m  —  2  independent  linear  equa- 
tions connecting  the^j's  with  the  constants  Ci,  ti^  ...  C;  the  m— 1^ 
equation  will  involve  the  jj's  in  the  second  degree,  as  has  been  shown 
by  Jacobi. 

31.  We  shall  next  investigat'C  the  value  of  Aj9„  ^  being  the  operator 
refeiTed  to  in  Article  3.     We  have,  from  Article  8, 


for  all  values  of  z  which  make  0  {z)  vanish.     If  we  now  write 


z  = 


a,  = 


a. 


y 


hr' 


where  a^  is  a  root  of 


/  W  =  0, 


and  r  can  have  any  integer  value  from  r  =  1  to  r  =  2m,  we  find,  in- 
troducing these  values, 


If  we  now  operate  on  this  equation  with  A,  we  readily  obtain 

-{my'"-^;r/>^-h(m-l)2/«-2a;V«.i+-+^"*A}=0. 

We  must  now  substitute  for  x*^  its  value  denved  from  the  equation 

aj**  -l-pi  a;"-^  y  -^p^x^'^y^  + . . .  -f/)^  y"  =  0, 

and   then    equate  to    zero   the    coefficients  of    st^'^y^  a^'^J/',  ...j   as 
explained  in  the  rule  laid  down  in  Ai-ticle  1. 
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(1). 


We  then    arrive  at  the  values  of  Ajft^,  Ajft^.j,  ...  Apj,  which  are 
given  by  the  following  formalaa : 

^i>-.-2-(w-l);^«-i-fAP«.-i  =0 


We  have  also  obviously 

Ai><=  (*  +  l)l>.>i-l>il>< 
for  all  integer  values  of  t  from  t  =  1  to  t  =  m 


-I. 


32.  If  we  now  express  ^— ^  in  terms  of  T,  we  find 

V/^  (<-<•)=  log  J  }-±||  , 

and  consequently  we  learn  that 

2I>.,(z)-Sr...,(0  =  ^log{^^|=<-<» (1). 

We  sliall  now  find  the  value  of 

To  do  80  we  have  but  to  operate  on  the  equation  above  given  with  A, 
and  we  find,  since  by  Article  5, 

M,(z)  =  -(m-r-2)I„,iz), 

27«(z)-5J,(0= -A  (<-<")  (2), 

and  the  problem  is  reduced  to  finding  A  (^— ^),  or,  what  is  the  same 
thing,  AT,  the  value  of  which  we  now  proceed  to  investigate. 

We  have        T  =  ^^Mh^^)  =  p-^^  , 

hence 

Ar  =  y^  {(A+*.)  A  te-g,) -  (p,-g.)  A  (A+y.)  j/(A+?.)' 

which,  after  a  few  reductions,  we  find  can  be  expressed  in  the  form 

Ar=-|(i-r)(p,+7,-p,)  =  -|(i-r')(T,+^-,)...(:v); 
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operating  now  with  A  on  the  equation 

we  find  ^A,A(t-f)  +  ^A,(t-n^  =  YZ:'^  (4), 


and  consequently, 


=  _-|.(^_<.)_(![i+!0  (5) 

We  can  now,  by  a  second  operation  of  A  on  the  above  equation,  deter- 
mine 

since  we  know  the  value  of  A  (<  — ^),  whence  it  follows  that  we  can 

obtain  the  value  of 

5J,(«)-5I,(0, 

r  being  any  positive  integer,  by  continued  application  of  the  opera- 
tor A. 


33.  We  now  proceed  to  find  the  value  of 

5I.,W-2J.,(0. 

which  we  shall  denote  by  r—r'^,  remarking  that  when  we  interchange 
each  a?  and  its  corresponding  y,  and  each  a  and  its  corresponding  6, 
t—if^  passes  into  —  (r— t*),  and  Tinto  —3!,  3!  corresponding  to  r— i* 
in  the  same  way  that  T  does  to  t—^;  we  have,  z  standing  for  any 
root  of 

9  W  =  0, 

dt        9'(z)  *'(«,!/)  I      y*      y 


where 


*'  (»,  y)  =  f  («)(y,  y, ...  y^)  y*""'. 


If  we  now  interchange  x  ondy,  a  and  b,  17  (:c,  y)  remains  analtered^ 
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and  0'(«,  y)  becomes  (  —  I)"*''*' (a;,  y);  hence  -j-  becomes 

at 


*'(^>y)    ^        y'        )    Cy,y,  ...y^  5  a:* 


df. 


Consequently  dt  becomes  — ^,  and  Ir  (z)  becomes 

Hence  we  have  the  following  scheme  of  transformation  : 
X  into  y, 


(ii  becomes  — 


a     „     6, 
1 


»> 


>» 


T 


1 


»» 


^        »» 


Pm 


where 


3:  = 


Now  3^  is  known,  for  Ty  which  is  equal  to 
becomes,  in  consequence  of  the  interchanges  above  spoken  of, 


Prnqm-^-Pmim 


from  which  we  learn  that 


frnqm-^Pm^m 


(I), 


(2). 
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Consequently  t— r°  is  known  from  the  formnla 

v/A»(r-r'')  =  log{^}   (3), 

and,  finally,      SI.,  W-2I_i  «)  = -^  log{i±|}    (4). 


34.  We  shall  now  proceed  to  find  the  valne  of 

S7.,(z)-2J_,(0, 

and  to  do  so  we  shall  express  X  in  terms  of  T,  p^^  and  q^.     From  the 
fundamental  equation,  we  have 


.(1). 


Now,  if  we  multiply  the  first  of  these  equations  by  5^,    and  the 
second  by  p^^,  and  then  add,  we  find 

PWi^-^pl^^l  =  Ai^Pm^l^-'^^'nPmqmiPm-^qnd'^Plm  (l>!L  +  jlL)  } 

(2), 

and,  if  we  square  the  equation 

we  obtain  2p^q„  =  A^T'^  (Pm'-qm)^-pm-ql, 

and  substituting  the  values  of  ;>^  and  <^  from  (1),  we  have 

2p„fu  =  A  {T''(p^''q^y-(pl  +  ql)-^2Kn  (l>--l-3«.)-2P2-} 

(3). 

If  we  now  multiply  (3)  by^^^,^,  and  add  to  (1),  we  obtain 

(i?«.7,„+;M«)'=  ^0  {(r-'-l)2J«g«+P2«]  (p^-q^y (4), 

from  which  we  find  easily 

T^^-l  =  (r  2,i)Apmgm    (5j 

-«2»i 

If  we  now  operate  on  this  equation  (5)  with  ^,  we  obtain 

"""TT  =  2 [Aim  (Pmg«-l+Pm-igm)--2«^2m.ll>mg«j  ; 


^2m 


or 


2^X 


^    Pm  qm  Pirn    ^ 


(6). 
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Now, 


(r-,')y^^  =  log{i±|}. 


Operating  on  this  equation  with  ^,  we  find 

VA^C  (r-r»)  +  (r-r»)  |^  =  j?f|. 

and,  substituting  the  above  value  of  BT,  we  obtain 


and,  finally, 


(7), 


1^* 


) 


...(8). 


Having  now  obtained  r— r*  and  ^  (r — r®),  we  can  find  5'  (r— r®), 
and  so,  by  repeated  operations  of  0,  arrive  at  the  value  of  ^  (t— r®). 
But  the  reader  will  perceive  that  this  work  is  unnecessary  if  we  have 
already  arrived  at  the  value  of  A"  (Jt—f^) ;  for  the  values  of  3''  (r— t®) 
and  A''(^— ^)  are  not  independent,  but  can  be  derived,  one  from  the 
other,  by  means  of  the  interchange  of  x  and  y,  a  and  6,  as  noticed  in 
Article  33. 

If,  then,  we  have  calculated  the  ascending  series 
2 J.  («)-SI„  «),    5J„.,  W-2I,„  (0,    2J,*,(«)-2I.„(0, 
the  descending  series 

can   be  found  from   the    rules    laid    down    for    transformation    in 
Article  33. 

35.  It  remains  to  show  how  to  find  the  value  of 


where  L  (z,  n)  is,  as  before  defined, 

dz 


f 


(z-n)  VAJ  (z) 
Now,  it  is  dear  that  I.i  (z)  passes  into  L  {z,  n)  when  z  and  each 
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of  the  a's  is  diminished  by  the  same  quantity  n ;  when  this  is  the  case, 
A^    becomes  A^  =  N^  say, 


^ 


2m 


»> 


ul,«+2mnilft„-i  + ...  n'"-4o  =  27,^, 


and,  adopting  the  notation  of  Article  28,|>m  becomes  (— l)'*ti  (n),  and 
g„,  in  like  manner,  becomes  (— l)*"  t?  (n). 

If,  now,  in  the  formula  of  Article  33,  viz., 

r-r.  =  SI..(.)-2I..(0=-l-log{i±|}. 


we  suppose  the  js's,  f s,  and  as  all  diminished  by  n,  we  find 

SL  (.,  „)-SL(f,  «)  =  -^log{i±|} (1). 

where  %n  denotes  the  value  of  X  when  the  facients  are  diminished  by 
n,  and  is  easily  seen  to  assume  the  form 

,  X  dv(n)   .     ,  ^du{n) 


36.  We  shall  now  examine  the  value  of 

2L(«,a)-2ii(C«), 

«  particular  case  of  the  formula   discussed  in  the  last  article,   in 
which  n  ==  a,  a  root  of 

It  is  evident  that  N,^  vanishes  in  this  case,  since  n'^a,  and  there- 
fore, in  order  to  obtain  the  valne  of 


tve  mnst  evaluate 


SL(«,a)-Si(4:,a), 


when 

VOL.  XXVI. — HO.  S26. 


s/'S^^  =  0, 
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where  we  have  written  for  the  sake  of  brevity 


D. 


f  ^dvin)    ,      t  \d>v,  (n) 


and  we  readily  perceive  that  the  value  we  seek  is  2Dm,  when  n  =  o ;. 

hence  we  have 

2L(z,a)-SL((;,«)  =  2i) (1). 

If  one  of  the  ^s  happened  to  be  eqnal  to  a,  then  v  (a)  vanishes^ 
and  D.  assumes  the  very  simple  form 


!>.= 


dv  (g)  * 
df 


37.  If  we  wish  to  determine  the  value  of 


we  have  only  to  diminish  the  facients  by  n  in  the  formula  for 

si_,(«)-si.,(0, 

which    we   have   shown   how    to  find    in  Article   34,    or   we  can* 
differentiate  the  formula 

Si>(..„)-2L(C«)  =  -^log{l±|} 


n— 1  times  with  respect  to  n. 


We  have  now  shown  that,  if  we  have 

2I,(*)-SI,(0  =  0 

for  all  integer  values  of  t  from  »  =  0  to  t  =  «i— 2,  we  have 

Si«..  W  -SI..,  (0  =  ;^  i°8r  {  j^^} , 

and  have  laid  before  the  reader  the  proof  that 

SI,(r)-SI,(0. 
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r  being  any  positive  or  negative  integer,  can  be  obtained  by  an 
operative  process  alone  on  the  equation 

SI»..  («)-2I«..  (0  =  -^^log  {  Y^}  . 
So  that  we  have,  r  being  a  positive  integer, 

5i«.  (.)-si.„(o =^  {-i^^iog  (i±?;) }. 


38.  We  now  turn  to  the  discussion  of  Abelian  or  hyper-elliptic 
functions,  of  which  we  propose  to  give  a  definition  and  an  inves- 
tigation of  their  periodicity. 

We  shall  consider  the  general  case  in  which 


and/(z)  is  of  the  deg^ree  2m  in  z,  and  we  shall  take  m— 1  quantities 
Zij  j7„  ...  z^^i,  instead  of  m  quantities  previously  considered  in  con- 
nexion with  the  above  integral,  and  we  shall  suppose  the  m— 1 
quantities  to  be  the  roots  of  the  equation 


^■*+Pi^''+p,i5-»+ ...  p„.i  =  0 


(1). 


If  we  write 


SI^  (z)      =  /q  («),     or    /q  if  we  have   no 
SIi  (z)      =  /,  (z),  occasion  to  put  the 


z system  in  evidence  r  (2). 


•••      ...      •.•      ••• 


2I,«-j(i5)  =,7«.2(2f). 


S  denoting  summation  with  regard  to  the  m— 1  quantities 
2^1,21^,  .«•  2^.1,  it  is  clear  that,  if  we  consider  the  m— 1  coefficients 
which  occur  in  equation  (1)  as  known  quantities,  the  m— 1  sums 
•^01  *^iy  •••  «^««-i»  ft™  known ;  conversely,  if  we  are  given  Jq,  /j,  ...  /,„.j, 
the  m— 1  quantities  Pi,  p,,  ...  p^.s  could  be  determined. 

These  latter  quantities  we  shall  call  prim^xry  Abelian  functions,  and 
any  rational  functions  of  them  Abelian  functions. 

2  s  2 


■V 
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We  shall  write,  then, 


Pi  = 


Pf  = 


•  ••  •••  •••  •••  •••  ••• 

P«-l  ^^  *m-l    J^«'o'  "MJ    •••   •'w-jj   w 


(3). 


39.  We  now  turn   to   the  general  case  discussed  in  this  paper, 

namely, 

5I,(«)-2I,(0=0, 

where  we  have  m  quantities  Zi,  2?,, ...  Zf„,   and  also  m  simultaneous 
values  of  these  quantities  {j,  (i,,  ...  ^.     Let  us  now  take  z^  =  oi,  a 

root  of  j>r  \         r, 

and  also  take  {«,  =  04,  another  root  of 

and  we  shall  liave,  adopting  the  notation  introduced  in  this  article, 


or 


/<(«)  +  {!,  (a,) -I,  (a,)}=/,(0 


(1). 


when  the  above  equation  holds  for  all  integer  values  of  i  from  i  =  0 
to  1  :=  m— 2. 

Now,  T  for  this  system  is  found  from  the  equation 

■*^  ji    •   •  ' 


or 


^-.  +  g„  =  a/ Jo  ^'-^i)^-  y/Ao  T-'q^. 


Now,  from  Article  28,  we  learn  that 


r[^ +(-!)- Va7(^}  =-y^.»  w 


..(2). 


and,  if  in  the  first  of  these  equations  we  put  { =  Oi,  and  in  the 
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second  z  =  aj,  we  obtain 


y  ^^  (°») 


=  -  y-4o  t;  (a,) 


The  first  of  these  equations  gives  us 

^A  T-*  =  ^^fa)  = ^  = S  >/AJ  (a) 


where 


or,  if  we  write 


we  have 


t*  (a,)        j5— a         (^— «i)(«— ai)^(«)  ' 


(«-«i)(«-aj) 


and  from  the  second  eqnation  we  obtain  in  like  manner 


^A,T-'  =  - 


2Q(0 


((;-«.)«-aO 


(3). 


(4), 


(5). 


40.  We  now  investigate  the  values  of  p^  and  ^^  ;  we  have 

Pm  =  (~l)"*fti^i'»  ...«m-i» 

gm  =  (-l)"a«fiii...fm-i; 

differentiating,  then,  the  first  of  these  equations  with  respect  to   ty 
and  the  second  with  respect  to  ^,   we  obtain,  remembering  that 

—  vanishes  when  2;  =  a,  a  root  of 
dt 


or  p^  =  (-l)-a,2  Q  (^1)  ^^--;^J!gizl 

and,  similarly,    j^  =  (-l)" o^S^^^x^^' T  ^"' 


(1), 


(2). 
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Introducing  now  these  values  of  p„^,  q^^  pmt  &i^d  ^^  into  the  equation 

we  obtain 

^  <*i*i^»  •••  *^m-i\/-40T"^— oifif, ...  iM^i>/A^T' (3). 

Now,  from  the  values  of  VA^T"^  given  in  (4)  and  (6)  of  the  last 
article,  we  can  write 

a,ft(;  ...  L^iVA,T''  =  -a,ti, ...  t.-i  S  ,.       ^/ff r, 

and,  introducing  these  values  into  the  equation  (3),  it  assumes  the 
form 

(z,-a,)  '^'^*  (f.-o.) 

'    («.-«,)(«.-»0     '    «.-«.)({.-«,)  ' 

=  0, 
and  dividing  by  a^o,,  we  obtain,  finally. 

This  remarkable  result  furnishes  us  by  successive  operations  of  d 

with   m— 2  other   equations  of   a  similar   nature,  for  it  must  be 

observed  that  %  x> ,  x      r. 

ZQ{z)  =0, 

since  Q  {z)  is  a  function  of  the  difference  of  the  facients  which  enter 
into  it.  We  remark  further  that  this  equation,  and  all  those  which 
flow  from  it  by  operations  of  h,  thus  constituting  a  system  of  algebraic 
equivalents  of  the  transcendental  system,  remain  unaltered  when  we 
interchange  a^  and  a„  so  that  the  systems 

j;.(z)+{i<(o,)-i,(«,)}=/((0, 

Ji(«)+{I,(a,)-I,(a,)}=/.(0 
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give  identical  algebraic  equivalents,  so  that,  as  far  as  algebraic  equi- 
valents are  concerned,  we  get  the  same  algebraic  equations  connecting 
the  m— 1  z\  and  the  m— 1  f*8,  whether  we  write 


or 


j;- (.)-!,  («»)  =  j;.(0, 


where  we  have  written        Jj  (a,)  — It  (a,) 


in  the  form 


'■(D 


41.  We  shall  now  write 

/.W+i.(^)  =JAO  (1). 

and  then  take  a  new  set  of  m  — 1  quantities  ly^,  ijj,  ...  ly^-i  connected 
with  the  f's  by  the  system  of  equations  contained  in  the  typical 
equation 

/i(0 +!*("')  =/.(•»)   (2), 

^nd  seek  the  algebraic  relations  connecting  the  z^b  and  the  17*8,  or, 
what  is  the  same  thing,  the  relations  connecting  the  p's  and  the  r's, 
the  «'s  and  ij's  being  given  respectively  by  the  following  equations  : 


.m.l 


+  rii7-»+r,i7"-»+...  +  r«.i  =  0. 


We  seek,  in  fact,  the  algebraic  relations  connecting  the  p's  and  the 
r*s  which  constitute  the  algebraic  equivalents  of  the  transcendental 
system 

/<(z)  +  2I<(^')  =/<(,)    (3), 

which  results  from  (1)  and  (2). 

Now  the  required  algebraic  equivalents  of  (3)  are  plainly  to  be 
found  by  writing  down  the  algebraic  equivalents  of  (1)  connecting 
the  z^a  and  £'s,  and  the  algebraic  equivalents  of  (2)  connecting  the  Cb 
and  the  17's,  and  from  these  2m— 2  equations  eliminating  the  m— 1  f's, 
thus  obtaining  m— 1  equations  between  the  m — 1  ^'s  and  m-^l  ly's.    . 


424         Mr.  W.  B.  Westropp  Roberts  on  Elliptic  and    [April  4^ 

Bnt  tlie  algebraic  eqnivalents  of  (2)  are  precisely  the  same  as 
those  of 

/i(0-ii(y  ^JiM  (4). 

and  this  equation  would,  in  conjunction  with  (1),  lead  us  to  the 

transcendental  system 

Ji(z)=Ji(fl)  (6); 

it  follows  then  that  the  algebraic  equivalents  of  (3)  and  (5)  must  be 
identical. 

Now,  with  regard  to  the  system 

Ji  («)  =  Ji  (l), 

we  observe  that  it  results  from  the  general  case  of 

2I,(«)  =  S7,(.,), 

in  which  one  of  the  z^b  has  become  equal  to  one  of  the  17's,  and  has 
thus  disappeared  from  the  system  of  equations,  leaving  us 

Now,  let  z^  =  i;,^  be  the  common  value  which  has  disappeared 
from  the  system,  »iid  adding  to  both  sides  of  the  typical  equation 

Ji  (z)  =  /,  („), 

to  the    left-hand    side   li  (zj),   and  to  the  right-hand  side  J)  (fim)> 

we  have 

SI.  («)  =  51,(1) (6), 

in  which  z^  =  Vm* 

From  Article  28,  we  have  T  for  system  (6)  given  by  the  equation 

r  {  ^^ + ( - 1)- vCiJ(^  I  =  ^4. « (,), 

and  if  we  take  17  =  ]}„  =  z^,  it  is  clear  that  u  (17^)  vanishes,  and  as 
the  expression  within  the  brackets  does  not  become  zero,  it  follows 
that  T  must  vanish  for  the  system  (6),  and  that  we  must  have 


Pb  =  r 


If 


8  being  an  integer  which  may  have  any  value  from  «  =  1  to  5  =  rtu 
Now,  since 

Pm  =  ~^mPifi-l? 

z^  being  equal  to  »?„„  r,„  =  -  {„.r„,_„ 
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it  readily  follows  tliat  we  must  have 

for  all  integer  values  of  s  from  «  =  1  to«=sw— 1;  consequently  the 
m  — 1  algebraic  equivalents  of  system  (6)  are  contained  in  the 
typical  equation 


p.  =  t 


•  9 


which  must  also  be  expressive  of  the  algebraic  equivalents  of  the 
system 

Ji(«)  +  2l(°>)  =/.(,), 

fit)m  which  it  follows  that    Pi,  p„  ...  p«_i 
are  periodic  functions  of  the  quantities 

the   periods   being    2  J  f    *  J ,  Ci  and  oj  being  any  two  roots  of  the 
equation 

/(«)=0. 

We  shall  not  here  enter  on  a  discussion  touching  the  reality  of  the 

roots  of  *  r  N       rx 

/(^)=0, 

and  the  question  of  the  real  and  imaginary  portions  of  J<  ( **M ,  but 
shall  rest  content  with  the  statement  that  "* 

is  a  periodic  function  of  the  J%  and  remains  unaltered  when  /<  (z} 
is  increased  or  diminished  by  one  or  more  of  the  various  quantities^ 

"■  0- 


42.  If  we  now  consider  the  periods,  it  would  at  first  sight  appear 
that  we  had  2m— 1  independent  periods  of  the  type  lii   M ;  but  such 

is  not  the  case,  as  we  shall  now  show.     We  wish  to  prove  that  a  rela- 
tion of  the  following  kind  exists  between  the  2m— 1  integrals 

M:')'  Ma')'  "•  M"")= 
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a  being  some  one  root  which  we  take  as  the  inferior  limit  of  the 

in  each  case,  viz., 

=^M:o=*=M;')=^  -  =^Mr) = =^Mr  )=^-=^^' (r) -w 

holding  for  integer  valaes  of  i  from  t  =  0  to  t  =  m— 1,  some  one  of 
the  integrals  vanishing  when  the  superior  limit  becomes  a. 

If  we  take  as  a  set  of  z's  a^,  a,, ...  a.,,  say,  then,  if  we  can  show  that 
■a  set  of  {'s  can  hav^e  the  values  a«,«i,  am-»-S)  •••  Osw)  the  relations 
implied  in  (1)  are  proved  to  exist. 

Now,  we  have  in  general 

Pm-\-qm  Pm-l+im-l  '"  ;>1+^1 

and,  since  pmi  Pm-u  -"  Piy  ^mi  ^m-b  •••  ^i  8*11  vanish  when  the  z*s  and 
(*s  have  the  values  assigned  above,  it  follows  that  we  must  have  a 
corresponding  transcendental  set  of  relations  which  are  those  con- 
tained in  (1).      There    are   consequently  but    2w— 2   independent 

periods  of  the  type  2J<  (***). 

43.  There  is  an  interesting  algebraic  integral  of  the  system 

■which,  I  think,  is  worthy  of  notice. 
We  have    T  i  ^^  +(-1)—' ^/AJ  (0 1 


=  yj,«(0. 


Now  let  us  take  (^^  =  a„  and  the  above  equation  becomes 

an  equation  which,  being  integrated  with  respect  to  f,  gives  ub 

n  (a,)  =  c  (e^^<^-^+e-^^o(«-^)_2}, 
c  being  a  constant  depending  on  d,  («)  ...  (m-i* 
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If  we  now  take 

ui{z)  =  (iSi— «)(«,— z)  ...  (z^.i—zy (1), 

z  being  axxj  quantity,  we  liave 

In  order  to  determine  ic  we  most  determine  tlie  value  of  —  ^  , 

when 

t—f  as  0. 

Now  ^!^  =  (..^o,)  ^!a^  +2^  ^^>  +t.,  (a,)  ^, 

but,  since  the  first  two  terms  of  the  right-hand  side  of  the  equation 

vanish  when  ^     ^      rk 

t — V  =  U, 


for  then 


and 


««— Oj  =0, 


when  is  is  a  root  of  /(«),  we  are  only  concerned  with  the  value  of 


wi  (a,) 


when 


t-t^  =  0. 


Now, 


dz^  _  ^AJ  (g^) , 


consequently,  differentiating  with  respect  to  ^,  we  find 


-or 


^»,^  A/CO    ■  /J  /(c)*^!     ^     ] 


(2). 


If  we  now  let  t—f  =  0, 

z„  becomes  a,,  and  we  obtain 


^  (when  ««  =  a.)  =  4*^^. 


(3). 
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iwrhere  Vi  (z)  =  (fi-«)(i;-«)  ...  (L-i-z), 

and  consequently 

hence  c  =  /   ,\ , 

and,  finally,  (oi  -  <^)  «i  (oj)  Vi  («»)  = -^-^  X* (4),. 

where  x  =  e^^^^'-'^-e"^^  *<*-'">, 

or  li,  (a,)  ri  (a,)  =  -  ^  (aj-a0(a,-aj  ...  (o^-a,,^)     (6),. 

and,  by  parity  of  reasoning,  we  have  also 

Ml  (a,)  Vi  (ai)  =  —  -J-  (ai—^s) (01—04)  —  (oi-Oj-.) (6)^ 

If  we  now  divide  the  first  equation  (5)  by  (6),  we  obtain  an  unique 
result — 

Ux  (g,)  Vx  (g,)  _  (aa—a») (01—04)  ...  (04— Oam)      /yv 

**i  (oi)  Vj  (ai)       (ai-a,)(ai— g4)...(ai-a2,«) 

Qr(or"'H-Pigr"'-fPaar"'+...+p,n-i)(or  '■Ktior'-*-q[aar"'+'"-^gm-i> 

(or"*+Pior"^+Pfo7"'+ ... +p«-i)(or"^+qior"'+qiar"'+ — +9m-i) 

_  (Ot  —  O^in^-od   ...   (Oj  — Otm) 

(oi— 03)(ai— aj  ...  (ttj— a2,„)' 

from  which  it  follows  that  the  above  relation  between  the  p*s  and  q's. 
is  linear  in  both  sets  of  quantities. 

We  can  determine  no  other  equation  or  equations  from  the  above, 
by  operation  of  ^,  since  it  consists  of  functions  of  the  differences  of 
the  various  facients  which  enter  into  it,  and  is  easily  seen  to  be  an 
absolute  invariant,  remaining  unaltered  when  we  write  for  the 
facients  their  respective  reciprocals. 

The  results  of  this  article  when  applied  to  the  cases  m  =  2  and 
m  =  3  are  many,  and  interesting,  and  enable  us  to  obtain  the  laws 
of  the  periodicity  of  elliptic  functions  and  hyper-elliptic  functions, 
for  the  case  m  =  3,  with  ease,  without  the  application  of  the  general 
theorem  of  Article  41. 


1895.]     Hyper-Elliptic  Systems  of  Differential  Eqtuitions.       429 
44.  For  the  case  m  =  2,  we  may  write 

^oW+4(^)  =^o(0    (1), 

Io(0  +  4(y  =^oW    (2), 

from  whicli  we  infer    I^(z)-\-2l(^A  =  I^(fi)    (3). 

Now,  from  (3)  of  the  last  article,  we  obtain 

(««— g)(ai— 0  _  fa-OiXqi— Qj) (4)^ 

(qi-Ofa— »y)  -,  (aa-qi)<^qt-q4) (5)^ 

from  which  it  follows  that  0  =  17  is  the  algebraic  equivalent  of  (3). 

We  must  regard,  then,  «  as  a  periodic  function  of  J^  («),  and  its 
periods  are,  say, 

Mzy  "iz)-  "O' 

and  these  three  are  easily  seen  to  be  connected,  since  2;  =  a,  and 
(=^a^  are  values  which  satisfy  (4),  and  which  correspond  to  the 
transcendental  equation 

45.  For  the  case  m  =  3,  we  have 

Jl(z)+i.(°«J=/,(0 

Now,  from  (6)  and  (6)  of  Article  43,  we  have,  for  the  system  (I), 


(1), 


(2). 


Ui  (a,)  ri  (a,)  =  -  i-  (oj-«i)(a,  -aOCoj-ajXa,— c^) 


(3). 


«h  («i)  Vi  (a{)  =  —  -^  (oi— aj)(a^— Q^'i^^Ov— a^V?.^-^^ 


(4). 
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Now,  I  say  that  t—f  is  the  same  for  both  the  systems  (1)  and  (2), 
as  appears  from  the  value  of  T'^  given  in  Article  39,  and  conse- 
qaently  x  will  have  the  same  value  for  both  these  systems. 

We  shall  have,  then,  two  corresponding  equations  to  those  given, 
above  in  (3),  which  we  may  write 

r,  (a,)  w^  (a,)  =  —  -J  (of-aiXai-aJCoj-aOCa,— a,) 

where  w^  (z)  =  («— i?,)(z-i?,), 

from  which  we  infer  u^  (oj)  =  w^  (a,), 

ttj  (oj)  =  w^  (a,), 

or  p,  =  r„    Pj  =  tj, 

from  which  it  follows  that  p,  and  ps  are  periodic  functions  of  J^  (z) 
and  Ji  {z),  the  corresponding  periods  being  of  the  types 

a,  and  oa  being  two  roots  of    /  (z)  =  0. 

In  a  manner  similar  to  that  adopted  in  the  discussion  of  the 
periods  in  the  last  article,  we  learn  that  there  are  but  four  indepen- 
dent periods  of  each  class,  the  five  integrals 


as  well  as 


being  connected  in  each  case  by  a  linear  relation. 

The  method  exposed  in  this  paper  then  completely  establishes  the 
nature  and  periodicity  of  elliptic  and  Abelian  functions  without,  as 
remarked  before,  entering  on  any  discussion  of  the  reality  of  the 
roots  of  f{z),  or  the  real  and  imaginary  parts  of  an  integral,  such  as 

J,  f  "m  ,  ai  and  a,  being  any  two  roots  of  /  («). 

The  results  given  in  this  paper  will,  I  think,  when  applied  to  that 
important  class  of  curves  whose  coordinates  can  be  expressed  in 
terms  of  Abelian  functions,  be  found  interesting  and  will  furnish  us 
with  many  new  properties  not  unWorthy  of  notice. 
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An  Extensi&ii  of  Boltzmann'a  Minimum  Theorem.  By  S.  H* 
BuRBURY,  M.A.,  F.R.S.  Received  May  31st,  1895.  Com- 
municated June  13tb,  1895,  by  G.  H.  Bryan,  F.R.S. 

1.  Let  /(jpi  ...  qn)  dpi  ...  dq^,  or  shortly  f.dp^  ...  dq^,  denote  the 
chance  that  a  molecule  of  a  gas  shall  at  any  instant  have  its  n  coor- 
dinates Pi...Phj  and  corresponding  momenta  ^i ...  ^^  between  the 
limits  jpi,  |?i  +  (ipi,  <fcc. 

Similarly,  let  F ,  dPi  ...  dQ^  be  the  corresponding  chance  for  the 
values  Pi ...  Pj  +  dPj  of  the  coordinates  and  momenta. 

2.  If  at  a  given  instant  the  variables  pi ...  Q^  stand  to  one  another 
in  a  certain  relation,  an  encounter  between  the  two  molecules 
ensues,  that  is,  within  a  very  short  time  after  the  given  instant  the 
variables  |?i ...  Q^  will,  by  the  mutual  action  of  the  two  molecules 
alone,  assume  new  values  conservcUis  conservandis,  which  may  be 
denoted  by  accented  letters  p{ ,..  Qn- 

If  we  ask  what  is  the  number  per  xmit  of  volume  of  pairs  for 
which  at  this  instant  the  variables  are  so  related  to  one  another,  the 
answer  usually  given  is  that  it  is  proportional  to  Ff,  dp^ ...  dQ^,  In 
other  words,  it  is  usual  to  assume  the  chances  /  and  JP  to  be  inde- 
pendent. 

3.  On  this  assumption  of  independence,  and  on  this  assumption 
only,  it  has  been  proved  that,  if 

H=[[|.../(log/-l)(fpj...(i2„ 

•  •>  V 
JTX 

— —   is  necessarily    negative.     If,    therefore,   when    the  system  is 
dt 

isolated,  F  and  /  continue  to  be  independent,   -  —  continues  to  be 

dt 

negative.      H  tends   to  a  minimum,  which   it  reaches    when   the 

distribution  of  momenta    is  according    to  the  Boltzmann-Maxwell 

law. 

4.  Now,  systems  may  exist  in  which  that  independence  of  /  and  F 
for  encountering  molecules  cannot  be  conceded.  I  have  myself  pro- 
pounded the  doctrine  that  the  independence  of  /  and  F  is  only  a 
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•'Consequence  of  the  (generally)  assumed  rarity  of  the  medium,  and 
that  they  cease  to  be  independent  as  the  medium  becomes  denser,  on 
the  ground  that  in  the  dense  medium  the  proximity  of  two  molecules, 
implied  by  their  encounter,  affords  a  presumption  that  they  have 
recently  been  exposed  to  the  same  influences,  and  have  acquired 
some  velocities  in  common.  However  this  may  be,  and  I  am  not 
now  assuming  the  truth  of  it,  it  is  worth  while  to  consider  whether 
and  how  we  can  prove  the  theorem  without  assuming  the  indepen- 
'  dence  of  /  and  F.  I  propose  in  this  paper  to  treat  only  the  simplest 
case,  regarding  the  molecules  as  equal  elastic  spheres. 

•5.  Let  c  be  the  diameter  of  a  sphere.     Consider  two  spheres  A 

■  and  B,     Let  R  be  their  relative  velocity.     About  0,  the  centre  of  J., 

suppose  a  circular  area  described  of  radius  c,  perpendicular  to  B. 

Let  r  be  the  distance  of  the  centre  of  B  from  the  plane  of  that  area. 

Then 

dt 

Let  a  be  the  distance  from  0,  the  centre  of  ^,  to  the  point  P,  in 
which  the  line  through  the  centre  of  B  parallel  to  B  cuts  that  plane. 
Then,  if  a<c,  a  collision  will  occur  between  A  and  B,  xmless  any 

.  third  sphere  previously  collides  with  either  of  them.  Further,  o*+r* 
cannot  be  less  than  c".  And,  if  a*+r*  is  infinitely  nearly  equal  to  c*, 
the  chance  of  any  third  sphere  colliding  with  either  ^  or  ^  before 
they  collide  with  each  other  vanishes,  and  a  collision  necessarily 

•  occurs  between  A  and  B.  The  only  effect  of  that  collision  is  to 
change  the  direction  of  the  relative  velocity  B ;  and  the  nature  of 
that  change  depends  only  on  a,  and  on  the  angle  /3,  which  OP  makes 
with  a  fixed  diameter  of  the  circular  area. 

Let  us  call  a,  fi  the  dollision  coordinates.     If  the  velocities  of  the  two 

'  colliding  spheres  before  collision  be  denoted  by 


u  ...  u+du^ 
V  ...  v  +  dv 
w  ...  w-^dwj 


'  for  one  sphere, 


and 


TI  ...   V-^dTI\ 

F  ...  F+dF  I  for  the  other. 


W  ...  W^-dW] 


r        • 
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and  if  the  collision  coordinates  be  a  ...  a  +  (£a,  and  /3  ...  /J  +  (£/3,  then 
as  the  result  of  collision  n,  v,  «?,  Uj  V,  W  become  u\  v\  w\  JTy  V\  W, 
and  a,  /3  become  a\  fi\  Conversely,  if  before  collision  the  variables 
be  denoted  by  the  accented  letters,  their  values  after  collision  will  be 
denoted  by  the  unaccented  letters,  and,  as  is  known, 

dudvdwdUdVdW=dudvdw'dU'drdW\ 

6.  Let  the  number  per  unit  volume  of  spheres  whose  velocities 
are  tt...w+(iti,  v..,v+dv,  w  ..,  w-j-dw  he  f  (ti,  Vy  w)  du  dv  dw.  Call 
these  the  class  m.  Similarly,  let  the  number  whose  velocities  are 
IT...  U+dU,  &c.,  be  F{U,  F,  W)dUdVdW,  and  call  these  the 
class  U.  Now,  let  us  suppose  for  a  moment  that  no  collisions  are 
allowed  to  happen,  except  (1)  direct  collisions  between  the  spheres  of 
class  u  and  spheres  of  class  17,  without  restriction  as  to  the  values 
of  a  and  ^ ;  and  (2)  reverse  collisions  between  spheres  of  class  u 
and  spheres  of  class  IT,  with  such  values  only  of  a'  and  /3'  as  that 
u\  v\  w\  <fcc.,  shall  after  collision  become  u  ,,,,u-\'du,  <fcc. 

If  that  were  so,  the  only  way  by  which  any  sphere  could  leave  the 
class  u  would  be  by  one  of  the  direct  collisions,  and  the  only  way  by 
which  any  sphere  could  enter  the  class  u  would  be  by  one  of  the 
reverse  collisions.  Hence  on  this  supposition  the  increase  per  unit  of 
time  of  the  number  of  spheres  in  the  class  u,  i.e., 

lf{u,v,w),    or    |, 

would  be  (number  of  reverse  collisions  per  unit  of  time)  —  (number  of 
■direct  collisions  per  unit  of  time). 

7.  Now,  in  the  ordinary  case,  when  /,  F  are  independent,  the 
number  of  direct  collisions  is 


[|  if(?EfF. 


dadfi. 
And  the  number  of  reverse  collisions  is 

{{ircfBf'r.dadfi, 

and  so  ^"^\\  ^^^  {fT-fF)  da  dfi. 

8.  But  I  now  propose  to  treat  the  case  in  which  /  and  F  are  not 
VOL.  XXVI. — Ko.  627.  2  f 
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independent,  or  the  velocities  u,  U  sj^  correlated.    And,  therefore,  for- 
fF  we  mnst  snbstitnte  a  more  general  form 

^  (ti,  r,  tr,  17,  F,  TT,  a,  /3), 

where  ^  is  some  function. 

For  the  reverse  collisions  we  shall  have  a  corresponding  function 

^'«  v\  w\  rr,  r,  w%  a, /?)  or  f. 

Then,  collisions  being  still  restricted  as  stated  in  6,  we  should  have- 

^=  [[irc'E(f-^)(ia(^i3. 


9.  But  now  we  can  make  U,  F,  W  assume  successively  all  values,, 
still  maintaining  it,  v,  w  unaltered  ;  and  then  we  obtain  for  the  com- 
plete variation  off  with  the  time 

^=  f  fff  f  '^c'E  (f-#)  da  dfi  dUdVdW. 

Now,  let  fl"  =  [ [[/  (log/-l)  dudvdw; 

and  therefore 
dH 


=m^' 


...    -   —- - .  du  dv  duo 
dt 

=  [[[(^tt(iriw;[[[[[irc*ie(f-^)  \ogf  da  dfidU dVdW. 

10.  In  this  integration,  extending  over  all  values  both  of  u^  r,  w 

and  IT,  F,  TT,  these  classes  interchange,  so  that  our  integral  includes 

the  two  terms  •▼>  x  /      m      0 

ictfB  (^  -^)  log/ 

and  T<?E  (^'-0)  logF; 

and  therefore  includes  the  term 

TctfE  (^'-0)  log  ifF). 
Por  a  similar  reason  it  includes  the  term 

«'E(^-f)iog(/r); 
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and  therefore  inclndes  the  term 

and  consists  wholly  of  terms  of  this  form. 

11.  ThtLS  expressed,  —  is  not  necessarily  always  of  the  same  sign, 

unless  of  the  two  equations 

#  =  f,    fF=f'F 

one  involves  the  other  (which  condition,  however,  will  be  found  to 
hold  in  the  cases  we  shall  consider).     But  in  the  permanent  state 

JTX 

~j-  must  be  zero,  which  can  be  by  making  either 
at 

^  =  f    or    fF=fr. 


Also  ■/■  must  be  zero,  which  can  only  be  by  making 
at 


If,  therefore,  in  any  problem  we  find  that  the  two  equations 

^  =  ^'    and    fF:=fr 

cannot  co-exist,  but  one  must  be  taken  and  the  other  left,  we  must  take 

0  =  0'. 

In  our  case,  however,  we  shall  find  that  the  solution  of 

involves  fF  =  fF. 

12.  A  solution  of  this  equation 

♦  =  ♦' 

is  obtained  by  making  f  a  function  of  the  energy  only,  namely,  the 

ordinary  solution 

A  =  U^e -*(•*■■•••■♦*■♦  v*r**m) 

But,  as  Mr.  Bryan  has  pointed  out,  in  his  "  Beport  on  Thermo- 
dynamics," that  is  not  the  only  solution.  And  it  must  be  rejected 
here  because  it  makes  the  velocities  of  colliding  spheres  independent, 
which  is  assumed  not  to  be  true. 

2  r  2 
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13.  The  following  is  another  solution,  naonely, 

in  which     Q=zA(u''\-v''\-iij'+U'-hV'-hW*)-hB(uU^vV+wW} 
and  K,  A,  B  are  constant. 

For,  using  this  form,  we  have,  after  collision, 

Now,  by  the  conservation  of  energy, 
and,  by  conservation  of  B  or  iP, 

and  therefore  also 

and  therefore  Q'=zQ 

and  ^'  =  ^.• 

14.  Assuming  that  our  function  <p  contains  the  velocities  of  two 
spheres  only,  we  find  /  (m,  v,  w)  or  /  by  integrating  ^  according  to 
U,  F,  TF between  litnits  ±ob ,  and  find  F,  /,  and  F'  in  the  same  way. 
Whence  it  is  easily  seen  that 

0  =  0' 
involves  fF  =  fF*, 

and  so  the  function  H  found  on  our  hypothesis  has  all  the  properties 
of  that  function  as  usually  found  on  the  hypothesis  that  B  =  0.  But 
the  actual  value  attained  by  H  when  minimum  will  be  a  function 
ofJ5. 

15.  Now  let  us  consider  a  more  general  case^  that  the  velocities,  not 
of  two  only,  but  of  n,  spheres  are  correlated. 

'  Let  us  suppose  that  a  certain  spherical  space  S  contains  n  spheres* 
and  that,  their  positions  being  unknown,  the  chance  of  their  having 
velocities 
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is  of  the  form  X'e"*^,  in  which 

and  K^  a,  h  are  constants. 

In  order  that  onr  system,  may  be  permanent,  tl^o^t  is*  unaffected  by 
collisions,  it  is  necessary  and  sufficient  that  when,  by  collision  of  any 
pair  of  spheres,  their  velocities  .t*„  t?i,  Wj,  w,,  v„  W7„  become  t*u.t?I,  <fcc., 
all  the  terms  in  the  index  should  remain  with  t«(,  t7[,  <!bc.,  substituted 
for  t*i,  Vj,  <fcc.,  that  is,  if  Q  contain  awj,  Q'  must  contain  au*^  and 
so  on. 

16.  Let  us  then  denote,  by  X,  /i,  r  the  direction  cosines  of  the 
line  of  centres  at  collision  between  the  two  spheres  whose  velocities 

•  •  • 

are  before  collision  itj  t\  tr„  tt,  r,  ti;,.  Their  velocities  resolved  in  the 
line  of  centres  are  \u^-\- ^v^-^- vw^  and  Xu,+/it;, +''«?,.  And  these  are 
interchanged  by  the  collision,  so  that  after  collision 

u[  =  1*1— X  (X«*i-|-/iri  -h  vtTi)  +^  (Xu,H-/ii',H-i^,), 

and,  to  determine  «*[...  tr2,  we  have  the  six  linear  equations 

«I  =  (1 — X*)  tti — Xfii»| — XytTi + X*t*, + Xfi V|  H-  Xvt(7„ 

w[  =  —  X vttj — /i vvj  +  (1  —  y*)  «?i + X^M, + /*>'t7,  +  »^j ; 
ttj  =  X*t*j +X/LiVi  +Xi'tri  +  (1  —  X*)  M,— X^r,— Xrti^, 
Vj  =  X/4tti+/i*ri+/i>t(;i— X/iu,H-(l— /a")  r,— ^w,, 
trj  =s  XvUi+A*''ri-f  v't^i— Xkm,— /[*i't72+(l  — V*)  w,. 

To  solve  these  equations  for  t*„  v,,  &c.,  we  have  only  to  interchange 
the  accents  between  the  right  and  left  hand  members. 

17.  If,  now,  in  the  expression 

we  substitute  for  w^,  t*,,  and  similarly  for  r^,  »„  Wi,  «?„  their  values  in 
terms  of  t^,  t^*  ^^  we  find 

(1)  The  coefficient  of  u^  is  a.     That  is  because  t*J  and  wj  have 
the  same  coefficient  a  in  Q. 

(2)  The  coefficient  of  u[%i!^  is  &,  the  same  as  before  for  UjU,. 

(3)  The  coefficient  of  u[u^  is  6,  the  same  as  for  Uit<„  &o. 
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The  form  of  the  index  is  therefore  unaltered,  and  the  aasnmed  law 
of  distribution  is  unaffected  by  collisions. 

18.  We  can  now  find  the  chance  that  two  of  the  n  spheres  shall 
have  velocities  Ui ...  Ui+citij,  &c,,  and  n,  ...  ti,+c^s,  Ac,  whatever  the 
velocities  of  the  others  maj  be,  bj  integrating  f  according  to 
fit)  v%  •••  ^n  between  the  limits  droo.  As  no  products  of  the  form 
uv,  uwy  or  vw  are  supposed  to  occur  in  Q,  it  is  sufficient  to  operate  on 
the  t**s  only. 

Form  then  the  determinant  of  the  function  Q,  that  is, 


D  = 


2a,     6,     6,  ...  h 
6,    2a,   &,  ...  h 


...     ... 


in  all  n*  constituents.  Let  D^,  Djt,  &c.,  be  its  first  minors,  and  D,gi 
the  coaxial  minor  formed  by  omitting  the  first  and  second  rows  and 
columns.     Then  the  result  of  the  integration  is 


^—hA  («»"  +...  +  «."  +  ...)  ♦J?  (l»| «!  +  ...) 

*  » 


in  which 


A  = 


^  Ai 


R 


But,  evaluating  the  determinant,  we  find 

D=(2a-6)-+n6(2a-6) 


n-l 


This  is  easily   seen   for    n  =  2,    n  =  3,    and    can  be   extended  bj 
induction. 

Therefore  also 

Dj,  =  (2a-6)'-»  +  (n-l)  b  (2a-6)-», 
Dj„,  =  (2a-6)-H(n-2)  b  (2a-6)-'. 
Also  we  find  D„  =  b  (2a— 6)"-l 


Therefore 


^  =  (2a-6) 


2a-hn  — 26 


2a+n— 3  6 


^  ^   6  (2a-6) 
2a+w^=^6" 


We  can  now  treat  the  function  H  as  in  13. 
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19.  Again,  if  we  integi*ate  once  more,  we  can  find  the  chance  that 
a  single  sphere  shall  have  velocities  u  ...  u+du,  &c.,  in  the  form 

£^g-iki>/A.(«-+.^*«-)  dudvdw  =f{u,v,  w)  dudvdw, 
whence  also  for  two  colliding  spheres 

And  from  that  result  we  find  that  H  exceeds  the  value  which  it  has 
when  6  =  0  by  ^  log  — ,  and  the  function  H  has  for  this  system  all 

its  ordinary  properties,  becoming  minimum  in  the  assumed  distribu- 
tion, and  having  when  minimum  the  last  stated  value. 

20.  We  must  consider  further  the  coefficients  a  and  6. 

The  integration  in  18  extended  over  n  spheres  supposed  to  be  con- 
tained in  a  spherical  space  8,  so  that,  p  being  the  number  of  spheres 
in  unit  of  volume,  n  =  p8.  As  8  becomes  very  large,  the  chances  for 
the  two  spheres,  whose  positions  within  8  are  unknown,  having  given 
velocities  must  approach  independence,  that  is,  A  becomes  constant 
and  B  tends  to  zero.  Comparing  this  with  the  values  found  above 
for  A  and  B,  we  see  that  for  large  values  of  8  (or  of  n)  2a— 6  is  in- 
dependent of  8,  and  h  tends  to  vanish.  That  is  one  condition  which 
<i  and  b  have  to  satisfy.     Another  can  be  found  as  follows. 

21.  On  the  equilibrium  of  a  vertical  column  of  gas  whose  moleoulps 
ai'e  equal  elastic  spheres  of  diameter  c. 

If  in  the  Glausian  equation 

we  evaluate  the  virial  term  |S2i2r,  we  find  it  equal  in  case  of  our 
elastic  spheres  to  f^c^p .  ^2V.     Here  Tr  is  the  energy  of  the  motion 

of  the  spheres  in  the  volume  considered  relative  to  their  common 
centre  of  gravity.     (See  8cience  Progress,  November,  1894.) 

J,      ,     8_    »_4x  aggregate  volume  of  spheres  in  volume  V 
Then  we  know  that  p,  or  the  pressure  per  unit  of  surface,  is  equal  to 

{l+K)ipTr. 

22.  1  find  now  that  in  a  vertical  column  of  gas  whose  molecules  are 
•equal  elastic  spheres  of  diameter  c  it  is  not  T  that  is  constant|  as 
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proved    by   Maxwell    for   the    case  where  c   (and  therefore  k)   i» 
negligible,  but  T+icT,. 

(See  Appendix.) 

Also  T+JcT^=  a  (mJ+Mj+.-.+Wr) +  6  («!«,+«! W8+...+ViVj-l-&c.)> 

if  we  make  2a  =  1 H »:, 

n 


,  If  ,   wc* 


because  n  =  pS. 


The  coefficients  a  and  &  so  found  satisfy  the  condition  of  20  above. 
Also  the  distribution  of  velocities  according  to  this  law  is  unaffected 
by  collisions,  as  shown  in  17.  Therefore  it  gives  a  more  general 
solution  of  the  problem  of  the  motion  of  elastic  spheres  than  the 
ordinary  one  in  which  the  velocities  of  each  sphei^  ai-e  supposed  to 
be  independent.     Also,  with  these  values  of  a  and  6, 

D  =  (1  +r)-'     and    D^  =  (1 +<)"•'. 
The  value  of  H  found  for  this  system  is 

fl"  =  f  logh+\  log  —  +  constant 

=  f  log  ^+f  log  (1  -f  f)  +constant. 

The    smaller  n  is,  the  greater   in    numerical   value    is    the   ratio 

— ,  and  therefore  the  more  intense  the  correlation, 
a 

23.  The  above  values  of  a  and  h  are  to  be  regarded  as  limiting^ 

values  which  a  and  h  assume  when  8,  the  space  considered,  is  very 

large  compared  with  fire*.     For  smaller  values  of  iS»  a  correction  is- 

I'equired,  as  follows. 

Correction. 
The  limiting  values  assumed  for  a  and  h  were 

^    1- ar 

n 
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The  corrected  values  are 

n     \  n      / 

n     n 


(2). 


which  also  satisfy  the  conditioii  of  20. 

I  assume  the  chance  for  a  (spherical)  group  of  n  ooiitiguoua 
spheres,  whose  positions  within  the  sphere  are  unknown,  having 
velocities  infinitely  near  to  n^  t;,,  ...  w^,  Ac.,  to  be  Gt^^^dui ...  with 

Now,  if  this  be  true,  the  chance  for  any  single  sphere  having  velocity 
in  ar,  ttj...  Ui-^-dui  is  found  by  integrating  e'^^dui ...  dWf^  for  all  the 
variables  except  u^  between  ±qo  ,  and  comes  out  in  the  form 


e-*(i>/A»)V  du, 


in  which 


D=z 


2a,     &,     &  ... 
6,    2a,    6  ... 


...       ... 


and  Dii  is  its  first  coaxial  minor. 

Now,  to  be  consistent,  this  chance  must  be  the  same,  whether  we 
regard  the  single  sphere  as  a  member  of  a  group  of  n,  or  as  a  member 

of  a  group  of  2n,  &c.,  so  loijg  at  least  as  p  or  -^  is  constant.     There- 
fore  —  must  for  all  values  of  n  be  independent  of  n,  except  as  it 

appears  in  —.     But,  with  the  values  (1)  of  a  and  6, 

#  =  (1  +  0    " 


D 


11 


W-f  If 


Therefore,  with  the  values  (2)  of  a  and  6, 

=  (1  +  0  =  1+  -^, 


D 


11 


if 


8  =  fire'. 


and  that  is  the  solution. 
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24.  With  these  values  (2)  of  a  and  &,  the  index  becomes 

n 


or  h^iiT-^KTr), 

a 

which  becomes  in  limit,  when  —  is  large,  T+kT,  whatever  the  den- 

8 

sity,  or  -— -,  may  be.  Without  aJffecting  the  above  results,  we  may 
by  a  further  small  correction  of  2a  and  6  cause  the  determinant  to 
vanish  when  the  density  -  -  exceeds  a  certain  point,  beyond  which 

b 

point  therefore  the  formulsd  may  cease  to  be  applicable. 


Appendix. 
To  prove  the  above  stated  result  for  the  vertical  column, 

1.  If  jp  be  the  pressure  per  unit  of  surface,  x  the  height  of  a  point 
in  the  column  above  a  fixed  plane,  /  the  vertical  force,  m  the  mass  of 
a  sphere,  p  the  density,  we  have 

also  p  =  i(l+K)pTr. 

Here  k  =  iircfp, 

and  Tr  is  kinetic  energy  of  relative  motion ;  whence,  if  we  make 

3 

(1  +k)  Tr  =  constant  =  -- , 

Zh 

we  find  p  =  f)o«"*"^» 

which  is  the  same  equation  as  found  for  the  ordinary  case  when 
c  =  0  and  k  =  0. 

2.  Again,  consider  N  spheres  crossing  the  plane  a;  =  0  with  u  for 
vertical  component  of  velocity.  Of  these  some,  sajN—lT,  will  reach 
the  plane  x  ^=  dx  without  collision.  N'  will  undergo  collision  before 
reaching  dx.  But  for  these  N'  there  will  be  substituted,  as  the 
result  of  collisions,  N'  other  spheres  with  the  same  vertical  com- 
ponent u. 
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Now,  if  the  impact  were  direct,  t.e.,  the  line  of 
•centres  at  collision  vertical,  the  substituted  sphere 
would  gain  a  vertical  height  c,  i.e.,  the  diameter  of 
a  sphere,  without  losing  in  respect  of  that  distance 
any  kinetic  energy  to  the  force  /.  This  is  a  conse- 
quence of  the  fundamental  assumption  of  instan- 
taneous impacts,  for  which  I  am  not  responsible. 
The  conservation  of  energy  is  not  afEected,  because 
whatever  kinetic  energy  one  sphere  gains  the  other 
loses.  If,  therefore,  all  the  N'  colliBions  were  direct, 
the  average  height  of  the  ^spheres  at  the  end  of  the 

time  —  would  be,  not  dx,  but  (iaj+  -^c,   while  their  loss  of  kinetic 
u  N 

energy  would  be  Nmfdx, 

3.  But  all  impacts  will  not  be  direct ;  we  must  consider  then  the 
result  of  indirect  impacts.  For  this  purpose  consider  two  classes  of 
collisions,  in  one  of  which  the  sphere  A  has  vertical  component  u 
before  collision,  and  in  the  other  A'  has  vertical  component  u  after 
collision.  The  effect  of  a  pair  of  collisions,  one  from  each  class,  is 
to  substitute  A'  for  A  as  the  sphere  with  vertical  component  u. 
Now  let  I  denote  the  vector  line  of  centres  at  collision,  and  cos  (ul) 
the  cosine  of  the  angle  which  Z  makes  with  the  vertical.  Then  in 
the  first  of  the  pair  of  collisions  the  centre  of  ^  is  below  the  point 
of  contact  by  ^c  cos  (t*Z).  In  the  second,  the  centre  of  A' ia  above 
the  point  of  contact  by  ^ccos(f*Z).  There  is  no  reason  why  the 
point  of  contact  should  be  higher  or  lower  in  one  case  than  in  the 
other.  It  will  be  on  average  at  the  same  height.  Therefore  on 
average  of  all  pairs  of  collisions  substituting  A'  for  A  with  vertical 
velocity  w.  A'  is  above  A  by 

c  cos  (ui)  =  r,  suppose. 

Let  q  be  the  relative  velocity  of  the  two  colliding  spheres.     Then 

r  =  c  cos  (ul) 


.  =  c  cos  (uq)  cos  (ql) 


=  |c  cos  {uq), 


because 


cos 


j-rr_^  i  cos*  dsinOdd  ^  , 


M  Ml  MS 
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Let  ci»  be  the  absolute  velocity  of  tbe  sphere  whose  vertical  com- 
poneut  velocity  is  ti,  so  that 


Then 


cos  (f *4tf)  =  • 

r  =  Jc  cos  {uq) 
=  fc  —  cos  (w^). 


Let »//  be  the  velocity  of  the  other 
colliding  sphere,  E  the  angle  betiYeen 
M  and  \p.     Then 

2    u   w— i^cosE 

We    have    to    multiply  this    by  the    number  of    collisions  which 
N  spheres    having   velocity  ui    undergo   with    spheres  of   velocity 

^  ...  \l/'\'dAl/,  making  with  w  angles  E  ...  E-^dE  in  time  dt^  or  — ,  and 
then  integrate  for  all  values  of  \p  and  E, 

Let  pf  (4/)  d\p  be  the  number  of  spheres  in  unit  volume  with  velocity 
\l/ ...  \}f^d\l/.    The  result  is 


Nw(^p  r  #/ W  ['^  sin  EdEq^c  ~ 

Jo  Jo  ^ 


ti  —  }}/  COS  E  dx 


n 


=  KNdx, 

Therefore  at  time  dt  the  average  height  of  the  N  spheres  or  their^ 
successors  above  the  plane  a;  =  0  is  (1+0  dX' 

But  the  energy  which  they  lose  in  the  ascent  is  Nmfdx.     The  loss 
takes  place  only  during  free  path.     It  follows  that  the  loss  of  energy 

due  to  the  ascent  dx  is,  allowing  for  substitutions,     -l  .   per  sphere. 

1-f  r 

4.  Now  suppose  that  at  a;  =  0  the  number  per  unit  of  volume  of 
spheres  having  ^mu*  ,,,  d  (t**)  for  energy  of  vertical  velocity  to  be 


^^-Ml+.)-.--^(^«) 


(1) 


Then,  by  what  has  been  proved  in  (2),  the  number  which  at  height 
dx  have  \mu^ ...  d  (u*)  for  energy  of  vertical  velocity  is 
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and  the  number  which  at  height  dx  have 

im»' ...  d  («»)  -  '^^ 

for  energy  of  vertical  velocity  is 

^•A«^A<*^e-*(i*.)C«««-c/ite)/(i*.)]^(^t)  __  Ke'"^"^'  d  (u*) (2). 

The  two  groups  (1)  and  (2)  are  equally  numerous,  and  therefore 
either  can  by  ascending  or  descending,  allowing  for  substitutions, 
exactly  replace  the  other.  Now  this  is  the  reasoning  by  which  in 
the  ordinary  case,  when  k  =  0,  we  prove  T  to  be  constant.  It  now 
proves  (1  +*f)  T,.  to  be  constant. 

5.  Further,  any  group  of  n  spheres  will  generally  have  some  energy 
of  motion  of  their  common  centre  of  gravity,  or,  as  Natanson  calls  it, 
apparent  motion,  of  which  we  have  as  yet  taken  no  account.  Call 
this  T,.  Then  T,  is  independent  of  x  for  the  same  reason  that  when 
<;  =0  T  is  independent  of  x.  Therefore  T.+T+icT^  or  T-^-KTr  ia 
independent  of  ;r. 

6.  The  pressui-e  per  unit  of  surface  is  increased  in  the  latio  1  :  1  -f  i: 
as  the  molecules,  from  being  material  points,  become  spheres  with 
finite  diameter  c. 

But  the  pressure  per  unit  of  surface  is  the  quantity  of  momentuni 
which  is  carried  through  unit  of  surface  in  unit  of  time  (Watson, 
Kinetic  Theory  of  Oases).  Now,  so  far  as  this  momentum  is  carried 
through  the  surface  by  molecules  during  their  free  pa^h,  it  is  not 
altered  in  the  least  by  k  acquiring  finite  value.  The  increase  of  the 
transfer  of  momentum  consists  wholly  in  the  process  above  explained, 
namely,  the  instantaneous  transfer  of  momentum  through  the  dis- 
tance c  which  occurs  on  collision. 
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Applications  of  Trigraphy.    By  J.  W.  Russell^  M.A.     Received 
May  8th,  1895.     Communicated  May  9th,  1895. 

[Note. — The  anthor  obtained  the  properties  mentioned  in  §§  1-11 
by  the  method  of  the  following  paper  before  he  was  aware  that 
theorems,  to  a  great  extent  equivalent,  had  been  investigated  by 
Angost,  starting  from  trispective  (**  relatio  dnploprojectiva  ac  per- 
spectiva ")  in  his  Disquisittones  de  superficCehus  tertii  wdtnts.  In 
consequence,  this  preliminary  matter  has  been  put  as  briefly  as-. 
possible.] 

Definition  of  Trigraphic  Ranges, 

1.  Take  three  lines  Z,  T,  IT  (called  the  bases)  situated  in  any 
manner  in  space.  Let  or,  x\  x  be  the  distances  measured  on  Z,  l\  V 
from  any  origins  to  X,  JT,  JT'.  Then  X,  X',  X*  are  said  to  generate- 
trigraphic  ranges  if  a;,  x^  s^  satisfy  the  relation 

Qcx'x"  -h  hxx'x' + h%  x'x + 6,a»'  -h  Ci  a; + CiOj'-f  c^x" + eZ  =  0 

(called  the  relation  of  the  trigraphy),  where  6|,  6,,  6„  c„  c,,  c^,  d  are- 
seven  constants. 

If,  instead  of  a;  =  OX,  we  take  Ic  =  AXjXBy  where  A  and  B  are- 
fixed  origins, and  similarly  for  X  and  X^,  then  A;,  Ic,  V  satisfy  a  rela- 
tion of  the  same  form ;  for  x  =  6A;/(1  +  A;)  if  0  is  taken  at  A, 

Again,  if  we  take  t  =  AXjXB  -r-  AO/OB,  where  0  is  a  third  fixed 
point,  and  so  on,  the  form  of  the  relation  is  not  altered.  For  t  =  k/k^^y 
where  k^  =  AC /OB. 

We  immediately  draw  the  following  conclusions : — 

If  any  two  of  the  three  points  X,  X',  X'  are  given,  the  third  is: 
generally  known  (but  see  §  3). 

If  one  of  them,  say  X,  is  fixed,  then  the  other  two  generate 
homographic  ranges. 

If  we  replace  each  of  the  ranges  by  a  homographic  range,  we 
obtain  three  trigraphic  ranges.  In  fact,  if  we  use  the  third  form  of 
the  trigraphic  relation,  the  relation  is  not  altered,  for  ^  is  a  cross 
ratio.  We  may  say  that  two  such  trigraphies  are  homographic. 
We  see  that  a  trigraphy  projects  into  a  homographic  trigraphy. 
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The  Vanishing  Points, 

2.  If  we  take  ar,  x\  x'  as  the  variables,  and  if  X',  JT' are  at  infinity,, 
then  X  =  J,  say,  is  given  by  a;-h6i  =  0.  So  the  other  vanishing 
points  J',  T'  are  given  by  oj'  +  ta  =  0  and  a?" +6,  =  0. 

Notice  that  J,  J',  I^  are  not  a  triad  of  corresponding  points. 

The.  Vague  Points, 

3.  Choosing  the  vanishing  points  as  origins,  the  trigraphic  rela- 
tion is  ,  „  ,        '  ,        "  .  J        A 

Now,  if  x'  and  a?"  satisfy  both  the  relations 

x'x"  -h  ci  =  0     and    Cj  a;'  +  Ps* "+  «^  =  0, 

a;  may  have  any  value.     The  solutions  of  these  equations  are 
x'  =  (— (i+«)/2c,  =  u\  say,  giving  X*  =  IT,   say, 
aj's  (— (i— «)/2c,  =  r",  say,  giving  jr'=  7^,  say, 

'«'  =  (— (i— «)/2c,  =  t?',  say,  giving  X'  =  7',   say, 

.a;"=  (— (i+«)/2c,  =  tt",  say,  giving  Z^=  IT,    say, 

where  «*=  (P+4ciCiCi. 

Hence,  if  X'  =  IT,  Z"=  F",   or  if   X  =  F',   X^  =  TT,  X  may  be 
anywhere. 

Similarly,  if  JT  is  indefinite,  we  have 

'x"  =  (^d'-s)/2c^  =  v",  giving   X"  =  7"  again, 

^a?  =  (— (i+«)/2ci  =  ti,  say,    giving     X=  IT,  say, 

V'=  (— (i+«)/2ci  =  u'',  giving  JX"  =  17"  again, 

a?  =  (— (i-«)/2ci  =  V,  say*     giving    Z=  7,  say. 

Finally,  if  X''  is  indefinite,  we  have 

x  =  (— (i+«)/2c,  =  ti,  giving  X^TJ  again, 
a;'=  (— (i— «)/2c,  =  t/,  giving  X'=  7*  again, 

a?  =  ('-d^s)/2ci  =  17,   giving  X=  7  again, 
y  =  (— (i-^^)/2c,  =  ti',  giving  JX'=  IT'  again. 

Let  us  call  the  six  points  U,  7,  U\  7^,  U'\  7",  so  determined,  the 
vague  points.  Their  properties  can  be  briefly  stated  by  saying  that 
the  foUowing  are   triads,  viz.,   (CT,  V\  F),   (7,  IT,  P),    ([7,  P,  7'0, 


{: 


C 
C 


C 
{: 
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(F,  ?,  Z7"),  (?,  IT,  rO,  .(?,  K  TJ'y  We  can  take  any  17  with  any 
V ;  but  not  a  JJ  with  a  IT  or  a  F  with  a  F.       .. 

'  We  see  that  the  vague  points  are  all  real  or  all  imaginary 
:according  as  (PH-4C|C,c,  is  positive  or  negative. 

Notice  that  [7,  JJ\  IT'  are  not  a  triad,  nor  are  F,  F',  F". 

In  two  homographic  trigraphies  the  vague  points  correspond ;  for 
a  definite  point  cannot  correspond  to  an  indefinite  point. 

4.  Given  the  trigraphic  relation,  to  construct  the  vague  points. 

Take  any  point  A  on  Z.  On  t  take  any  points  P',  Q\  ...  .  Keep- 
ing  X  at  A,  let  X"  be  at  A[\  A'i,  ...,  when  X'  is  at  P',  ©',... .  Then 
{P'Q'...)  =  ( Jl'-^a'...).     Similarly,  replacing  A  by  jB,  we  get 

(P-Q'...)  =  (PrPa'...). 
Hence  (ill'-^a'...)  =  (Pi'PJ'...). 

Now  (^,  17',  F"),  (^,  F',  IT'),  (P,  tr,  O,  (P,  r,  ^7")*  are  triads. 
Hence  we  have 

Hence  ?7",  F"  are  known  as  the  common  points  of  two  homographic 
ranges. 

6.  We  can  throw  the  trigraphic  relation  into  the  form . 

« 

{Jjy,  XA){J]'Y\  X'A'){jr'Y\  X"A")  =  1, 
where  -4,  A\  A"  are  particular  positions  of  X,  X\  X", 
For,  choosing  the  third  form  of  the  relation,  viz., 

«Y'+6i^r'-f  6,r*+&,«'-f  Ci<H-c,<'H-c,r +(i  =  0, 
let  X  be  at  F  and  X'  at  TJ' ;  then  X"  must  be  vague.     Now 

.       ^=  UXjXV  -^  UAjAV  =  00    and    t'  =  0. 
Hence  t"  is  given  by  &,^"+Ci  =  0. 

Hence  &,  =  0  and  c,  =  0.  Similarly,  [7,  V"  give  6i  =  0,  c,  =  0  ; 
and  r,  r'  give  &,  =  0,  c,  =  0.  Also  X^A,  X' =z  A\  X''=A" 
give  d  =  1.     Hence  f^'^"  =  1,  as  enunciated. 

An  equivalent  statement  is  that  UX/XV.  ITT /TV* .  TT'T'/X'^V" 
is  a  constant  (which  we  may  call  the  constant  of  the  trigraphy).  If 
we  take  X'  and  X''  at  infinity,  then  X  is  at  J,  and  the  above  con- 
stant is  UI/IV;  so  it  is  UT/rr,  and  also  U'T/rr'. 

As  two  simple  examples  of  the  above  theorem,  we  see  that  a 
variable  line  cuts  the  side  bf  a  triangle  ABO  in  points  which  generate 
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trigraphic  ranges,  A  being  V  and  JJ",  B  being  V"  and  U,  and  0 
being  V  and  ^';  also  that  tbe  lines  joining  A,  B,  0  to  &  variable 
point  meet  tbe  opposite  sides  in  points  wbicb  also  generate  trigrapMc 
ranges,  the  vagne  points  being  in  the  same  positions  as  before. 

Trispeetive. 

6.  If  a  variable  plane  through  a  fixed  point  0  cnts  three  given 
lines  I,  V,  I"  in  points  X,  X\  X",  and  if  the  plane  01  cnts  V,  I"  in 
IT,  F",  and  if  01'  cuts  I",  I  in  U",  F,  and  if  01"  cnts  I,  I'  in  U,  V, 
then  X,  X',  X"  generate  trigraphic  ranges  of  which  V,  V,  IT,  V,  IT, 
y  are  the  vague  pointo. 

It  will  be  sufficient  to  prove  that 

{JJV,  AX) .  {U'V,  A'X^  .  {JTV",  A-'X")  =  I, 
where  A,  A',  A"  are  particular  positions  of  X,  X",  X".     Let  OX,  OA 
meet  VV  in  the  points  *,  o,  and  let  0X\  OA'  meet  V"U'  in  x,  a. 

^''*''  (,UM,  AX)  =  (V"U',  aa), 

and  (TTV,  A'X')  =  {V'V,  a'aO- 


Hence  we  have  to  prove  that 

{VV,  ax)  .  (V'TJ\ 

Now  xzX"  and    aaA"    are  the  lines  of  intersection  of  the  plant 
VVV  with  the  planes  OXX'X"  and  OAA'A".     Hence 

vy  rv  v"A" ^_ 

aV'  a-y  A"V" 
Hence  the  required  result  is  true. 
VOL.  XXVI. — KO.  528.  2 
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vy  w£  v"x" 
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Three  ranges  situated  as  above  may  be  said  to  be  in  trispective, 
0  being  the  centre  of  trispective. 

7.  Conversely,  any  three  trigraphic  ranges  can  be  placed  so  as  to 
be  in  trispective. 

For  construct  a  gauche  quadrilateral  by  placing  U  at  any  point  Ly 
V  and  U'  at  M,  V  and  W  at  N,  and  V  at  B,     Let  the  plane  AA'A" 


B-F"  0 


JT-l^TT' 


meet  the  line  RL  at  0.  Then  the  trigraphy  determined  on  LM^  MIT^ 
NU  by  planes  through  0  is  the  given  trigraphy ;  for  the  vague 
poinl^  and  the  triad  (-4,  A\  A'')  are  the  saipe. 

Notice  that  the  above  construction  becomes  imaginary  if  the  vague 
points  are  imaginary.  In  fact,  in  this  case,  there  can  be  no  real 
position  of  0 ;  for,  if  there  were,  the  vague  points  would  be  real. 
Hence  the  disadvantage  of  starting  with  trispective  in  discussing 
trigraphy. 

Given  the  vague  points  and  one  triad  {A,  A\  .4"),  to  construct  the 
point  X"  corresponding  to  X,  X',  we  proceed  as  above  to  construct 
0 ;  then  the  plane  OXX'  cuts  jB^  in  X'\  Practically  we  should 
join  0  to  the  point  8,  in  which  XX'  cuts  LN, 

Trigraphic  Pencils. 

8.  Three  axial  pencils  are  said  to  be  tfigraphic  if  any  three  lines 
cut  them  in  three  trigraphic  ranges. 

Let  the  lines   meet  the  planes  (a,  b,  c,  p,  ...),    (a',  &',  c\p\  ...), 

(a\  h'\  c",  p",  ...)  of  the  pencils  in  the  points  (A,  B,  (7,  P,  ...)>  and 

so    on.     Then,  if  (ah,  pc)    represents  a    cross  ratio  of  the  planes 

a,  6,  p,  c,  we  'have 

{ah,pc)  =  (AB,PC), 

Hence,  if  «r'+...+(i  =  0 

is  the  trigraphic  relation  of  the  ranges,  it  is  also  the  relation  of  the 

P®^«^^«  ^  t  =  (ah,  pc), 

and  so  on. 


1895.]  Applications  of  Trigraphy.  451 

Let  the  equations  of  the  plane  p  referred  to  the  planes  a  and  h  be 

a^Jcl3, 
and  so  on.     Then 

t  =  sin  ap/ainph  -r-  sin  ac/sin  ch  =  k/k^,  say, 

where  k  =  sin  ap/ainph. 

Substituting,  we  get  a  more  convenient  form  of  the  trigraphic  rela- 
tion of  the  pencils  generated  by 

a  =  kft,     a'=k'ir,     a"  =  ri3", 

viz.,  kk'k"-^hik'k"-{'...-{-Cik+.,.+d  =  0. 

Conversely,  any  three  lines  cut  three  trigraphic  pencils  in  three 
ranges  which  are  trigraphic,  and  may  be  said  to  be  homographic 
with  the  pencils. 

9.  The  properties  of  trigraphic  pencils  now  follow  obviously  from 
those  of  ranges.     For  instance  : — 

If  we  replace  each  pencil  by  a  homographic  pencil,  we  obtain 
trigraphic  pencils. 

Two  vague  planes  can  be  drawn  through  each  axis  with  properties 
analogous  to  those  of  the  vague  points. 

But  there  are  clearly  no  planes  corresponding  to  the  vanishing 
points. 

K  we  take  the  vague  planes  as  planes  of  reference,  the  trigraphic 
relation  is  aa  a"  =  X^/3'/3",  where  X  is  a  constant. 

If  a  triad  of  trigraphic  pencils  is  homographic  with  a  triad  of 
ranges,  the  vague  planes  are  the  homographs  of  the  vague  points. 

The  reciprocal  of  a  triad  of  trigraphic  pencils  is  a  (homographic) 
tHad  of  trigraphic  ranges  ;  and  the  reciprocals  of  the  vague  planes 
are  the  vague  points. 

Three  pencils  are  said  to  be  in  trispective  if  every  three  corre- 
sponding planes  meet  on  a  fixed  plane.  By  reciprocating  §§5  and  6, 
we  see  that  pencils  are  trigraphic  if  they  are  in  trispective,  and  that 
trigraphic  pencils  can  be  placed  so  as  to  be  in  trispective. 

We  may  define  trigraphic  pencils  of  rays  in  a  plane  as  those  which 
are  cut  by  three  lines  in  trigraphic  ranges  ;  and  properties  analogous 
to  those  of  axial  pencils  hold. 
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Trigraphtc  Properties  of  a  Quadric  Surface, 

10.  If  A,  B,  G  are  fixed  points  on  a  quadric,  all  the  points  on  the 
quadric  subtend  at  the  axes  AB,  BG,  GA  pencils  which  are  trigraphic. 

The  equation  of  the  quadric  referred  to  the  tetrahedron  ABGD 
(where  D  is  any  fourth  fixed  point  on  the  quadric)  is 

Z/3y -f  mya -h 7ki/J-h^  (/a -fgri3  + Ay)  =  0. 

Let  the  equations  of  the  planes  joining  the  point  P  on  the  quadric  to 
BG,  GA,  ABhe  a=z  A;^,  /3  =  A;'^,  y  =  k''B.     Then 

Wh''^m1c''k-^nkk''\-fk-k'gk'-{-hk"  =  0. 

Hence  the  pencils  are  trigraphic. 

Also,  since  the  I'elation  is  satisfied  by  A;  =  oo ,  A;'  =  oo ,  A;"  =  oo ,  we 
see  that  -4  BO  is  a  self -corresponding  plane. 

Convei'sely,  the  locus  of  the  intersection  of  corresponding  planes  of 
three  trigraphic  pencils  whose  axes  are  AB,  BG,  GA  is  a  quadric 
through  A,  B,  G,  if  ABG  is  a  self -corresponding  plane  of  the  tri- 
graphy. 

By  reciprocation,  we  see  that  a  variable  tangent  plane  of  a  quadric 
generates  trigraphic  ranges  on  the  three  intersections  of  three  fixed 
tangent  planes  ;  and,  conversely,  the  planes  joining  corresponding 
points  of  three  trigraphic  ranges  whose  bases  meet  in  a  self-corre- 
sponding point  touch  a  quadric  which  touches  the  planes  formed  by 
the  pairs  of  bases. 

The  above  method  of  constructing  a  quadric  geometrically  has  an 
advantage  over  the  homographic  method  in  that  it  applies  to  quad- 
rics  which  have  not  real  rectilinear  generators. 

Trigraphtc  Property  of  a  Guhic  Surface, 
11.  The  geometrical  interpretation  of  the  equation 

is  clearly  that  corresponding  planes  of  three  trigraphic  axial  pencils 
intersect  on  the  surface 


of  the  third  order,  the  axes  of  the  pencils  being  rectilinear  generators 
of  the  surface.  Conversely,  all  the  points  on  a  sui'face  of  the  third 
order  subtend  at  any  three  of  the  generatoi's  of  the  suiface  pencils 
which  are  trigraphic ;  for  we  can  throw  the  equation  of  the  surface 
into  the  above  form. 

Reciprocating,  we  get  a  property  of  a  surface  of  the  third  class. 
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Trigrcuphic  Interpretation  of  the  Solution  of  a  Cubic  Equation, 

12.  Let  the  cnbic  equation  be 

a3^'\-Sha?-^Scx  +  d  =  0. 

Consider  the  symmetrical  trigraphy  on  the  same  line  given  by 

aaxx' -h hxx" -h hx'x  +  hxx  -^-cx-^rcx  -k- ex' + d  =  0. 

When  a?  =  a;'  =  x'\  we  get  the  triple  points  of  this  trigraphy.  Hence 
these  triple  points  are  the  graphs  of  the  roots  of  the  equation.  The 
trigraphic  relation  is  also 

VXIXY,  UX'IX'V,  UX"/X"V=  UI/IV. 

Hence  the  triple  points  are  given  by 


UX/XV=V  UI/IV. 

Hence  the  three  positions  of  X  are  known,  and  the  equations  can  be 
solved  geometrically  by  a  real  construction  if  it  has  one  real  root 
only. 

It  is  an  interesting  fact  that  the  vague  points  are  the  graphs  of 
the  auxiliary  quadratic,  i.e.,  of  the  Hessian.  For  the  vague  points 
are  given  by 

ax'x''  -f  hx"  -h  &a;'  -f  c  =  0    and     hx'x''  -h  caj'  -f  ex*'  -h  d  =  0. 

Eliminating  x,  we  get 

(ac-V)  x'^-h  (ad-bc)  x+hd—c*  =  0. 

Constructions,  given  Seven  Triads, 

13.  Given  seven  triads  of  corresponding  points  of  three  trigraphic 
ranges,  to  construct  the  point  corresponding  to  two  given  points. 

Let  the  seven  triads  be  (1,  2,  ...  7),  (1',  2',  ..„  70,  (1",  2",  ...  7")  ; 
and  let  8"  be  the  point  corresponding  to  the  given  points  8,  8^.  For 
brevity  denote  the  line  11"  by  Z,  I'l  by  l\  and  11'  by  Z".  Then  the 
pencils  Z(12...78),  Z'(1'2' ...  7'8'),  Z"(r2"  ...  7"8")  are  trigraphic. 
Let  the  planes  Z2,  Z'2',  Z"2"  meet  in  P„  and  so  on.  Then,  since  ll'l'' 
is  a  self-corresponding  plane  of  the  three  pencils,  the  points 
1,  1',  1",  P„  ...  Pg  lie  on  the  same  quadric.  To  get  S"  therefore,  we 
construct*  the  point  Pg  in  which  the  line  of  intersection  of  IS  and  I'S' 

*  The  problem — given  nine  points  on  a  quadric,  to  construct  the  point  ih  which  ' 
any  line  through  one  of  them  cuts  the  quacbio  agpain — is  solved  by  H^sse  in  volume 
xziv.  of  CrelWt  Journal, 
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meets  again  tlie  quadric  drawn  through  the  nine  points  1, 1',  1",  Pj, 
...  Py ;  then  8"  lies  on  the  plane  V'P^. 

To  construct  the  vague  points,  we  notice  that  IVTJ^  and  VW 
must  be  vague  planes  of  the  pencils.  Hence  their  intersection  must 
meet  the  quadric  in  an  indefinite  point.  Hence  they  must  be  drawn 
through  one  of  the  rectilinear  generators  through  1'.  So  for  the 
other  vague  points. 

To  construct  the  vanishing  points,  we  draw  ll'JX"  parallel  to  T'' 
and  WX  parallel  to  Z. 

To  construct  the  trigraphic  relation — 

Take  two  triads  (A,  A\  A"),  (P,  P',  P")  of  corresponding  points  aa 
double  origins.     The  relation  then  is 

Take  X  bX  A,  and  X'  at  P,  and  construct  X^  at  0",  say.     Then  k  =  0, 
A;'=:oo,   -c^  =  r  =  ^"CryCT'P'.      Hence   c,  is  known.      So  A;  =  0, 
jfe"  =  00  gives  c,.     Then  k'  =  0,  k"  =  oo  gives  hjc^,  and  therefore  &, ;  * 
and  k"  =  0,    k'=  oo   gives  bjc^    and    therefore    fe,-      Then    k"  =  0, 
jk  =  00  gives  6,/ci,  and  therefore  c,. 

If  the  ranges  are  in  the  same  plane,  we  first  project  the  ranges  on 
to  lines  which  are  not  in  the  same  plane,  and  finally  project  back 
again. 

If  pencils  are  given,  we  first  consider  sections  of  these  pencils. 

Plane  Ouhic  Curves, 

14.  If  we  take  three  trigraphic  pencils  in  the  same  plane,  three 
corresponding  rays  will  not  generally  meet  in  a  point ;  but  certain 
triads  will  be  concurrent.  The  locus  of  the  intersection  of  these 
triads  is  a  curve  of  the  third  order  which  passes  through  the  three 
vertices  of  the  pencils.     For  let  the  trigraphic  relation  be 

akk'k"'^b^k'k''-{-hik"k-\-h^kk'-{'C,k-\-Ctk'+c^k"-{'d  =  0, 

and  let  a  =  kfi,   a  =  k'0^,  a"  =  A;"/3"  be  a  concurrent  triad.      Then, 
substituting  for  k,  k\  k'\  we  get  the  locus  of  the  intersection,  viz., 

which  is  as  stated. 

Conversely,  all  the  points  on  a  curve  of  the  third  order  subtend  at 
any  three  points  on  the  curve  three  pencils  which  belong  to  two 
trigraphies,  one  of  which  merely  expresses  the  fact  that  the  three 
lines  are  concurrent. 
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Take  the  three  points  as  vertices  of  reference.     The  cubic  is 

Let  the  rays  be  /?  =  ky,    y  =  A;  a,    a  =  A;"/3.     Since  these  are  con- 
current, we  have  ,,/,//      , 

kkk  =  1, 

the  first  trigraphy.     Now  writing  the  equation  of  the  curve  in  the 

p  y  a  yap 

and  noticing  that  -^  =  k'k",  and  so  on,  we  get 

5,fc'r+&,rA;  +  63fcA:'+c,)fc  +  c,A;'+c,r  =  1, 

the  second  trigraphy. 

Notice  that  the  subtended  pencils  belong  also  to  every  trigraphy 
given  by  the  relation 

where  /x  is  an  arbitrary  constant. 

Taking  the  va^e  lines  of  any  one  of  these  trigraphies  as  lines  of 
reference,  the  trigraphic  relation  becomes 

and  the  equation  of  the  cubic  is  therefore 

uuu  =i  Art;  V  . 

This  gives  a  geometrical  interpretation  of  the  lines  tt  =  0,  &c.,  in  this 
form  of  the  equation  of  a  cubic. 

The  following  are  particular  cases  of  the  above  theorems : — 
If  the  vertices  of  the  pencils  lie  on  a  line  which  is  a  self -corre- 
sponding ray  of  the  pencils,  the  locus  breaks  up  into  this  ray  and  a 
conic.     For  every  point  on  this  ray  is  on  the  locus. 

All  the  points  on  a  conic  subtend  at  any  three  points,  one  of  which 
is  on  the  conic,  pencils  which  belong  to  two  trigraphies.  Here  the 
rest  of  the  cubic  is  the  line  joining  the  other  two  points. 

Constructi&ii  of  a  Ouhic  Curve. 

15.  If  nine  points  -4,  B,  0,  I,  2,  ...,  6  are  given  on  a  cubic,  we  can 
take  -4,  B,  0  as  vertices;  then  1,  2,  ...,  6  with  the  other  points  on 
the  cubic  subtend  trigraphic  pencils  at  A^  B,  0,     But  1,  2,  ...,  6  do 
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not  determine  the  trigraphy.  In  fact  we  must  give  some  definite 
value  to  /i.  The  most  convenient  value  is  /x  =  0.  Then  A;  =  oo , 
A;'  =  00 ,  k"  =  00  satisfy  the  relation ;  hence  AB,  BO,  OA  are  corre- 
sponding rays.  A  trigraphy  to  which  AP,  BP,  CP  belong  is  now  com- 
pletely defined,  viz.,  by  A(B12.„6),B(C12.,.6),  and  0(^412. ..6); 
and,  if  j4P,  BP,  CP  belong  to  this  trigraphy,  P  is  on  the  cubic. 

Given  nine  points  on  a  cubic,  to  construct  the  tangent  at  any  one 
of  them. 

The  tangent  at  A  is  the  ray  corresponding  to  BA  and  OA  in  the 
above  pencils. 

Given  nine  points  on  a  cubic,  to  construct  the  point  in  which  the 
line  joining  two  of  them  cuts  the  cubic  again. 

The  chord  AB  cuts  the  cubic  again  in  the  point  jB,  if  OB  corre- 
sponds to  AB  and  BA. 

Given  nine  points  on  a  cubic,  to  construct  the  points  in  which  any 
line  through  one  of  them  cuts  the  cubic  again. 

Let  the  line  be  AD  through  A,  Let  AD,  BY,  OZ  be  three  corre- 
sponding rays,  Y  and  Z  being  on  AD,  Then,  since  -4D  is  fixed,  BY 
and  CZ  generate  homographic  pencils.  The  required  points  are  the 
common  points  of  the  homographic  I'anges  generated  by  Y  and  Z, 

The  last  construction  is  a  solution  of  the  problem — Given  nine 
points  on  a  cubic,  to  construct  the  cubic. 

For,  by  constructing  the  other  points  on  every  line  through  A,  we 
find  every  point  on  the  curve. 

Notice  that — To  construct  the  points  in  which  a  given  line  cuts  a 
cubic  given  by  nine  points— ^is  the  same  problem  as  that  of  finding 
the  triple  points  of  the  ranges  determined  on  the  line  by  the  above 
trigraphic  pencils. 

Tioisted  Ourves, 

16.  We  know  the  projective  property  of  a  twisted  cubic,  viz.,  that 
all  the  points  on  it  subtend,  at  any  three  chords,  three  homographic 
pencils. 

There  are  two  kinds  of  quartic  curves,  viz.,  the  complete  intersec- 
tion of  two  quadric  surfaces  and  the  partial  intersection  of  a  quadric 
and  of  a  cubic  surface. 

Consider  the  complete  intersection  of  two  quadrics.  Take  any 
three  points  A,  B,  0  upon  it.  Then  any  point  P  on  the  quartic 
determines  at  AB,  BO,  OA  pencils  which  belong  to  two  trigraphies, 
ABO  being  a  self -corresponding  plane  in  each. 
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Consider  the  partial  intersection  of  a  quadric  and  a  cubic.  We 
know  that  the  other  portion  of  the  complete  intersection  is  two 
common  I'ectilinear  generators,  say  a  and  a'.  Take  any  third 
generator  a"  of  the  cubic,  not  in  the  same  plane  with  a  or  a'.  Then 
the  quartic  is  such  that  the  planes  Pa,  Pa'  generate  homographic 
pencils,  and  the  planes  Pa,  Pa',  Pa"  generate  trigraphic  pencils. 

In  the  same  way,  the  other  twisted  curves  which  are  the  intersec- 
tions of  a  quadric  and  a  cubic,  or  of  a  cubic  and  a  cubic,  may  be 
discussed. 

General  Case, 

17.  If  the  n  planes  a^  =  A^i/Si,  a,  =  A;,j3„  ...  a,»  =  A;«/3«  which  pass 
through  fixed  axes,  and  are  referred  to  fixed  planes,  are  such  that 

(a,  6„  6„  ...)(^i  +  l)(^2  +  l)  .-.  (^-  +  1)  =  0, 

the  constants  a,  &i,  &j,  ...  being  put  in  after  the  multiplication 
(JCi-{-l)(k^-^l)  ...  has  been  performed,  then  the  planes  are  said  to 
generate  an  w-graphy. 

The  general  proposition  is — The  locus  of  the  intersection  of  con- 
current corresponding  planes  of  an  «-graphy  is  a  surface  of  the  n^ 
order  which  passes  through  the  n  axes.  In  fact,  the  equation  of  the 
locus  is 

(a,  h,,  h,  ...)(«i+i3i)(a,+i3,)  ...  (o^-f /?«)  =  0. 

A  similar  definition  and  proposition  apply  to  plane  pencils,  and 
give  a  curve  of  the  vf^  order. 

The  locus  of  P  when  Pai,  Pa^,  ...,  Pa^  belong  to  an  m-graphy,  and 
P6„  P6j,  ...,  Phn  belong  to  an  n-graphy,  is  a  twisted  curve  of  the 
mn'**  order;  being  the  intersection  of  surfaces  of  the  m^  and  n"* 
orders. 

Notice  that  all  the  matter  from  §  14  onwards  can  be  duplicated  by 
reciprocation. 
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The  Reciprocators  of  Two  Conies  discussed  Geometrically.  By 
J.  W.  EussBLL,  M.A.  Received  May  8th,  1895.  Com- 
mnnicated  May  9th,  1895. 


General  Construction, 

1.  If  two  conies  a  and  /3  have  a  common  pole  and  polar,  we  can 
construct  a  conic  T  with  respect  to  which  they  are  reciprocal  in  the 
follo'wing  way  :— 

Let  U  be  the  common  pole ;  and  let  the  common  polar  u  cut  a  in 
-4,  A\  and  /J  in  B^  B.  Take  X,  JT  the  double  points  of  the  involu- 
tion {AB,  A'B'),  Let  any  tangent  qoi  a  cut  A  A'  in  N,  Let  the  line 
joining  JJ  to  the  fourth  harmonic  N'  of  N  for  XJT  cut  /3  in  Q.  Let 
QX  cut  q  in  M.  Take  B  so  that  {QM^  XR).  is  harmonic.  Now  take 
r  as  the  conic  touching  UX  at  X,  l/^JT  at  X',  and  passing  through  JR. 


Fig.  1. 

Then  AA'  is  the  reciprocal  of  U,  Hence  the  reciprocal  of  B  passes 
through  U;  and  also  through  A,  since  (BA^  XX)  is  harmonic. 
Hence  UA  is  the  reciprocal  of  B ;  so  UB  of  A,  UA'  of  B  and  UB  of 
A\  Hence  the  reciprocal  of  a  is  a  conic  which  touches  UB  at  B,  and 
UB  at  B,  Now,  since  (^^',  XJT)  is  harmonic,  the  reciprocal  of  N" 
is  UQ ;  hence  the  reciprocal  of  Q  passes  through  N ;  and  also  through 
M  since  (QM,  JfjB)  is  harmonic.  Hence  q  is  the  reciprocal  of  Q. 
Hence  the  reciprocal  of  a  also  passes  through  Q,  and  is  therefore  /3. 

2.  It  is  convenient  to  call  F  a  reciprocator  of  a  and  i3. 

Since  we  might  have  taken  X,  X'  as  the  double  points  of  the  invo- 
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lution  (AB\  A'B),  and  also  have  taken  Q  as  the  other  point  in  which' 
UN'  meets  /3,  the  above  construction  gives  fonr  solutions  of  the 
problem  if  A^  B,  A\  B'  are  distinct. 

Notice  that  in  all  cases  the  reciprocators  T  constructed  as  above 
will  have  a  self-conjugate  triangle  in  common  with  a  and  /3.  For  let 
F,  TFbe  the  double  points  of  the  involution  {AA\  BBT),  Now  X,  X' 
are  the  double  points  of  the  involution  (AB^  A'BT).  Hence  {AA'y 
BB"^  XX')  is  an  involution.  Hence  F,  W,  being  the  double  points  of 
this  involution,  are  harmonic  with  X,  X\  Hence  F,  W  are  conjugate 
for  a,  /3,  and  F. 

Particular  Cases. 

3.  If  the  two  conies  intersect  in  four  distinct  points,  we  may  take 
U  at  any  vertex  of  the  common  self -conjugate  triangle.  Then  A^  A\ 
B,  B"  will  be  distinct,  and  we  get  four  solutions. 

If  the  two  conies  touch  a  at  -4  and  have  two  distinct  intersections 
D,  E,  there  is  one  position  of  U,  viz.,  the  intersection  of  a  with  BE ; 
and  the  common  polar  w  of  17"  is  the  line  joining  A  to  the  intersection 


Fio.  2. 

of  the  distinct  common  tangents.  Here  A,  B  coincide.  If  we  take 
the  involution  (AB^  A!Bt)^  X  coincides  with  A  and  B,  and  X'  is  such 
that  (AX\  A'ff)  is  harmonic.  We  cannot  take  the  involution  (-4  B', 
A'B) ;  for  no  two  points  can  be  found  whiqh  are  harmonic  both  with 
.4,  A!  and  with  -4,  B^.     Hence  there  will  be  two  solutions. 

If  the  two  conies   have  double  contact,  we  may  take  JI  at  the 
common  pole.     Then  A^  B  coincide,  and  so  do  A\  'B.    If  we  take  the 
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involution  (AB,  A'B^,  Xia  at  A  and  X'  at  A' ;  and  F  has  double  con- 
tact with  a  and  /3.     This  gives  two  solutions.     If  we  take  the  involu- 


Fio.  3. 


tion  (-45',  A'B),  X  and  X'  are  any  two  points  which  divide  AA^ 
harmonically  ;  and  we  get  a  doubly  infinite  set  of  solutions. 

If  the  two  conies  have  four-point  contact,  we  may  take  U  at  any 
point  on  the  common  tangent ;  for  any  such  point  has  the  same  polar 


Fio.  4. 


for  both  conies.     Hence,  as  in  the  previous  case,  there  is  apparently 
a  doubly  infinite  set  of  solutions  (but  see  §  12). 


Exceptional  Gonstruction, 

4.  If  the  conies  have  three-point  contact  and  a  distinct  intersection, 
the  above  method  fails ;  for  then  the  conies  have  no  common  pole 
«,nd  polar.  Let  G  be  the  point  of  contact,  and  K  the  distinct  intersec- 
tion. Let  the  common  tangent  k  meet  the  tangent  c  at  0  in  D,  meet 
OK  in  Xr,  and  touch  the  conies  a  and  (i  in  A  and  B.  Let  the  tangent 
b  at  JST  to  a  cut  k  in  M,  Take  X,  the  fourth  harmonic  of  G  for  K,  L, 
Let  MX  cut  KB  in  Nj  and  take  P  such  that  (MN,  XP)  is  harmonic. 
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Now  take  as  F  the  conic  which  touches  c  at  0,  touches  DX  at  X,  and 
passes  through  P. 


Pig.  5. 

Then  the  reciprocal  of  D  is  OX.  Hence  the  reciprocal  of  K  is  k 
for  (CX,  KL)  is  harmonic.  But  ^  is  on  a  and  k  touches  a  ;  hence  k 
touches  and  ^  is  on  o',  the  reciprocal  of  o  for  F.  Now  M  is  on  k. 
Hence  its  reciprocal  passes  through  K ;  and  also  through  N,  since 
(MN,  XP)  is  harmonic.  Hence  KN  is  the  reciprocal  of  if.  Hence 
B  is  the  reciprocal  of  MK  which  touches  a.  Hence  JB  is  on  a\  Also 
since  a  and  F  touch  at  (7,  a  touches  both  at  0.  Hence  a'  and  fi  coin- 
cide ;  for  each  touches  c  at  G,  touches  k  at  J9,  and  passes  through  K. 

Notice  that  in  this  case  F  has  three-point  contact  with  a  and  /3  at 
C.  For,  if  a  and  F  have  not  three-point  contact,  they  have  a  common 
pole  and  polar ;  hence  o  and  0  have  a  common  pole  and  polar ;  which 
is  not  true. 

The  above  Solution  is  Exhaustive. 

5.  We  have  now  shown  that  in  every  case  there  is  at  least  one 
solution  of  the  problem.  Let  us  next  consider  whether  there  are  any 
solutions  other  than  those  already  found. 

Take  first  the  exceptional  case  in  which  the  conies  have  three- 
point  contact.  Here  the  conies  a  and  /3  touch  at  G  only.  Hence  F 
must  touch  both  a  and  '/3  at  G,  for  coincident  common  points  must 
I'eciprocate  into  coincident  common  tangents.  Again,  the  unique 
intersection  K  must  reciprocate  into  the  unique  common  tangent  k 
Hence  X  is  known,  and  then  P.     Hence  there  is  no  other  solution. 
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6.  Take  the  case  in  which  the  conies  a  and  j3  intersect  in  fonr 
distinct  points.  Then  a  and  F  must  also  intersect  in  four  distinct 
points,  for,  if  a  and  F  touch,  a  and  /3  touch.  Hence  a  and  F  have  one 
and  only  one  common  self -conjugate  triangle  UVW;  and  this  re- 
ciprocates into  itself  and  into  a  triangle  which  is  self -con jugate  for 
ft  and  F.  Hence  JJVW  must  be  the  common  self -conjugate  triangle 
of  a  and  ft.  Hence  a,  j3,  F  have  the  same  common  self -con jugate 
triangle.  Hence  the  polar  of  TJ  for  F  must  be  FfT,  i.e.,  we  must 
take  the  polar  of  U  for  a  and  ft  as  the  reciprocal  of  U.  Hence  the 
positions  of  X,  X'  are  known.  Also  the  reciprocal  of  q  which  passes 
through  N  and  touches  o  must  lie  on  the  reciprocal  of  N  (viz.,  UN'), 
and  also  on  ft.  Hence  Q  is  known,  and  then  B.  Hence  there  are 
four  and  only  four  reciprocators. 

Take  the  case  in  which  a  and  ft  touch  at  A,  and  intersect  in  two 
distinct  points  D,  E.  Then  the  line  DE  must  reciprocate  into  F,  the 
intersection  of  distinct  common  tangents.  Also  A  must  reciprocate 
into  a.     Hence  U  must  reciprocate  into  AF. 

Take  the  case  in  which  a  and  ft  touch  at  A  and  A\  Then  A  must 
reciprocate  into  UA  or  UA\  and  A'  into  UA'  or  UA.  In  either  case 
U  reciprocates  into  AA\ 

Take,  lastly,  the  case  in  which  the  conies  have  four-point  contact 
at  A.  Then  A  must  reciprocate  into  a,  the  tangent  at  A.  Hence  the 
reciprocal  of  any  point  U  on  a  must  reciprocate  into  some  line  u 
through  Af  say  AA'S^.  Then  the  reciprocal  of  A'  on  o  and  u  is  the 
tangent  to  ft  from  U,  i.e.,  is  UB".  Hence  u  is  the  polar  of  U  for  /3, 
and  therefore  for  a  also. 

Hence  in  all  cases  we  have  obtained  every  reciprocator. 

Self-reciprocal  Oonics, 

7.  Let  us  next  inquire  for  what  conies  a  given  conic  is  its  own 
reciprocal. 

Let  the  point  A  on  the  conic  a  be  the  reciprocal  of  the  tangent  a 
of  the  conic  a.  Then  the  tangent  a  at  A  is  the  reciprocal  of  the 
point  of  contact  A'  of  a.  Hence  (AA'BB" ,..)  of  poles  =  (joLahV  ...)  of 
polars  =  {A'AB'B  .,.)  of  points  of  contact.  Hence  (AlA\  BB^,  ...)  is 
an  involution.  Hence  AA\  BB",  ...  meet  in  a  fixed  point,  0  say. 
Now  let  A  be  one,  ^,*of  the  points  of  contact  E,  F  of  tangents  from 
0.  Then  the  reciprocal  of  j^  is  the  tangent  at  E,  Hence  the  re- 
quired reciprocator  F  touches  OE  at  E.  Similarly,  F  touches  OF  at 
F.     Hence  a  and  T  have  double  contact. 
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Let  AE  out  A'F  in  P,  and  let  AF  cnt  A'E  in  P".     Then  P  and  P" 
»re  on  r.     For,  if  a  cnt  JP  in  L  and  EP  in  0, 

(AL,  FF)  =  A-  {AL,  FF)  =  (SO,  FS), 


whioh  is  harraonic,  for  O  is  the  pole  of  AA'.  Now  a  is  the  reciprocal 
of  A,  and  P  is  on  r.     Hence  P  is  on  T,  and  similarly  P. 

We  have  still  to  verify  that  snch  a  conic  exists.  Describe  a  conic 
V  tonching  OE  at  E,  OF  at  P,  and  passing  throngh  P.  Then  the 
reciprocal  of  a  for  this  conic  touches  OE  at  E,  and  OF  at  P.  Now, 
since  (AL,  FP")  is  harmonic,  the  reciprocal  of  A  passes  through  Z. 
Also  AA'  is  the  reciprocal  of  0,  since  (OH,  FE)  is  harmonic.  Hence 
the  reciprocal  of  A  passes  through  0.  Hence  a  ia  the  reciprocal  of  A. 
Hence  the  reciprocal  of  a  touches  OB  at  E,  OF  at  F,  and  also  touches 
a;  and  hence  is  a.     Hence  the  reciprocal  of  a  for  r*  is  a. 

Also  the  reciprocal  of  V  for  a  is  F',  First  notice  that  P  is  on  the 
conic  r  by  the  first  part  of  the  above  proof.  Also  that  PF'  pasHes 
through  0  (and  also  through  0)  since  PF,  EF  and  AA'  are  the 
diagonals  of  the  samie  qoadrilaterah  Now  P"  is  generated  from  a  by 
tbe  intersection  of  EA'  and  AF,  and  a  is  generated  from  P  by  thft 
intersection  of  EP"  and  FF.    Hence  r*  ifi  self-reciproo^  for  a. 
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8.  Such  conies  .may  be  called  a  pair  of  self -reciprocal  conies,  eacli 
being  its  own  reciprocal  for  the  other.  The  fundamental  property  of 
self -reciprocal  conies  is  that  they  are  in  harmonic  homology,  taking 
E  as  pole  and  OF  as  axis,  or  J^  as  pole  and  OE  as  axis.     For 

(EN,  AP)  =  0  (EN,  AP)  =  (EF,  HO) ; 

so  for  F.  The  simplest  definition  is  that  they  have  double  contact, 
and  have,  at  each  point  of  contact,  equal  and  opposite  curvatures. 
For,  since  (MF,  ilF)  is  harmonic,  AF :  FP'  ::  MA:  MF  ::  OF:  OF, 
when  A  and  P'  coincide  with  J^.  Hence  AF  =  FF  ultimately,  and 
similarly  A'F  =  FP,  And  the  angles  AFA'  and  FFP  are  equal. 
Hence  the  triangles  AFA'  and  FFP  are  ultimately  equal  in  all 
respects.  Hence  the  curvatures  of  a  and  F  at  ^  are  equal  and  oppo- 
site ;  and  similarly  at  E.  The  above  proof  does  not  apply  if  ^  is  at 
infinity,  but  in  this  case  the  proposition  respecting  curvature  is 
nugatory. 

Connexion  between  the  Jteciprocators, 

9.  Let  us  now  study  the  connexion  between  the  various  conies  T 
for  which  the  same  two  conies  a  and  /3  are  reciprocal. 

We  notice  that  the  reciproeators  always  occur  in  pairs  which  touch 
at  two  points  X  and  X\  say,  and  that  another  reeiprocator  cannot 
touch  both  of  these  conies  at  X,  X\  We  shall  now  prove  that  the 
two  conies  Fj,  F,  forming  such  a  pair  are  self-reciprocal.  For 
reciprocate  for  Fj.  Then  o  reciprocates  into  /3  and  /3  into  a.  Fj  re- 
ciprocates into  itself.  Also  F,  reeipi'oeates  into  a  reeiprocator ;  for 
the  proposition  that  a  and  /3  are  reciprocal  for  F,  reciprocates  into 
the  pix)po8ition  that  fi  and  o  are  reeipix)eal  for  the  reciprocal  Fj  of  F,. 
Hence  F^  is  a  reeiprocator  having  double  contact  with  Fi  at  X,  X^. 
And  the  reciprocal  for  Fj  of  no  conic  except  Fi  can  coincide  with  Fj. 
Hence  Fj  coincides  with  F,,  i.e.,  Fj  and  F^  are  self-reciprocal. 

10.  If  the  two  conies  intersect  in  four  distinct  points,  then  each  of 
the  four  conies  F,,  Fj,  F,,  F^  is  self -reciprocal  for  every  other.  For 
let  Xi,  Xi,  Xj,  X'i  be  the  double  points  of  the  above  construction  on 
FTF;  Yi,  Y\,  Y^,  Y^  those  on  WU -,  and  Zi,  Z\,  Z^,  Z^  those  on  JJV, 
where  WW  is  the  common  self-conjugate  triangle  of  a  and  /3.  Let 
F„  F,  touch  VX^,  UX{  at  X„  Xi  and  let  F,,  F^  touch  UX,,  UX^  at 
Xj,  X2.  Then  l\,  F,  are  self- reciprocal,  and  so  are  Fj,  F^.  Now  two 
of  the  four  touch  TYi,  VY[  at  Yj,  Y,' ;  but  F,,  Fj  cannot  touch  again, 
nor  can  F^,  F^.  Hence  F,  must  touch  F,,  or  F,  touch  F^.  Then  F, 
touches  F4,  or  T^  touches  F,  at  Y„  Yj.     Hence  Fj,  F,  are  self-reciprocal. 
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•and  so  are  r„  F^.  Similarly,  Fj,  F^  touch  on  UV,  and  so  do  F„  F,. 
Hence  Fi,  F^  are  self -reciprocal,  and  so  are  F„  Fj.  Hence  every  one 
of  the  conies  Fj,  Fj,  F„  F4  is  self -reciprocal  for  every  other. 

If  the  two  conies  touch  and  intersect  in  two  points,  the  two  conies 
Fi,  F,  are  self -reciprocal ;  for  they  have  double  contact. 

11.  If  the  two  conies  a  and  /3  have  double  contact  at  A  and  A\  the 
two  reciprocators  Fi  and  F,  which  have  double  contact  with  them  at 
A  and  A'  are,  as  before,  self -reciprocal.  Let  F,  and  F^  be  the  recipro- 
cators touching  at  X,  X\  where  X,  X'  are  harmonic  with  Aj  A' ;  these 
also  are,  as  before,  self -reciprocal.  Take  F,  W  the  double  points  of 
the  involution  (AA\  XX').  Then  F,  W  are  conjugate  for  a,  /3,  Fi,  F„ 
Fj,  F4.  Hence  TJVW  is  a  self -conjugate  triangle  for  these  conies. 
Also  no  other  reciprocator  has  TJVW  as  a  self -conjugate  triangle. 
For  suppose  the  reciprocators  yj,  y\  touching  at  ar,  x'  have  TJVW  as  a 
self-conjugate  triangle.  Then  F,  W  are  harmonic  with  a?,  x\  which 
are  hannonic  with  A^  A*.  Hence  a;,  x  coincide  with  X,  X' ;  for  these 
are  also  hannonic  with  both  A^  A*  and  F,  TF.  Now  the  four  recipro- 
cators obtained  by  using  F  or  TF  as  pole  have  also  TJVW  as  a  self - 
conjugate  triangle  (see  §  2,  end).  Hence  these  conies  are  the  same 
as  F|,  F„  F„  F4.  Hence,  as  in  §  10,  they  are  self -reciprocal  in  pairs. 
Hence  we  conclude  that  each  of  the  variable  conies  F„  F4  has  double 
contact  with  the  fixed  conies  Fi,  Fj  both  on  [7Fand  on  UW. 

12.  Finally,  if  the  conies  a  and  /3  have  four-point  contact,  the 
reciprocators  consist  of  one  conic  F'  and  a  system  of  conies  self- 
reciprocal  for  F'.  For  (see  Fig.  4),  the  conic  F'  having  four-point 
contact  with  both  a  and  /3  at  J,  and  passing  through  X'  is  a  recipro- 
cator. For  the  tangent  at  X'  is  UX\  since  the  tangents  at  A!  and  X' 
to  a  and  F'  meet  onATJ)  hence  AA!  is  the  reciprocal  of  JJ.  Hence 
the  reciprocal  of  UA'  is  S.  Hence  the  reciprocal  of  a  for  F'  is  a 
conic  having  four-point  contact  with  /3  at  A^  and  passing  through  ^, 
I.6.,  is  /3.  Also  F'  is  one  of  the  reciprocators  belonging  to  AA\  for  it 
is  a  reciprocator  and  touches  TJX'  at  X'  and  TJA  at  A.  And  the 
other  is  self -reciprocal  for  F'. 

13.  We  can  extend  the  above  construction  to  two  quadrics.  For 
instance,  take  the  case  in  which  the  two  quadrics  have  a  common 
pole  and  polar,  TJ  and  u.  Let  the  quadrics  be  ^  and  ^,  and  let  their 
sections  by  the  plane  t*  be  a  and  /3.  Take  any  reciprocator  y  of  the 
conies  a  and  /3.     Let  any  tangent  plane  q  oi  ^  cut  u  in  the  line  n. 
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Let  the  line  joining  U  to  the  pole  N'  of  n  for  y  cut  ^  in  the  point  Q. 
Let  the  line  joiliing  Q  to  any  point  X  on  y  meet  q  in  if,  and  take  the 
point  B  so  that  (Qlf,  XE)  is  harmonic.  Then  a  reciprocator  of  the 
quadrics  ^  and  ^  is  the  quadric  F  which  passes  through  B  and 
touches  the  cone  joining  U  to  y  along  y. 

For  let  (f/  be  the  reciprocal  of  ^  for  T.  Then,  since  ^  touches  the 
cone  joining  27  to  a  along  a,  ^'  touches  the  cone  joining  U  to  fi  along* 
/3 ;  for  U  is  the  reciprocal  of  u.  Now  Q  lies  on  UN*.  Also  N*  is  the 
reciprocal  of  Un.  Hence  the  reciprocal  of  Q  passes  through  the  in- 
tersection of  u  and  Uh,  i.6.,  through  n ;  and  it  passes  through  If,  since 
{QMy  XB)  is  harmonic  ;  hence  it  is  q.  But  q  touches  0 ;  hence  Q  is 
on  (p\     Hence  <p  is  ^. 

Notice  that,  since  Q  may  have  two  positions,  we  get  twice  as  many 
reciprocators  of  the  quadrics  as  there  are  of  the  conies  a  and  j8. 
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The  following  analytical  investigation  was  undertaken  with  the 
object  of  confirming  Mr.  Russell's  statements  as  to  the  number  of  the 
conies  r  in  the  different  cases,  concerning  which  some  doubts  had 
been  expressed.  For  this  reason  the  result  in  §4  is  obtained  by 
rigorous  analysis  instead  of  being  assumed  as  geometrically  obvious* 
The  result  of  §  2  and  the  existence  of  the  infinite  systems  in  the  casea 
of  double  and  four-point  contact  were  first  obtained  as  below  by 
means  of  analysis.  It  is  hoped  that  the  additional  matter  contained 
in  §  7  and  onwards  may  be  not  without  interest. 

1.  In  the  case  of  four  distinct  intersections,  the  equations  of  the 
two  conies  may  be  written 

8'  =pix?+qy^-{-rs^=0. 
Take  the  equation  of  F  in  the  most  general  form  possible,  viz., 

cuif-\-hy^  +  cs?'^2fyz+2gzx-^2kxy  =  0. 
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The  reciprocal  of  8  for  P  then  has  for  its  eqnationl 

(ax+hy+gzy'¥(hx+hy'^fzy+(gx-hfy'¥czy  =  0. 
If  this  is  8\  we  must  then  have 

gh+f(b+c)=^0,    A/+flr(c+a)=0,    fg+h(a-^h)  =0. 

lif^g^Jh  are  none  of  them  zero,  we  have 

f  =  {a-\'c){a-\'h),    g"  =  (6+a)(6+c),    h*  =  (c+6)(c+a), 

with  the  condition 

M+(6+c)(c+a)(a+6)  =  0. 

The  equation  of  the  reciprocal  of  S  then  becomes 

which  is  8  again,  and  hence  this  solution  must  be  rejected. 

If /is  zero,  but  not  both  g  and  h,  suppose  that  g  is  zero.     Then 

and  the  reciprocal  of  i9  is 

(a:«+y«)(a«+V)+c«^  =  0, 

which  has  double  contact  with  S,  and  therefore  is  not  8\ 

Hence  we  must  have  /  =  0,  gr  =  0,  ^  =  0,  and  F  may  be  any  one 
of  the  four  conies 

Hence  when  two  conies  have  four  distinct  intersections  they  are 
reciprocal  for  four  conies  and  four  only. 

(It  may  be  noticed  that  any  one  of  these  four  conies  is  its  own 
reciprocal  for  any  of  the  other  three.) 

2.  From  the  preceding  analysis  it  is  clear  that  the  most  general 
equation  of  a  conic  for  which 

is  its  own  reciprocal  is 

2  fl  2 


468  Mr.  A.  E.  Jolliffe  on  the  [May  9, 

Hence  T  has  double  contact  with  8.  The  roots  of  the  equation 
formed  by  equating  to  zero  the  discriminant  of  i:iS  +  F  are  —  (a + 2>  -f-  c), 
—  (a  +  6  +  c),  •{•(a-^-h-i-c),  i.e.,  the  double  root  is  equal  to  the  remain- 
ing root  but  of  opposite  sigpi. 

Now,  if  two  conies  touch  at  a  finite  point,  their  equations  can  be 
written  in  the  form 

F  =  2y  -f  iV  H-  2fn!xy  -f  n'y"  =  0     (Cartesian  ocx>rdinate8) . 

Here,  if  we  equate  to  zero  the  discriminant  of  ic[7+  F,  the  double  root 
is  —1,  and  the  single  root  ^V/l,  Hence,  if  these  roots  are  equal  but 
of  opposite  sigpi,  T  =3  —  Z,  and  the  conies  U  and  F  have  equal  bat 
opposite  curvatures  at  their  point  of  contact. 

Hence  two  conies  are  self -reciprocal  if  they  have  finite  double  con- 
tact and  equal  but  opposite  curvatures  at  each  point  of  contact. 

If  the  chord  of  contact  is  the  line  at  infinity,  the  equations  must 
evidently  be  of  the  form 

i8=±c, 

where  5  is  a  homogeneous  quadratic  function  of  x  and  ^,  and  c  a 
constant. 

3.  If  iS  and  S'  have  double  contact,  their  equations  may  be  written 

flf  =  iB»+y*+«"  =0, 

and  from  §  1  it  is  clear  that  they  are  reciprocals  for  the  two  conies 
and  any  conic  whose  equation  is  of  the  form 

where  a'-f^'  =  1. 

This  system  of  conies  can  be  obtained  more  simply  thus :  8  and  8' 
are  by  §  I,  reciprocals  for  the  four  conies 

Now  the  equations  of  8  and  8'  may  be  written  in  an  infinity  of  ways 
in  the  form  JP+r+«'   =0, 
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and  are  therefore  reciprocals  for  the  conies 

The  two  conies  JP+  Y»  ±  ^r «•  =  0 

are  the  same  as  before,  but  the  conies 

are  not,  and  evidently  belong  to  the  system 

a  (pf—f)  ±  ^/rs^^-^hxy  =  0, 
where  a'+A*  =  1. 

It  may  be  noticed  that 

are  each  self -reciprocal  for  the  other  and  any  conic  of  the  doably 
infinite  system. 

4.  Next  consider  when  two   intersections  of  B  and  ff  coincide. 
Their  equations  may  always  be  written  in  the  form 

As  before,  assume 

r  =  aa?-\'h/^-he3f-¥2fyz+2gzx-k-2hxy  =  0. 
The  reciprocal  of  8  for  F  has  for  its  equation 

(ax-^hy'\-gzy  +  2  (^+by+/«)(gr«+/y+c«)  =  0, 
».e.,  ««(a*+2^)-|-j^(V  +  26/)+«»(<7«+2/c)  '^2yz(gh+ho-hf) 

'¥2zx{ag-hg/'¥ch)'\'2xy(ah'{-fk-hhg)  =0; 
therefore  g  (a-^f)  -hch  =  0,    g'+2fc  =  0. 

If  neither  g,  /,  c,  nor  h  vanish,  the  reciprocal  becomes 

(6c+/«+srA)(2yaf+««)+a»  (^+7*-lKj)-2»yiL(jq:7*-.6c) 

c 

which  has  double  contact  with  8. 

Suppose  ^  =  0 ;  then  /  =  0  and  c  =  0,  and  the  reciprocal  reduces  to 
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or/=  0,^  =  0;   or   c  =  0.     If /=0,   gr  =  0,   ^  =  0,   tbe  eqnatioxL 

of  the  reciprocal  is 

aV+26cy«  =  0, 

which  has  doable  contact  with  8. 

^  ^  =  0,  c  =  0,  then  P  touches  8  and  8'  at  their  common  point, 
and  we  can  find  a,  h,  /,  ^. 


5.  Let  0  he  the  point  of  contact,  P,  Q  the  two  other  intersections, 

and  OB  the  harmonic  conjugate  of  the  common  tangent  for  OP,  OQ. 

Let  OB  meet  8  in  B,  and  take  as  triangle  of  reference  OB,  and  the 

tangents  to  Sf  at  0  and  B,    The  equations  of  the  oonics  may  then  be 

written  «      r*  •       ^ 

8  =  2y«+aj*  =  0, 

S'=  2yz+jpa!'+ffJ^  =  0. 
If  p  s=  1,  we  have  the  case  of  four-point  contact. 

Let  r  =  2y«-faa^  +  2^  +  6y"  =  0. 

Then  the  reciprocal  of  Sf  is 

therefore  a'  =  p,    ^(a+l)=0,    V-l-26  =  g, 

and  we  get  for  T  the  two  conies 

2yz±v/p«*+Jgr/=0, 

unless  j9  =  I,  and  then  we  get  the  conic 

and  the  system       2yz^sf+2hxy+i  (q—h^)  ^  =  0, 
or  2yz+aj*+Jgy«-2(«+^)   =0. 

Hence  when  two  conies  touch  and  have  two  other  distinct  inter- 
sections they  are  reciprocals  for  two  conies,  and  two  only  (each  of 
which  is  reciprocal  for  the  other). 

If  they  have  four-point  contact,  they  are  reciprocals  for  one  conic 

having  four-point  contact  with  each  of  them,  and  also  an  infinite 

Byatem  of  conica  touching  them  at  tiievc  coixmioTL  ^\ii\><i  «sA  \\»iTYDL!^ 
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there  an  equal  and  opposite  coryatore.  Each  conic  of  this  STstem  is 
self -reciprocal  for  the  single  conic. 

6.  If  the  conies  have   three-point   contact,    we   maj  take   their 
equations  as 

In  this  case  there  is  no  difficulty  in  proving  that  they  are  reciprocals 
for  the  single  conic 

7.  In  the  case  of  four  distinct  intersections,  taking  the  conies  as 

their  covariant  is 

F  =  J>(q-hr)  ««+g  (t+p)  y'+r  (p-¥q)  x;*  =  0 ; 
we  also  have  identically 

F'^^p^qy/r(y/p+^q'¥^/r)8  +  (^qyr-^yryp'{-yp^q)8' 

=  (>/q'^>/rX^r+y/p)(^pi-y/qXypiK?'^^qy'+^r^), 

whence  we  may  write  the  equation  of  P  in  the  form 

F+ A'fif  (— ^  + --1— + -^-1- ) 

\  y/K^  y  If,  y If,  y/K^  y  If,  y  «|  / 

where  ici,  k,,  k,  are  the  roots  of  the  equation 

A,  9,  9',  A'  being  the  invariants  of  8  and  S^.  The  double  signs  of 
the  surds  give  four  distinct  conies  F.  The  equation  of  all  four  of 
them  together  may  be  obtained  rationally  thus. 

The  equation  of  any  one  of  them  is 

F+a8-hhff=iO, 
where  a«  =  A'(9+26),     6'  =  A(9'+2a). 

Multiply  the  first  of  these  equations  \>7  ob.'b^  a  wvRRwe.wi^  ^  "^ssSs. 


472 


Mr.  A.  E.  Jolliffe  on  ihe 


[May  9, 


eliminate  a*  and  V  by  means  of  the  other  two.    We  shall  then  obtain 
obF  -|-AeiS6+Ae'iSa-|-2AA'  (Q8'-he'8'-2F)  =  0, 
ab8 -{-  Fh    +2AiSa+  AO'iSf'  =0, 

a6i8f'-|-2A'i8f6+    aF    +  A'Gflf  =0, 

also  8'h+    a8    -¥  F  =0; 


therefore 


F, 

AG'S', 

A'es,   2AA'(es'+e's 

8', 

-P, 

2A'S,               A'es 

8, 

2AS', 

F,                    Ae'8' 

0. 

s. 

8',                    F 

-2F) 


=  0, 


the  required  equation. 

8.  If  iS  and  8'  have  double  contact,  p=^q,  and  two  of  the  four 
equations 

^-h A'iSf  (--r-^ +  ...)+ ^iS' ( y^i  v/if,+ ...)=  0 

give  the  two  conies  F  having  double  contact  with  8  and  8\  The 
other  two  reduce  to  the  identical  relation  connecting  F,  8j  S\  It 
follows  that  the  equation  of  these  two  conies  F  can  be  expressed 
linearly  in  terms  of  8  and  8\  and  there  is  no  difficulty  in  verifying- 
that  their  equation  is 

the  signs  of  the  surds  being  chosen  so  that 

(ee'-9AA')  =  2v/(e'«-3A'e)-/(e«-3Ae'). 

9.  When  8  and  S'  touch  without  having  double  contact,  the  pre- 
ceding analysis  is  not  applicable,  but,  if  we  take  the  equation  of  §  5 
and  examine  what  the  four  equations 

F-rA'8[--^^^...)+^8'Uic,yK,^...)=zO 

represent  in  this  case,  we  shall  find  that  two  of  them  give  the  two 
conies  F,  and  the  other  two,  which  become  coincident,  are  the  square 
of  the  equation  of  the  common  tangent. 

The  equation  of  the  two  conies  F  therefore  is 

(^F^  ^  +icAiS')'  =  4AA'  (flfyc+  il)', 
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where  c  is  the  donble  root  of 


ic»A-ic*e-|-ce'-A'  =  0, 
or         {^(ee'-9AA0 -l-2A'flf  (e'-SAG') -|-2Ai8f'  (G'^-SA'e)}* 

=  8AA'(ee'-9AA0  {/Sv/(e''-3A'e)  +  flfV(^-3AG')}V 
the  signs  of  the  surds  being  determined  as  in  §  8. 
The  sqnare  of  the  equation  of  the  common  tangent  is 

JP-  ^  -icAiS'  =  0, 

K 

or       -F(GG'-.9AA')-2A'flf  (G«-3AG')-2AS'  (G'*-3A'G)  =  0. 

10.  If  fi>  and  8'  have  three-point  contact,  we  can  verify  that  one  of 
these  expressions  for  the  equations  of  F  still  gives  the  equation  of  F, 
and  the  other  three  give  the  square  of  the  equation  of  the  common 
tangent.     Hence  the  equation  of  F  is 

3A'i8f 


F-h 


+3icAS'  =  0, 


or  F+e'S-^Q8'  =  0, 

and  the  square  of  the  equation  of  the  common  tangent  is 

3JP'-Gi8f'-G'flf  =  0. 


11.  If  Sf  and  8'  have  four-point  contact,  we  can  easily  verify  that 

3F-Gi8f'-G'flf  =  0 

is  an  identity,  and  the  equation  of  the  conic  F  having  four-point 
contact  with  each  of  these  is 

F=0    or    G/S'+G'i8f  =  0. 
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On  the  Form  of  the  Energy  Integral  in  the  Va/tyvng  Motion  of  a 
Viscous  Incompressible  Fluid.  By  J,  Bbill,  M.A.  Beceived 
May  29th,  1895.  Bead  June  13th,  1895.  Beceived,  in  new 
form,  September  11th,  1895. 

1.  In  the  varying  motion  of  a  viscons  incompressible  fluid,  the 
energy  integral  can,  in  two  special  cases,  be  put  into  the  same  simple 
form  as  in  the  motion  of  the  perfect  fluid.  These  are  the  two- 
dimensional  case  and  the  case  in  which  the  motion  is  symmetrical 
about  an  axis.  In  the  three-dimensional  motion  of  the  viscous  fluid 
the  energy  integral  is  of  a  more  complex  form  than  in  the  corre- 
sponding case  of  motion  of  the  perfect  fluid. 

,    2.  We  will  first  consider  the  case  of  two-dimensional  motion.     If 
we  write 


the  equations  of  motion  may  be  written  in  the  form 

ox      Ot  Oy 


(1). 


Oy       ot  ox 

Eliminating  Q  from  these  equations,  we  obtain,  for  the  equation 
€ontrolling  the  vortex  motion. 


(3). 


3y  V  By' 

Now,  consider  the  difEerential  equations 

dx      dy       dt 

ox  Oy 

If  m  =  const,  and  fi  =  const,  be  two  independent  integrals  of  these 
equations,  we  have 

rf  =  - ^=      ^ 

3(y,0      SCt>«)      '^^.'^ 
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Alflo,  in  virtue  of  equation  (2),  we  see  tliafc  m  and  /3  may  be  so 
chosen  that  we  may  write 


21  = 


3  (y.  0 

a  it,  X) 
a  (m,  H) 

a  («,  y)  . 


(4). 


Bnt  we  have 


OX     Oy  d(ar,  y)       dx^     Oy'      oy^     9aj' 

from  which  it  follows  that  there  exists  a  certain  f miction  a,  snch  that 


u  = 


V  = 


da;         do; 
3y  3y  J 


(5). 


.     If .  we  substitute  from  equations  (4)  and  (5)  in  the  first  of  equa- 
tions (1),  it  becomes 

a*    a*va»     dxi    a(<,«)     ' 

which i^Tusee  to      |5  +  |.  (^+^^)  =0 (6), 


Similarly,  the  second  of  equations  (1)  may  be  reduced  to  the  form 


dy     dy^Ct         dt' 


(7). 


From  equations  (6)  and  (7)  we  immediately  deduce  the  energy 
integral  in  the  form 

•    Q+^+«^  =  Kt^    -^^ 

3*       ot 
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Now,  if  we  write 

ox  i    ^  OX' 


then  equations  (3)  assume  the  form 

dx dy  ^ 

u'  ~  t?'  ~ 


cU, 


from  which  it  follows  that  m  and  /3  satisfy  the  equations 

dm  ,     fOm  ,    •  om      ^ 
d^  da;         dy 

ot         Ox         oy 


3.  In  the  case  in  which  the  motion  is  symmetrical  about  an  axis,, 
the  equations  of  motion  assume  the  form 


Or       ot  oz 


..(9). 


Eliminating  Q,  as  before,  we  obtain 


l^|{^-'(l*7)M(^-'l)='' w 


Thus,  if  m  and  P  be  two  independent  integrals  of  the  equations 

dr  dz 


dtat 


s; 


we  have 


\Cr       r  /  dz 


(11). 


7«— 1 


Out 


3  (m,  ^) 

a  iz,  t) 


9  (m,  i8) 
a  it,  r) 


a  (m,  /3)  ' 
a  (r, «) 
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and,  in  virtue  of  equation  (10),  we  see  that  m  and  /3  may  be  so 
chosen  that  we  may  write 


2(7— .|?)=^i2hJi 

2„^h2!hM 
d  (r,  z) 

-    |-f=-=ltf=l(»a!)-|(»|)- 


Thus  we  see  that  there  exists  a  function  a,  such  that 


(12). 


17  = 


7  = 


Or         Or 
Oz  Oz 


(13). 


Substituting  from  equations  (12)  and  (13)  in  equations  (9),  we 
readily  find  that  they  reduce  to  the  form 


a«    a«  ^a^ 

These  equations  at  once  give  us  the  energy  integral  in  the  simple 

^^l+'^f  =-^<^> ('*>• 

which  is  exactly  like  equation  (8). 
Further,  if  we  write 


7'  =  V-r  I  logr«  =  1  (  7— r  |:), 
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we  see  that  equations  (11)  assume  the  form 

—  —  —  —  /2^ 

Thus  m  and  /3  satisfy  the  equations 


dt 


iz 


ot  Or  oz 
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4.  We  now  come  to  the  discussion  of  the  three-dimensional  case. 
We  will  write 

Ox         OX  ^         oy  Oz         oz 

from  which  it  follows  that 

•         

o^_9(m,  ff)       2^  _ 9  (m,  />)      o^_.9(m, /?) 
9  (y,  «)  '  9  («,  a;)  '  9  («,  y) 

The  equations  which  control  the  vortex  motion  in  this  case  are 

(15). 


Guided  by  our  former  work,  we  will  now  make  the  assumptions 

of  yjL.    /9{      drt\  \      9  (m,  /?)   , 

C  V9y      9^?^)        9(aj,  0 


+c. 
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Substituting  these  values  in  equations  (15),  and  taking  account  of 
the  values  for  f ,  17,  {  given  above,  we  obtain 

9c ob 9^_9^  _  9b      9a  _  /N 

Oy      dz      dz      dx      Bx      dy 

These  equations  indicate  the  existence  of  a  function  d,  such  that 

9^     ,  ^  9^     ^  _  95 


a  =  — ,     h 

ox  dy 


7Z 


Now  the  equations  of  motion  of  the  fluid  may  be  written  in  the 


dy      di 


'«  +  |+2«-»0^^.(|-|)=0, 


g^|*^«-"')«'(|-|)  =  »- 

By  means  of  the  results  given  above,  these  equations  may  be  easily^ 
reduced  to  the  forms 

ox      ox^  ot         ot '     ox 

9;!?      Cz^dt  atf      dz 

Hence  we  obtain  for  the  form  of  the  energy  integral 


The  function  &  satisfies  the  equation 

ox  OV  OSi  ^     ^OV       OZ^  ^OZ 


9a5/        \dx 


...(16). 
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From  equation  (16)  we  Bee  that  the  energy  int^fral  can  onty  be- 
come rednced  to  the  simple  form  that  obtains  for  the  motion  of  the 
perfect  fluid  if  the  vortex  lines  can  continnallj  be  cat  orthogonaUy 
hy  a  family  of  surfaces.  This  is  necessarily  so  in  the  two  special 
cases  we  haye  considered.  It,  however,  indicates  a  state  of  affairs 
that  must  be  very  rare  in  cases  of  three-dimensional  motion. 

If  we  write      u  =  t*'+/,    t?  =  v-^-g^    to  =  ir'+A, 
and  determine  /,  ^,  ^  so  as  to  satisfy  the  equations 


then  we  have 


§5 

ay 

85 


2  (u'{ -«'{)  = 


2  (t.'f -«',)  = 
From  these  equations,  we  obtain 


a  (m,  0) 

a  (y,  0  ' 

a  (m,  fi) 

a  («.  0  ■ 


which  may  be  replaced  by  the  two  equations 

Ot  Ox  Oy  03 

Ot  Bx      ■    By  d« 

From  these  we  easily  dedaoe 


=  0, 


=  0. 


(17); 


c(»fO       ac*.*)      a(«i») 
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Comparing  this  with  the  equation  given  above,  we  8ee  that  k 
and  the  above  equations  assume  the  form 

dm  ,     I  Cm,  ,    ,  Oni  ,     ,  Otti       rv 
ot  Ox         dy  oz 

Ot  Ox  oy  oz 

Thus  m  and  /3  are  solutions  of  the  equations 

dx ^ db 7 . 


=  1. 


u 


V 


w 


It  is  to  be  noted  that  equations  (20)  allow  one  degree  of  freedom 
in  the  choice  of  the  quantities  /,  g,  h,  as  should  be  the  case. 


On  an  Expansion  of  the  Pnteiitinl  Function  1/fi*"*  in  Legendr&^s 
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1.  When  we  require  the  potential  of  a  body  attracting  according 
to  the  inverse  square  of  the  distance,  we  use  Legendre's  series 

1 


B 


=  SPJi" 


(1), 


where  2?*=  l-2p^  +  ^'. 

But,  when  the  law  of  attraction  is  the  inverae  k^  power  of  the  dis- 
tance, wo  require  the  expansion  of  1/B*~'.  There  ai'e  two  ways  of 
extending  Legendre's  series. 

Firsts  we  may  continue  to  make  the  expansion  in  powers  of  A",  and 
put  - 


R 
If  i:~  1  is  an  odd  integer  equal  to  2»i  +  l,  we  have 

1  dr 


(2). 


P'  = 

"       1.3.5...  (2m- 1;   dy 
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If  ic— 1  is  an  even  integer  equal  to  2m +  2, 

p,  _.            1              dr    Biii(n-hm  +  l)  $  .j^ 

"      2.  4. 6. ..2m  dp"  sin^  ^  ^' 

where  p  =  cos  0. 

The  properties  of  the  function  defined  by  (3)  are  discussed  in  the 
treatises  of  Todhunter,  Ferrers,  and  Byerly.  Before  passing  on  to 
the  subject  of  this  paper,  it  may  be  noticed  that  they  do  not  mention 
the  property 

(n+2)P:,,-i>(2n  +  ic  +  l)P:,,  +  (n+if-l)P;=0, 
which  is  satisfied  by  both  the  functions  (3)  and  (4). 


2.  Secondly^  we  may  retain  Legendre's  functions  of  |9  as  the  co- 
efficients, but  cease  to  expand  in  powers  of  h.  We  then  have,  when 
K  is  even  and  >  2, 

Thei*e  is  a  similar  expansion  when  k  is  odd  and  >  1,  except  that  P. 
is  i^eplaced  by  sin  (w-h  1)  0/sin0,  and  that  the  coefficients  of  the  func- 
tion if/  {h)  are  different. 

This  form  of  the  expansion  has  several  advantages ; — 

(1)  When  for  any  reason  it  is  necessary  to  use  Legendre's  func- 
tions in  combination  with  the  expansion,  we  have  not  the  disadvan- 
tage of  having  two  kinds  of  functions  in  the  same  problem. 

(2)  The  function  i/r  {h)  is  an  integral  rational  function  of  h 
containing  only  even  powers,  the  highest  being  ^*~*.  Thus  the 
function  does  not  increase  in  complexity  as  n  increases,  but  has 
always  the  same  number  of  terms. 

(3)  When  the  body  considered  is  a  thin  spherical  surface  or  a  ring, 
h  is  the  ratio  of  the  radius  to  the  distance  of  the  attracted  pai*ticle. 
Thus  xjf  (h)  is  constant  during  an  integration  over  the  surface  of  any 
portion  of  the  sphere  or  along  the  circumfei'ence  of  the  ring. 

Our  firet  object  in  this  paper  is  to  obtain  an  expression  for  ^  (Jk) 
as  a  function  of  h  and  k. 
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3.  To  discover  the  general  form  of  the  function  i/r,  the  first  step  is 
to  find  the  scale  of  relation  for  different  values  of  if.     We  write 


where  Q„  is  P„  or  sin  (n-|-l)  0/sin  0,  according  as  ic  is  even  or  odd. 
Differentiating  both  sides  with  regard  to  h  and  noticing  that 

dB  _,^±J^^ 
dh  2Bh      ' 

we  find,  after  some  reduction,  an  expression  for  -^^i-     Comparing  the 
coefficients  of  Q„,  we  find 

^  (A, «+ 1)  =  J-  5  2h  (1-fc')  '^V'(^:'^-i> 

+  {2n  +  ic-l-(2n-3ic  +  ll)  h^]  ^  (h,  r-l)  |  . 

Assuming  the  known  expansions  for  l/ff  and  1/i^,  we  may  deduce 
from  this  formula  those  for  all  integer  inverse  powera  of  E.  For 
these  two  cases  we  know  that 

^(^,3)=2n  +  l,     ,/r(A,  4)  =  (n  +  l)(l-;i«). 

respectively.     It  immediately  follows  that  for  all  integer  values  of  k 
the  function  i//  is  an  integral  rational  function  of  h*,* 

4.  To  deduce  the  general  term  of  the  expansion  of  -^r;^^ ,  when  k  is 
even,  we  put 

'^^'^'*^"        1.3.5...  (.-2)        • 

Let  Aq,  At,  &c.,  be  the  corresponding  coefficients  for  ^(^,  ic+2). 
Substituting  in  the  scale  of  relation  obtained  above,  we  have 

Air  =  ^r  (2n  +  4r  +  ic)-^^.,  (2n  +  4  +  4r-3«:). 

Thus  each  coefficient  may  be  calculated  from  those  of  the  preceding 
function. 

*  [It  follows  from  the  equation  cdnneoting  the  values  of  iff  for  «r—  1  and  k  +  1  that, 
if  the  first  contains  1  -  A^  as  a  factor,  the  second,  and  therefore  all  that  follow,  must 
contain  the  same  factor.  Since  this  is  the  case  with  ^(A,  4),  the  calculation  of 
l/R'-^f  when  K—  1  %»  even,  can  be  simplified  by  writing  k— 4  instead  of  ic  — 3  as  the 
index  in  the  denominator  on  the  right-hand  side.  Proceeding  as  before,  we  obtain 
the  same  equation  to  find  iff  (A,  ic  +  1)  in  terms  of  iff  (A,  ic  - 1 ),  except  that  we  have 
15  instead  of  11  in  the  last  term.  Beginning,  then,  with  ^  (A,  4)  =»  »t+  1,  which  is 
simpler  than  the  corresponding  form  in  uie  text,  we  find  by  easy  stages  each 
successive  value  of  ^r.     Another  method  is  given  in  Art.  6.- -December  4/A,  1895.] 
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After   calculating   the  forms  of  ^  (h,  k)   for  several  consecutive 
values  of  <r,  the  law  of  formation  was  discovered.     We  thus  find 

where 

L  =  coeff.  of  h''  in  (1  +^')*^'-'\ 

M=z  (2n-ic+4)(2n— ic-l-6)  ...  (2n-ic  +  2r  +  2),     r  terms, 

N=  (2»  +  2r+3)(2n+2r  +  5)  ...  (2n4-'c— 2),    |(ic-3)-r  terms. 

That  this  value  of  A^r  is  correct  for  the  smaller  values  of  k  follows 
from  the  method  by  which  it  was  obtained.  That  it  is  connect  for 
all  values  of  jc  may  then  be  shown  by  the  inductive  proof.  Assuming 
its  truth  for  k,  we  find  by  substitution  in  the  equation  for  A-^r  given 
above  that  it  is  also  true  for  ic  +  2.  As  the  algebraical  work  of  this 
substitution  is  tedious  but  elementary,  it  seems  unnecessary  to  repro- 
duce it  here. 


5.  Substituting  this  value  of  Ajr  in  the  expression  for  ip  (h,  ic),  we 
immediately  deduce  the  following  compendious  formula : — 

where  x  and  y  are  to  be  put  eqaal  to  unity  after  the  differentiations 
have  been  performed.  We  recall  to  mind  here  that  il^  {h,  *:)  occurs  in 
the  gonei^al  tenn  of  the  expansion 

E'"^  "   (1-/1*)'-^' 

where  K  is  an  odd  integer  greater  than  unity. 
For  example,  suppose  we  require  the  expansion 

find       ip(h,b)  =(h'  f  -h  f  )aj-4(»"-V^''**'''^^-^l^- 

\     (w;      avJ  1.3 


we 


dy. 
=  {-(2n-l)^^  +  2n  +  3} 


2n±\ 
3 


which  may  otherwise  be  shown  to  be  correct. 

It  is    evident  that  when  h  is  less  than  unity  the  series  is  con- 
vergent. 
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6.  The  expansion  when  k  is  even  maj  be  deduced  from  that  when 
K  is  odd  by  an  easy  rule.     Putting 

we  find,  by  diiBEerentiating  the  two  series 

1  —  x!p  in  1  _^sin(n-f  1)^^^ 

1?-   ^1.3...  (ic-2)  ^*-lU<^;     ^   j  « 

E-*»         2  4...  (ic-1)  W<-*»UW  )        Bin^ 

If,  then,  we  write  n+^  for  n  in  the  first  of  these  coefficients,  divide 
by  W,  and  change  1  ...  («— 2)  into  2  ...  («f— 1),  we  obtain  the  second. 
Finally,  we  may  write  k— 1  for  k. 
If,  then,  we  write 

JL  —  s  sin  (n-hl)  6  , „    i/r  (^,  ir) 
B-"  sin«  (l-/t«)-'' 

when  a:  is  an  even  integer  greater  than  2,  we  have 

where  x  and  ^  are  to  be  equal  to  unity  after  the  differentiations  have 
been  pei-formed. 

7.  Potential  of  a  Spherical  Shell, — The  scale  of  relation  given  in 
Ai*t.  3  leads  to  a  very  useful  theorem  on  the  attraction  of  a  thin 
heterogeneous  spherical  shell  or  ring.  The  folio vring  is  an  indepen- 
dent proof. 

Let  F.  be  the  potential  of  a  spherical  surface  at  any  internal  or 

external  point  P  when  the  law  of  force  is  the  inverse  k^  power  of  the 

distance.     If  .r>«        •      •     ^ 

ff  =  a'-|-r'-2apr, 


we  have 


1     fpdff 

""ic-lJi2-»' 


where  p  is    the   surface  density   and  is    not  necessarily   constant. 
Differentiating  with  regard  to  r  and  eliminating  p,  we  have 

(.+l)7-..  =  ^{2rf. +(«-!)  7.}. 
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we  see  that  equations  (11)  assume  the  form 

Thus  m  and  /3  satisfy  the  equations 

St  dr  dz 

ot  or  oz 


[Jane  18^ 


4.  We  now  come  to  the  discussion  of  the  three-dimensional  case.. 
We  will  write 

9a  ,3/3  da  ,      9/3  Sa  ,       9/3 

ox         ox  Oy         Oy  Oz  Oz 

from  which  it  follows  that 

•         ••• 

o^^9(m,ff)^     g^^9(m,/?)^     o^^9(m,/3) 
9  (y,  «)  '  9  (^,  aj)  '  9  (aj,  y) 

The  equations  which  control  the  vortex  motion  in  this  case  are 

f-4{-"'-(|-|)}-|}«*-^-(M)l=»] 

8t      3a;  C  ^8s!      ax'}       9y  t  \9y     3«/ )  ' 

(15). 


Guided  by  our  former  work,  we  will  now  make  the  assumptions 
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Substituting  these  values  in  equations  (15),  and  taking  account  of 
the  values  for  f,  17,  {  given  above,  we  obtain 

oc 96 ?^_^ 9b      9a  _  /N 

9y     dz      dz      dx      dz     9y 

These  equations  indicate  the  existence  of  a  function  d,  such  that 

9^     ,     9^  95 

OX  oy  Oz 

Now  the  equations  of  motion  of  the  fluid  may  be  written  in  the 


9y      9 


g^l^.(^_^^,.(i_i)=„, 


9y       9* 

By  means  of  the  results  given  above,  these  equations  may  be  easily 
reduced  to  the  forms 


ox  ■    ox^  ot         ot '      ox 
dy     dy^^t        dt'     dy 


Hence  we  obtain  for  the  form  of  the  energy  integral 


The  function  3^  satisfies  the  equation 


(16). 
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and  remembering  that  P.  and  F^  are  Legendre's  f  anctions  of  p  and  /, 
we  see  that  the  equation  is  satisfied  if 

**  P,^i  ip  =  0, 


! 


-I 


that  is,  if  n  is  any  positive  integer  including  zero. 
The  general  solution  of  the  equation  of  differences 

(n-h2)  u«.a-(2n-f  3)i)M,^,  +  (n  +  l)  ti,  =  0 
is  therefore  t*„  =  AP^  -f  2^1^ 


where  ±t  -  ^'*"-"  P      -l.      4.  2n-4ri-3  Pn  ar^i 


Ih  ^  2n~l 
2  n 


"1  •  • •  • 


Wo  may  also  prove  this  by  substituting  the  series  in  the  equation  of 
difPerences.     Remembeiing  that 

p  ^  (n-fl)P„|-hnP„,| 
(2n  +  l)p 

we  find  that  the  coefficient  of  every  P^  is  zero. 

We  evidently  have 

Io  =  0,    I,  =  2,    I,  =  3p,    I,=  5j>«-|,    I,  =  Vl'*-*}P,   &c. 

It  may  also  be  interesting  to  find  the  generating  function  of  the 
complete  integral.     Let 

We  then  deduce  from  the  equation  of  differences 

an 

Regarding  n^  and  «,  as  ai'bitrary,  the  equation  of  differences  gives 
the  values  of  w,,  m„  <fco.  These  arbitrary  constants  must  be  properly 
chosen  if  we  wish  to  obtain  the  integrals  separately.     When 

we  have  u^  =  -4>     tti  =  Ap. 

and  the  differential  equation  leads  to 

V  =  A/R. 


When 
we  have 


It  2  ' 

ti^  =  0,    M,  =  B. 
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The  solution  of  the  differential  equation  is 

F=|log(A-j,+Ji)+|, 

where,  as  before,  R^  =  1— 2p^-f  V. 

Since  t«Q  s  0,  V  must  vanish  when  A  =:  0 ;   hence 

(7  =  -Blog(l-p). 
The  generating  function  is  therefore 

This  may  also  be  written  in  the  form 

If  we  write  for  J„  its  value  given  as  a  definite  integral  in  Art.  8, 
we  can  easily  sum  the  series  %IJi**  \  after  summation  the  integration 
can  be  effected.     The  result  is 

10.  Another  proposition  is  suggested  by  the  preceding  theory.  To 
connect  the  two  methods  of  expanding  1/JB*"*  described  in  Arts.  1 
and  2,  it  seems  important  to  have  the  expansion  of  P^  in  Legendre*s 
functions,  where 

p'  = ± iL_p  (w 

"       1.3.5...  (2m-l)  dp-    -*" ^  ^* 

The  expansion  is  given  in  Ferrers'  and  Todhunter's  treatises  for  the 
cases  in  which  m  =  1  or  2  ;  it  is  our  object  to  find  the  general  result. 

Let  P:  =  ^P,+J,,,P..a+...  +  ^P,+ (2), 

where  the  series  terminates  at  ^o-^o  ^^  -^i  A  according  as  n  is  even  or 
odd.     We  know  that  P^  satisfies  the  differential  equation 

(l-p')^-(2m  +  2)pg"+«(»+ant+l)P;  =  0 (3); 

a  proof  by  Webb  is  gfiven  in  the  Math.  Mess.,  Vol.  IX.    We  therefore 
have 

5^  [(l-i^)^-(2m+2)y^'+«(n+2m+l)P,]  =0. 
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Sabstitnting  from  Legendre's  equation, 

S^[-2mp^-  +{n(n4-2m  +  l)-r  (r  +  1)}  P.]  =  0. 

Integrating  from  |?  =  —  1  to  |?, 
l^Ar  [-2m  {pPr-i  Prdp)  +  {&c.}  [Prtip]  =  S  (-l)''2m^. 

Now  (2r+l)|'     Prdp^Pr^i-Pr.U 

(2r+l)P,y  =  (r+l)P,^i+rP,.i, 
provided  we  agree  that  P_i  stands  for  —1. 

Substituting,  we  find 

2r+lL-(n+r-fl)(n-r+2m)P,.iJ  ^       ^ 

Equating  to  zero  the  coefficient  of  Pr^i,  we  have 

Ar  _,2r-fl  n-hr-t-3  n—r— 24- 2m 
il,^,      2r+6      n— r     n+r-fl  +  2m' 

The  value  of  A^  may  therefore  be  determined  as  soon  as  either  the 
first  or  last  term  of  the  series  is  known.  The  final  term  contains  A^ 
or  A^  according  as  n  is  even  or  odd.  To  avoid  the  division  into  these 
two  cases  it  is  better  to  find  the  value  of  A^.  Comparing  the  co- 
efficient of  the  highest  power  of  |>  in  P«  and  A^Pnj  we  find 

.    _.  (2m4-l)(2m-h3)  ...  (2m-f  2n-l) 

1.3...(2n-l) 

Putting  r  =  n— 2«,  we  find,  after  some  reductions, 

An-u 
2n— 4ff+l 

_m(m-t-l)  ...  (m-h^— 1)  (2m+l)(2m-f  3)  ...  (2m4-2n— 2g-l) 
*"  1.2...*  1.3...  (2n-2«-fl) 

The  general  term  of  the  expansion  of  P|^  in  Legendre's  functions  has 
now  been  found. 

11.  In  the  same  way  we  can  find  the  expansion  of 

p//  _  1 ^  sin(n4-m-t-l)^ 

"  ^2.4.,.2m  c^*"  sintf 
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in  Legendre's  functions.    This  satisfies  a  differential  equation  deduced 
from  (3)  by  writing  2w4-l  for  2m.     Putting  then 

we  find  exactly  as  before 

Br    _2r-H  n-hr-hS  n—r— l-h2m 
Br^i      2r  +  5      n—r      n4-r4-2  +  2m" 

Again,  since  A^  or  B^  can  be  found  by  comparing  the  coefficients  of 
p"A"  in  the  equality 

according  as  ic— 1  is  odd  or  even,  we  see  that  B«  can  be  deduced 
from  An  by  writing  2w  + 1  for  2m,     We  therefore  have 

2n— 4«  +  l 

■■  Q»-i,(2m-f  l)(2m4-3)...  (2mH-2g-l)   (m4-l)(yyi4-2)...(m4-n-g) 

1.2...*  1.3...  (2n- 25 -hi) 

By  writing  k— 1  for  2m  4-1  in  the  series  found  for  P^  (Art.  1),  we 
obtain  an  expansion  for 


*    =  IP' A* 

in  Legendre's  functions,  which  is  true  whether  r  is  an  even  or  odd 
integer.     Collecting  the  terms  together,  we  can  put  this  into  the  form 


where  the  series  F  (h)  is  the  same  function  of  h  and  r,  whether  ic  is 
even  or  odd.  The  series  F  (h),  however,  contains  an  infinite  number 
of  terms,  and  we  see  by  the  results  of  Arts.  5  and  8  that  the  sum 
takes  different  forms  according  as  ic  is  even  or  odd.  It  contains 
log^arithms  in  the  second  case,  and  only  algebraical  expressions  in 
the  first. 
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On  the  most  general  Solution  of  given  Degree  of  Laplace's  Equa- 
tion. By  B.  W.  H0B8ON.  Read  May  9th,  1895.  Received 
October  10th,  1895. 


Let  us  assume  that  Laplace's  equation 


ax«        3y«       dz' 


=  0 


is  satisfied  by 


F  =  /»(aJ,  y,  2r,  r), 


where  /«  denotes  a  function  of  degree  n  in  aj,  y,  z,  r,  and  r  denotes 
A/?Ty*+?.     We  have 


3r    r  ' 


3aj*       3j;*         dxdr    r        3r»    ^        r     3r        t^    3r  * 

Using  the  corresponding  expressions  for  ^ —  ,  -^ — ,  we  find  on  addi- 
tion ^y*     ^^ 

Now,  by  Euler*s  theorem  for  homogeneous  functions,  we  have 


( 


.i+ji-+.#+4)f'=(»-i)f^i 

Ox        Oy        Oz        vz^  Or  Or 


hence  the  equation  becomes 


Or' 


or 


r    dr       ^3aj*      dy*      dj? 

3V--2n  a^n^^v  -0 

37       r     ar         ^--    ' 


where  the  operator  V  affects  /„  only  so  far  as  aj,  y,  «  occur  explicitly, 
and  not  as  they  occur  througb  r ;  we  may  regard  this  equation  as  an 
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ordinary  differential  equation  with  r  as  independent  variable 

d^fn 2n_      df^         .  ^Q 

d(rV)»      (rV)  d{rV) 

where  the  operator  V  is  treated  as  a  constant,  since  it  does  not  affect  r. 

This  diffei*ential  equation  is  by  means  of  a  slight  transformation 
reducible  to  BesseFs  equation ;  in  fact  its  complete  primitive  is 

/,  =  (,rV)-*« /.,..„  (.rf )  4  +  (<rV)"**/..,  (.rV)  B, 

where -/I,  B  are  constants  with  respect  to  r,  that  is,  they  contain  «,  y,  z 
explicitly,  but  not  r ;  obviously  A  must  be  a  function  of  degi*ee  n, 
and  B  a  function  of  degree  —  n— 1,  in  a?,  t/,  2?;  we  may  therefore  write 
the  value  of /„  in  the  form 

/n  («,  yy  z,  r)  =  (irV)"**  /-(„*|)  («rV)  0„  {x,  y,  z) 

+  OrV)"**/,,j  (*rV)  ^...1  (;r,  y,  z) (1), 

or /.(^,y,.,r)=  [1-^:^3^  +  ^-^^^^ 


^  L  ^2.27^  +  3      2.4.2n-f3.2/»-f5^'"J       r"*^ 

(2), 

ff         ff         r)' 
where  V  denotes  the  operator  ^  +  ^  +  -;^ ,   which   now   operates 

ox '  Cy  dz* 
on  a;,  y,  i!;  as  they  occur  explicitly  or  in  r;  0„,  ^_„.i,  ♦„,  ^„  are 
arbitrary  functions  of  degrees  indicated  by  the  suffixes,  subject  to  the 
condition  that  the  series  are  convergent.  The  quantity  n  is  unre- 
stricted— it  may  have  any  real  or  imaginary  value ;  we  have  therefore 
the  theorem  that  (1)  or  (2)  gives  the  most  general  solution  of 
Laplace^s  equation  of  given  (unrestricted)  degree. 

A  particular  case  of  the  above  expression  has  been  already  given 
in  a  paper*  in  which  I  showed  that  for  a  positive  integral  value  of  n 
the  expi*ession 

(^~2:^l-^2.4.2n-i*.2n-3~-)*'^^'y'') 


is  equal  to 


2».7i! 


(2«)! 


♦  '*  On  a  Theorem  m  Differentiation  and  its  Application  to  Spherical  Harmonics," 
Land.  Mulh,  iSoc,  I'roe.^  Vol.  xxiv.,  p.  60. 
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and  therefore  satisfies  Laplace's  equation ;  in  this  particular  case, 
however,  4>„  was  restricted  to  be  a  rational  algebraical  function,  which 
restriction  does  not  apply  to  the  general  theorem  obtained  above. 

If  in  the  first  part  of  (2),  we  put 

*«  («,  2/'  ^)  =  «"■"*  («  =t  'y)"*» 

we  find,  as  a  solution  of  Laplace's  equation, 

^sin^^l^  2.2n-l  ^         ^"•/' 


where  /x  =  cos  Q,     When  n  and  m  are  real  integers  and  n'^m^  this 

gives  the  ordinary  system  of  zonal  and  tesseral  harmonics ;  when, 
however,  n,  m  do  not  satisfy  these  conditions,  the  series  is  convergent 
only  when  /i  >  1.  It  may  be  observed  that  x,  ^,  z  are  not  restricted 
to  be  real,  but  may  have  complex  values  ;  consequently  values  of  /i 
greater  than  unity  are  admissible,  and  in  fact  the  series  in  this  case 
represents  a  solution  of  Legendre's  associated  function  for  the  case 
/i>l.     If  we  put 

we  have,  as  a  solution  of  Laplace's  equation, 


r" 


cos        r      1       .  (n4-m4'l)fn4'm>f2)        1  | 


The  series  is  convergent  for  values  of  /u  greater  than  unity  ;  it  repre- 
sents the  function  Q^  (/i)  of  the  second  kind,  which  occurs  in  potential 
problems  with  spheroidal  boundaries. 

Mr.  W.  D.  Niven*  has  obtained  expressions  for  the  external  and 
internal  ellipsoidal  harmonics  of  given  type  as  series  of  spherical 
harmonics ;  these  series  are  obtained  by  performing  operations  on 
certain  spherical  harmonics ;  the  fact  that  both  types  of  operators 
are  Bessel's  functions  is  explained  by  the  form  (1). 


♦  PhkL  Trans.,  Vol.  CLxxxn.,  '*0n  Ellipsoidal  Harmonics. 
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Point-Groups  in  relation  to  Curves.  By  F.  S.  Macaulat,  M.A. 
Bead  June  13th,  1895.  Received,  in  revised  form,  November 
8th,  1895. 

I. 

1.  Introduction. — The  following  paper  deals  with  the  properties 
of  point-groups  in  relation  to  algebraic  curves  drawn  through  them ; 
without  considering  any  of  their  applications  to  the  transformation 
or  generation  of  curves.  Its  object  is  to  treat  the  subject  geometri- 
cally ;  and  the  work  principally  consists  in  developing  and  extending 
Sylvester's  theory  of  residuation.*  Geometrical  proofs  of  some  known 
theorems  are  given ;  but  the  greater  part  of  the  paper  is  taken  up 
¥rith  proving  new  results  ;  more  especially,  those  on  cbaracterization, 
in  Section  III. 

It  is  essential,  at  the  outset,  to  adopt  a  proper  convention  with 
respect  to  the  intersection  of  two  curves  at  a  common  multiple  point. 
Such  a  convention  is  attained,  so  far  as  it  is  needed  in  the  paper,  by 
proving  that  the  intersection  of  two  multiple  points  with  p  and  q 
branches  respectively,  but  no  common  tangents,  may  be  regarded  as 
the  complete  intersection  of  two  infinitely  small  curves  of  orders  p 
and  q  (Art.  8).  It  follows  that  the  intersection  of  two  such  multiple 
points  has  practically  the  same  properties  as  the  complete  intersec- 
tion of  two  finite  curves  of  orders  p,  q.  We  call  this  intersection  a 
cluster  of  pq  points,  and  divide  it  at  will  into  smaller  clusters. 

The  following  are  some  of  the  more  important  consequences 
depending  on  the  consideration  of  clusters.  A  point-group,  regarded 
in  general  as  any  partial  intersection  of  two  algebraic  curves  with 
common  multiple  points,  contains  both  ordinary  points  and  clusters, 
the  latter  consisting  of  any  parts  of  the  several  clusters  common  to 
the  two  curves.  The  condition  that  a  curve  should  have  an  ordinary 
multiple  point  ¥rith  p  branches  at  a  given  point  A,  is  shown  (Art.  8) 
to  be  equivalent  to  the  condition  that  the  curve  should  pass  through 
a  general  cluster  of  ip(p+^)  points,  placed  arbitrarily  about  A. 
Hence  the  condition  that  a  curve  should  pass  through  given  ordinary 
points,  and  have  given  multiple  points,  is  equivalent  to  the  condition 
that  the  curve  should  simply  pass  through  a  given  point-group,  con- 


♦  Salmon,  Higher  Plane  Curves^  2ttd  edition,  kt\A.  Wv-\^^. 
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taining  ordinary  points  and  clusters.  Also  the  theorem  that  a  curve 
through  the  complete  intersection  of  two  given  curves  C|,  0^  must  be 
of  the  form  C|jS„.i+ (7,„/S„_„,  is  true,  whether  C^  Cm  have  common 
clusters  or  not ;  from  which  it  follows  that  the  theorem  of  residu- 
ation  (Art.  6)  is  applicable  to  all  cases. 

In  considering  the  properties  of  a  given  point-g^up  in  relation  to 
curves,  we  require  to  know  how  far  the  point-group  affects  the  degrees 
of  freedom  of  curves  drawn  through  it ;  or,  what  is  practically  equi- 
valent, the  number  of  independent  conditions  supplied  by  the  point- 
group  for  curves  of  any  assigned  order.  For  a  group  of  JV  pointe 
this  number  of  conditions  cannot,  under  any  circumstances,  exceed  N; 
and  for  curves  of  sufficiently  high  order  it  is  equal  to  N ;  but  for 
curves  through  the  N  points,  of  sufficiently  low  order,  the  number  of 
conditions  may  be  less  than  N.  We  call  r^  the  n-ic  excess  of  a  group 
of  N  points  which  supplies  only  N  —  r^  independent  conditions  for 
n-ics.  It  will  be  found  to  be  the  rule,  rather  than  the  exception,  that 
for  point-g^ups  such  as  we  have  to  consider,  viz.  those  obtained  by 
the  intersections  of  curves,  the  values  of  r„  are  not  zero  for  all  values 
of  n.  Thus  in  the  case  of  the  complete  intersection  of  two  curves  of 
orders  Z,  m,  the  value  of  r„  is  i  (Z-f-m— n— l)(Z+m— n— 2),  when 
n'^  l^  m<  Z-fm  ;•  and  is  zero  when  n  ^  Z-f  m— 2  (Art.  4,  iv).  For 
four  points  on  a  straight  line,  we  have  r^  =  2,  r,  =  1,  and  r,»  =  0 
when  n  ^  3.  We  are  thus  led  to  regard  any  given  point-group  as 
possessing  a  definite  characterization,  expressed  by  the  number  of  its 
points  N,  and  the  values  of  r„.  The  values  of  r„  are  not  connected 
by  any  law  which  holds  in  general ;  but  for  any  given  point-group, 
r„  diminishes  as  n  increases,  and  cannot  exceed  certain  limits. 

The  latter  part  of  the  paper  consists  of  a  general  investigation  of 
the  charactenzation  of  point-groups ;  and  it  is  shown  from  Theorem 
V  (Art.  20),  how  to  construct  a  non-composite  point-group  having  any 
given  characterization,  by  means  of  the  intersections  of  curves.f  Two 
other  general  problems  are  considered :  viz.,  the  determination  of  the 
absolute  number  of  independent  connexions  of  the  points  of  a  group 
whose  construction  is  known  ;  and  the  determination  of  the  number 
of  points  that  can  be  chosen  arbitranly  on  a  curve  of  any  given  order 
which  form  part  of  such  a  point-group  on  the  curve. 

*  This  is  not  to  be  taken  to  mean  t  ^  m;  but  only  that  n  ^  I,  n  ^  m,  and 
ft  <  /  +  «/i.    The  same  applies  to  all  inequalities  in  the  paper. 

t  In  order,  however,  that  the  construction  may  be  in  all  cases  fully  determinate, 

a  knowledge  is  required  of  the  relative  position  of  multiple  points  on  curves  of  given 

order,  when  their  number  is  ro  great  that  they  coxdd  wot  have  an  arbitrary  position. 
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In  writing  the  paper  I  have  received  invaluable  help  from  Miss 
Scott,  D.Sc,  Professor  of  Mathematics  at  Bryn  Mawr  College,  Pa., 
U.S.A.  This  has  enabled  me  to  make  a  nnmber  of  alterations 
and  corrections ;  bnt  it  is  qnite  possible  that  the  work  is  still  not 
entirely  free  from  numerical  errors. 

The  theory  of  point-groups  on  curves  is  mostly  contained  in 
German  and  Italian  mathematical  publications.*  Proofs  of  the 
principal  known  theorems  are  therefore  given  (Arts.  3-6,  9,  17-19), 
which  serve  also  as  examples  of  the  methods  followed  in  the  paper. 

2.  Explanation  op  Terms. — (a)  We  shall  denote  a  given  curve  of 
order  m  by  G^y  and  one  whose  coefficients  are  partially  or  wholly  at 
disposal  by  Sm- 

The  degree  of  a  point-group  is  the  number  of  points  it  contains ; 
and  is  equal  to  the  sum  of  the  degrees  of  its  clusters  added  to  the 
number  of  its  ordinary  points. 

A  point-group  is  denoted  by  a  single  letter  Q,  B,  Nj  ...,  either 
without  a  suffix,  in  which  case  the  letter  denoting  the  point-group 
denotes  its  degree  also ;  or  -^dth  a  suffix,  in  which  case  the  suffix 
denotes  the  degree  of  the  point-group. 

(b)  Two  point-groups  Q,  R  on  &  given  curve  C^  are  said  to  be 
residual  to  one  another  if  they  together  make  up  the  complete  inter- 
section of  Gm  with  any  other  curve,  proper  or  composite. 

The  point-group  Q-^Ris  said  to  have  a  zero  residual,  since  a  curve 
can  be  drawn  through  it  which  does  not  cut  G^  in  any  more  points. 


*  The  following  memoirs  contain  fundamental  portions  of  the  subject,  and  illus- 
trate the  different  methods  that  have  been  employed. 

Bbill-Nobtheb,  ^*  IXeber  die  algebraischen  Functionen  und  ihre  Anwendung  in 
der  G^metrie  "  (Mathematisehe  Annalen,  vii,  p.  269).  The  greater  part  of  this 
important  memoir  is  reproduced  with  slight  variation  in  the  VorUsungen  uber 
Geometrie  of  CLEBSOH-LiNDEHAirN ;  and  in  the  translation  of  the  same  work  hj 
Benoibt,  Zegons  sur  la  Geometrie,  Tome  n,  pp.  135-146,  and  Tome  ni, 
p.  31  ff.  Several  papers  are  contributed  separately  by  the  same  authors  to  other 
volumes  of  the  Math,  Ann,,  some  of  which  are  referred  to  below.  The  work  is 
mostly  analytical. 

BACHAaACH,  "IXeber  den  Cayley*schen  Schnittpunktsatz  "  (Math.  Ann.,  xxti, 
p.  275)  ;  consisting  chiefly  of  an  examination  of  exceptions  to  Cayley's  theorem, 
by  the  theory  of  residuation. 

Cayley,  *'  On  the  Intersection  of  Curves  "  {Math,  Ann,,  xxx,  p.  86) ;  a  reply  to 
the  preceding  paper. 

Oastslnxtoyo,  **  Ricerche  generali  sopra  i  sistemi  lineari  di  curve  piane  "  (Mem. 
della  R,  Accademia  delle  Scienze  di  Torino,  March,  1891,  XT.n,  p.  3). 

Beetdti,  "La  geometria  della  serie  lineari  sopra  una  curva  piana"   (Annali  di 
Matematica,  April,  1894,  zzn,  p.  1) ;  giving  a  valuable  summary  of  known.  tbsAkX^soA. 
on  point- groups. 

VOL,  XXVl. — NO.  531.  2  It 
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(c)  The  whole  system  of  point-groups  of  the  same  degree,  on  a 
given  curve  0,,,  which  have  a  common  residual,  is  called  a  complete 
coresidtMl  or  equivalent  system.     (Cf.  Art.  6.) 

The  equation  of  residuation  B^E^,  or  B—Bf^Oj  expresses  the  fact 
that  JB,  B^  are  coresidual,  i.e.,  have  a  common  residual  Q,  whether 
B,  B!  are  of  the  same  degree  or  not;  and  Q -I- 22  =  0,  that  Q,  B  are 
residual. 

The  curve  0^  on  which  Q,  JB,  B',  ...  lie  is  called  the  hase-cfurve, 

« 

(df)  A  cluster  is  any  arrangement  of  points  crowded  infinitely  near 
together ;  or  a  group  of  ordinary  points  on  an  infinitely  small 
scale. 

It  has  been  already  mentioned  that  we  regard  a  point-group  in 
general  as  containing  both  ordinary  points  and  clusters ;  and  it  should 
be  noticed  that  any  ordinary  point  may  be  regarded  as  a  cluster 
whose  degree  is  unity.  We  shall  only  consider  the  simple  case  of 
those  point-groups  in  which  all  the  clusters  and  ordinary  points  are 
finitely  separated ;  since  the  combination  of  any  two  gives  rise  to 
properties  which  require  additional  investigation.* 

If  on  a  given  base-curve  the  ordinary  points  of  a  point-group 
containing  clusters  be  denoted  by  Q,  the  whole  point-group  will  be 
denoted  by  S  Q. 

(e)  A  carve  adjoined  to  a  given  curve  G^  is  one  which  passes 
through  every  double  point  of  0„,  and  which  has  at  each  multiple 
point  on  G^  with  three  or  more  branches  a  multiple  point  with  one 
branch  less.  Thus  a  curve  0„  adjoined  to  G^n  has  an  (i — l)-ple  point 
at  each  z-ple  point  on  G^-  We  shall  suppose,  however,  for  the  reason 
mentioned  above,  that  0«,  C„  have  no  common  tangent  at  any  multiple 
point. 

The  definition  of  an  adjoined  curve  is  sometimes  generalized  as 
follows : — A  curve  adjoined  to  C«  is  one  which  has  at  least  i—  1 
branches  at  each  t-ple  point  on  0„.     (Art.  9,  ii.) 

(/)  The  term  general,  or  non-specialized^  is  applied  to  curves,  point- 
groups,  &c.,   which  only  satisfy  specified  conditions.     Thus  we  may 


♦  Thus  we  exclude,  for  example,  the  consideration  of  the  intersection  of  two 
ourves  which  have  contact  at  any  common  multiple  point :  which  corresponds  to 
the  case  of  one  or  more  of  the  ordinary  points  being  infinitely  near  to  a  cluster. 
See  Beetini  [Math.  Ann.,  xxxiv,  p.  447)  ;  Noetheb  {Math.  Ann.,  xl,  p.  140)  ; 
and  Bassb  {Math.  Ann.,  xui,  p.  601). 
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speak  of  N  general  points  on  a  given  curve ;  or  of  a  general  n-ic 
tlirongh  a  given  point-group.  . 

A  point-group  of  special  form*  is  one  whose  degree  N  exceeds  the 
number  of  independent  conditions  it  supplies  for  any  one  or  more 
curves  which  can  be  drawn  through  it.  The  simplest  example  is 
any  group  of  ^  (m-f  1)  (/?iH-2)  or  moi«  general  points  on  an  w-ic; 
and  the  most  typical,  the  complete  intersection  of  two  curves  of 
higher  order  than  the  second.  A  point-group  which  is  not  of  special 
form  may  still  be  specialized ;  but  we  shall  nevertheless  refer  to  all 
such  as  general  point-groups. 

The  same  distinction  is  made  between  a  general  cluster  and  a 
cluster  of  special  form,  the  latter  being  a  point-group  of  special  form 
on  an  infinitely  small  scale. 

(g)f  Two  point-groups  ^,  ^'  in  a  plane,  which  make  up  the 
complete  intersection  of  any  two  curves,  are  called  rest-groups ;  and 
any  rest-group  of  N',  e.g.,  any  coresidual  of  N,  is  called  a  second 
derived  rest-group  of  N.  J 

(h)  The  n-ic  excess,^  r„,  of  a  point-group  is  the  excess  of  its  degree 
N  over  the  number  of  independent  conditions  it  supplies  for  n-ics. 

An  n-ic  through  N — r„  of  the  N  points  passes  necessarily  through 
the  i*emainder  r„,  if  the  N—r„  points  supply  N—r^  independent  con- 
ditions for  n-ics  (Art.  7). 

The  characterization  of  a  point-group  is  expressed  by  its  degree  N 
and  the  several  values  of  r„. 

(k)  The  M-ic  defect,^  gr„,   of   a  point-group  N  is  the  number  of 

♦  The  common  term,  special  point -group,  means  a  group  of  ordinary  points  on  a 
given  curve  Cw,  which  has  an  excess  for  adjoined  (m--3)-ics,  or,  more  generally, 
for  any  given  linear  system  of  curves.  Point-gfroups  of  special  form  differ  from 
these — (\)  in  including  clusters,  and  (ii)  in  having  excess  for  general  curves,  in- 
stead of  for  curves  belonging  to  a  given  linear  system.  Thus  (ii)  involves  a 
restriction,  which  necessitates  the  emplo3rment  of  a  distinguishing  term. 

t  Definitions  g,  k,  I,  m  refer  more  especially  to  Section  III. 

X  Roughly  speaking,  we  take  the  letters  Nj  N^  to  denote  rest-groups  in  a  plane, 
whether  they  contain  clusters  or  not ;  and  Q,  £,  or  ISQ,  ^R,  to  denote  residuals, 
i.e.  rest-groups,  on  a  given  base-curve. 

§  The  n-ic  excess  Vn  corresponds  to  the  term  sovrabbondanza  (Gastelnuovo),  the 
former  referring  to  the  point-gfroup  JV,  and  the  latter  to  the  general  system  of  n-ics 
drawn  through  If.  Also  iV— r„  is  the  postulatiotij  and  qn  the  postulandum  (Cay ley), 
of  an  «-ic  drawn  through  N.  The  values  of  ^m-s,  »'m-j  for  a  whole  point-group 
2i2  on  a  curve  Cmt  containing  a  general  cluster  of  degree  ^1(1— 1)  at  each  t-ple 
point  on  Cm,  are  the  same  as  the  values  of  q^  r  for  the  ordinary  point-group  M,  in  we 
Brill-Noether  notation. 

2k  2 
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general  points  througli  whicli  n-ics  can  be  drawn,  in  addition  ta 
passing  through  the  N  points.  (Cf .  Art.  15,  ii.)  Thus  the  n-ic  defect 
of  ^  is  the  same  as  the  degree  of  freedom  of  an  n-ic  drawn  throagh 
N,  or  the  dimensions  of  the  general  system  of  n-ics  through  N, 

(I)  A  redundant  point-group  is  one  of  special  form  which  contains 
one  or  more  general  points  having  no  connexion  with  the  rest. 

A  complete!*  point-group  is  one  which  includes  all  points  in  the 
plane  which  in  reality  belong  to  it.  Any  n-ic  drawn  through  an  in- 
complete point-group,  for  which  r„  is  not  zero,  must  pass  througli 
those  other  points  in  the  plane  which  complete  the  point-group  ;  and 
may  possibly  necessarily  pass  through  a  second  complete  point- 
group. 

A  simple  point-group  is  one  which  is  neither  redundant,  nor  incom- 
plete, nor  composed  of  two  or  more  complete  point-groups. 

(m)  If  ^  be  a  given  point-group  on  a  given  curve  0„,  then  the 
number  of  general  points  that  can  be  chosen  arbitrarily  on  C„  whicli 
form  part  of  any  group  of  N  points  coresidual  to  the  given  one  is 
called  the  multiplicity  or  manifoldness  of  the  coresidual  system.  This 
multiplicity  is  a  definite  number,  since  a  coresidual  system  of  deg^ree 
N  is  completely  determined  by  any  single  point-group  of  the  system 
(Art.  6)  ;  and  we  may  therefore  call  it  the  multiplicity  of  the  given 
point-group  on  0„,  or  of  any  point-group  of  the  system. 

The  absolute  n-ic  multiplicity,  «„,  of  any  point-group  N  which  satisfies 
given  conditions,  is  the  number  of  general  points  that  can  be  chosen 
arbitrarily  on  a  given  n-ic  which  form  part  of  such  a  g^up  of  N 
points  on  the  n-ic.  It  is  implied  that  the  given  conditions  are  of 
such  a  kind  that  ic„  has  a  definite  (but  not  a  given)  value. 

3,  Theorem  I. — The  number  of  independent  conditions  supplied  for 
I'ics  by  the  complete  intersection  of  two  curves  Ci,  C,„  is 

Zm— J(m-l)(m— 2); 

provided  Ci,  0^  have  no  common  factor,  and  I  is  not  less  than  m — 2. 

In  dealing  with  point-groups  on  a  given  base-curve  G^  this  pro- 
perty is  of  fundamental  importance.  Expressed  more  fully,  the 
theorem  states  that  through  any  Zm — \{m — l)(»i— 2)— 1  of  the  2fi^ 

*  The  terma  complete  and  incomplete,  applied  here  to  a  single  point-group,  do- 
not  in  anj  way  correspond  to  the  eame  terms  when  applied  to  a  system  of  point- 
groupe  on  a  giVen  curve.     (See  Dei.  c") 
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points  common  to  Ci,  G,^  an  Z-ic  can  be  drawn  which  does  not  pass 
throngh  all  the  rest ;  and  that  an  l-ic  through  any  number  whatever  of 
the  hn  points  does  or  does  not  necessarily  pass  through  ths  rest  a/icording 
as  they  supply  Im  —  ^  (m— 1)  (m — 2)  independent  conditions  for  Uics,  or 
less.  That  the  theorem  is  true  when  Z  =  m— 1  orm— 2,  follows  at 
once  from  the  fact  that,  in  each  of  these  cases,  Zm— ^  (m — 1)  (m— 2) 
is  eqnal  to  ^r(Z+3). 

We  shall  snppose  both  here,  and  in  Theorem  II,  that  Ci,  0^  have 
no  common  multiple  points ;  leaving  it  to  be  shown  in  Art.  8  that 
the  reasoning  is  also  valid  in  the  contrary  case. 

(i.)  The  number  of  independent  conditions  that  all  the  points  on 
Cm  supply  for  Z-ics  is  the  number  of  general  points  on  Gnt  which 
would  require  any  Z-ic  drawn  through  them  to  be  of  the  form 
C^Si^^  ;  and  this  number  is 

|Z  (Z+3)-i  (Z- w)(Z-m+3)  =  Im^i  (m-l)(m-2)  +  1 ; 

43ince  the  curve  0,n<S^/_„  is  still  capable  of  passing  throngh 
-J  (Z— m)(Z— m-f  3)  general  points  in  the  plane. 

(ii.)  Again,  if  an  Z-ic  Si  through  the  Im  points  common  to  Oi,  Cm 
be  made  to  pass  through  one  more  point  on  0^,  it  must  pass  through 
all  points  on  C„r  For  Si  meets  C^  in  more  than  Im  points,  and  must 
therefore  have  a  common  factor  with  C„.     Let 

Si=C^Si.^     and     C^  =  0,Cm.,. 

Then,  since  Si  passes  through  all  points  common  to  Ci  and  C^i  8i.p 
passes  through  all  points  common  to  Oi  and  C„,_p ;  hence 

Si^p  =  Gfn-pSumi     and  therefore     Si  =  OfnSi^^\ 

which  had  to  be  proved.  Hence  the  number  of  independent  condi- 
tions supplied  by  the  hn  points  for  Z-ics  is  one  less  than  that  found  in 
(i),  viz.  Zm  —  ^  (m—1)  (m— 2).  In  other  words,  the  l-ic  excess  of  the 
Im  points  is  ^  (m— l)(m—  2),  and  the  degree  of  freedom  of  an  l-ic  through 
the  Impoints  is  ^  (Z— m-f  1)(Z — 7n-f-2).* 

The  theorem  can  be  easily  extended  to  those  cases  in  which  Gi,  0^ 
have  common  factors,  provided  each  has  one  factor  at  least  which  is 
not  a  factor  of  the  other. 


*  Of.  Zeuthen,  '^Sur  la  d6tennination  d'line  courbe  alg^brique  par  des  pointB 
donnas  "  (Math,   Ann,,    xzxi,  p.  235),  for  a  fuller  dev^opm«nt  oi  th&  Ts^si^SKv«;^ 
followed  here. 
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4.  Theorem  II.* — Any  n-ic  which  passes  through  the  complete  inter' 
section  of  two  given  curves  Ci,  0^  must  he  of  the  form 

n  being  not  less  than  I  or  m. 

We  shall  suppose  that  (7|,  0,„  have  no  common  factor.  The  tmth 
of  the  theorem  is,  however,  independent  of  any  conditions  imposed 
on  the  curves  d,  G„, ;  or  any  restriction  placed  on  the  value  of  n, 
assuming  that  5„_/,  8n-m  are  zero  when  n^l,  n-^m  are  negative. 

(i.)  To  show  that,  when  n  ^  Z+m— 2,  the  Im  points  common  to 
Otf  Om  supply  Im  independent  conditions  for  n-ics. 

If  they  do  not,  then  either  the  Im  points  are  such  that  an 
(Z-f-w.— 2)-ic  through  all  but  any  one  must  necessarily  pass  through 
the  last,  or  some  part  N  of  the  Im  points  possesses  this  property. 
We  have  then  only  to  prove  that  this  cannot  be  true  of  any  N  of  the 
hn  points. 

Suppose  I  ^  m.  Then  among  the  Im  points  it  is  clear  that 
|m  (m-f-l)  can  be  chosen  through  all  but  any  one  or  more  of  which 
a  curve  8„,.i  can  be  drawn  ¥rithout  passing  through  any  of  the  rest. 
The  other  lm-'jm(m-^l)  <  (Z— 1)  m— ^  (m— l)(m— 2)  points  lie  on 
a  curve  /S,.i  which  does  not  contain  0«  as  a  factor  (Theorem  I),  and 
therefore  does  not  pass  through  all  the  hn  points.  Now,  if  Si^i  passes 
necessarily  through  some  of  the  |m  (m-f  1)  points,  we  can  still  choose 
i^M-i  so  as  to  pass  through  all  but  one  of  the  rest.  The  composite 
curve  8 1. 1 8tn^i  then  passes  through  Zm— 1  of  the  hn  points  without 
passing  through  the  last.  The  same  proof  holds  for  any  N  of  the  hn, 
points,  except  when  the  N  points  all  lie  on  an  (m— l)-ic  or  an 
(Z — l)-ic;  and  each  of  these  last  cases  is  a  simpler  one  than  that 
already  considered,  to  which  similar  reasoning  applies. 

Hence  the  degree  of  freedom  of  the  general  n-ic  through  the  com- 
plete  intersection  of  Ci,  G^  is  ^n(n+3)— Zm,  when  n  ^  Z+m— 2. 

(ii.)  To  find  the  degree  of  freedom  B  of  the  curve 

When  n  ^  Z+m,  choose  the  origin  at  a  point  not  lying  on  0^ ; 


*  The  proof  of  this  theorem  was  originally  given  in  a  memoir  hj  NoetheTy 
"  Ueber  einen  8atz  ftufl  der  Theorie  der  aXgebraischen  Fonotdonen ''  {Math.  AnH,^ 
rr,  p,  361),    For  other  references,  Bee  ISote  to  Ait.  \  \f\^ 
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and  consider  the  n-ic* 

Sn  =  Gi  Sill""      — C,  Sn.m  =  0, 

where  SUl/'"**  denotes  any  algebraic  expression  of  order  w— Z,  whose 
lowest  terms  are  of  order  n— Z— m-f  1.  Let  jy  be  the  degree  of 
freedom  of  8^ ;  then  S^  can  be  made  to  pass  through  1/  general 
points  chosen  arbitrarily  in  the  plane.  Let  the  coordinates  of  these 
and  one  more  arbitrary  point  be  substituted  in  SJi  =  0 ;  then  the 
resulting  D'-fl  independent  equations  for  the  coefficients  of  Sn  will 
necessitate  that  8^  vanishes  identically ;  i.e.,  they  will  require  that 

Now  Ci  has  no  factor  in  common  with  C,  and  SUli'"**  cannot  be 
divisible  by  C„,  since  the  origin  is  not  on  Cm-   Hence  the  above  identity 

requires  that  jSC~I""***  and  Sn-m  should  both  vanish  identically,  t.c, 
that  all  their  coefficients,  whose  number  is 

+  J  (/i-m  +  l)(n— m4-2)  =  ^n(n4-3)-Zm+l, 

should  be  zero.  Hence  the  D'-fl  equations  are  equivalent  to 
Jn  (n+3)  —  Zm-f  1  independent  equations ;  and  therefore 

i)'  =  An(n+3)— Zm. 

But  D  is  not  less  than  I/,  since  8n  is  not  less  general  than  8n ;  and 
D  is  not  greater  than  ^n(n-f3)  — Zm  by  (i),  since  8^  is  not  more 
general  than  the  general  n-ic  through  the  hn  points.     Hence  also 

D  =  iw(n+3)— Zm. 

When  n<l-\-m,  we  can  prove  in  the  same  way  that  /8„  cannot 
vanish  identically  unless  all  the  coefficients  of  £>«.<,  8n.m  ttre  zero ; 
so  that 

D+1  =  i  (n-Z4-l)(n-Z+2)+|  (n-m+l)(w-mH-2). 

Hence  finally  we  have 
D  =  |n(n+3)— Zm+|(Z-fm-w— l)(Z-fm— n— 2),    when  n<l-\-m  ; 


and 


D  =  |n  (n4-3)— Zw,     when   n  ^  Z+w— 2. 


♦  It  can  be  easily  Bhown  that  Sn  can  be  obangod  to  tJba  Vscni^V\^sQ^.'^Sa»'M^ 
required  ior  the  proof  of  the  theorem. 
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(iii.)  If  n  ^  Z4-W.— 2,  it  follows  from  (i)  and  (ii)  tliat  the  general 
n-ic  throngli  the  hn  points  common  to  C/,  C„  has  the  same  degree  of 
freedom  as  8^,  and  can  therefore  be  written  in  the  form  Sn- 

If  n  ^  I  ^  m<Z4-tn.  — 2,  and  Oh  is  an  w-ic  through  the  Im  points, 
and  0/+„_H-i  another  curve  which  does  not  pass  through  any  of  the 
hn  points,  then  0„  Ou«-i»-i  is  an  (Z-hm—l)-ic  through  the  Im  points ; 
and  we  therefore  have 

Hence  all  the  points  common  to  Cum-n-i  a^d  d  lie  on  iS,.i;  none  of 
them  lying  on  0„,  by  hypothesis.  Hence  Ci+^.n-i  is  a  factor  of  5/-i, 
and  similarly  of  S^.u  a^d,  by  dividing  it  out,  we  have 

On  =   Gi  fi^n-I+  Cm  ^H-ffn 

which  proves  the  theorem. 

(iv.)  The  n-ic  excess  of  the  Im  points  common  to  Ci,  0^  is 

^  (Z4-m— n— l)(Z+m— n— 2), 

when  n  ^  I  ^  m<Z-hwi;  and  is  zero,  when  n  ^  Z-f-wi— 2.* 

For  any  n-ic  thro^h  the  Im  points  common  to  d,  C^  has  the 
same  degree  of  freedom  D  as  /S^ ;  and  the  number  of  independent 
conditions  supplied  by  the  hn  points  for  n-ics  is  |n(w+3)— D;  t.e., 
is  Im—^  (Z+m— n— l)(Z4-w— n— 2)  when  n  ^  Z  ^  m<Z+m,  and  Im 
when  n  ^  Z-f-wi— 2  ;  whence  the  theorem  follows. 

Cay  ley's  theorem;  viz.,  that  an  n-ic  (n$  I  "^  mKl-^-m)  through 
N  ^  hn—^  (Z4-W— w— l)(Z+m— n— 2)  points  common  to  (7/,  C„  must 
pass  through  the  remainder ;  is  not  accurate  without  the  addition  of 
the  proviso  that  the  N  points  supply  N  independent  conditions  for 
n-ics.  It  is  perhaps  still  more  important  to  notice  that,  Cayley's 
theorem  does  not  prove  that  an  n-ic  can  be  drawn  through  any  N—  1 
points  common  to  Ci,  0^,  without  passing  through  all  the  rest. 

The  simplest  criterion  as  to  whether  the  general  n-ic,  through  any 
given  group  of  points  common  to  (7/,  0«,  does  or  does  not  pass  through 
the  rest,  is  given  at  the  end  of  Art.  20. 

*  The  ff-io  excess  of  the  Im  points  can  be  written  in  the  foim 

[i(/  +  m-«-l)(^+m-«-2)]-[i(/-n-l)(/-«-2)]-[i(m-«-l)(»i-«-2)]; 

the  square  brackets  indicating  that  the  terms  enclosed  hy  them  are  only  to  be 
retained  when  their  factors  are  positiye.  This  formula  is  correct  for  all  values  of 
»,  reducing  to  /m— i  («  +  1)  (»  +  2)  when  n<  I  <m.     (See  Note,  p.  607.) 
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5.  Theorem  III. — If  a  group  of  m  (n-k- »')  points  on  a  hose-curve  0^ 
have  a  zero  residual  {Art,  2,  6)  ;  and  mn  of  the  m  (n  +  n')  points  have  a 
jsero  residual ;  the  remaining  rtin  points  have  a  zero  residual. 

Let  (7„+„/,  On  be  curves  tlirongh  the  point-gronps  m  (n+n),  mn  re- 
spectively, which  do  not  cut  (7»4  in  any  more  points.  Then  C^^^' 
passes  through  all  the  points  common  to  (7m,  On-  Hence,  H  n-\-n  ^  m, 
we  have 

Hence  the  curves  C„+«',  (7„  S^  cut  O^  in  one  and  the  same  point- 
^roup,  viz.  m  (n-j-n)  ;  but  (7„  cuts  C^  in  the  mn  points,  and  in  no 
others ;  hence  Sn*  cuts  (7«  in  the  mn  points,  and  in  no  others ;  t.e.,  the 
point-group  mn' has  a  zero  residual.  Again,  if  n-^n<m,  we  must 
have  Cn*n'  ^  C„  S^* ;  and  the  same  result  follows. 

This  theorem  may  be  stated  as  follows : — Of  the  three  equations 
^  =  0,  ^'  ^  0,  N-^N'  ^0,  any  07ie  is  a  consequence  of  the  other  two.* 

For  the  theorem  proves  that,  if  N^O  and  ^-f-JV  =  0,  then 
N'=0;  and  it  is  evident  that,  if  N=0  and  ^'  =  0,  then  ^'-f-JV'  =  0. 

Hence  the  algebraic  laws  of  additimi  and  subtraction  hold  for  equations 
of  residtiation. 

For,  i£  M^N,  M'=  HT;  and  Q  be  residual  to  M,  N ;  and  E  to 
Jf,  N';  then  Q-fE  is  residual  to  M-^M'  and  to  ^H-^;  hence  we 
have  M-hlT  =  N+N'.  It  follows  also  that  M-^-N'  ^AT+N,  which 
is  equivalent  to  M-M'^N-N'  (Art.  2,  c). 

Points  which  occur  both  in  the  positive  and  negative  terms  on  the 
same  side  of  an  equation  cancel.  If,  for  example,  L-\-M—L  =  N, 
then  JD+Jf  =  JD-f- JV;  from  which  it  evidently  follows  that  M  ^  N. 

As  examples  in  addition  we  may  notice  the  following : — 

(i.)  Of  the  three  equations  M=N,  M'  =  N\  M-hM'  =  N-^N',  any 
one  is  a  consequence  of  the  other  two  ;  i.e.,  two  point-groups  are  co- 
residual  if  any  parts  of  them  are  coresidual,  and  the  remainders 
coresidual ;  and,  if  parts  of  two  coresidual  point-groups  are  coresidual, 
the  remainders  are  coresidual. 

(ii.)  11  L  =  M-\-N  &Tid  N+ir  =  0,  then  L-\-N'  =  M;  i.e.,  if  two 
point-groups  are  coresidual,  the  point-groups  obtained  by  taking 
away  any  part  of  one,  and  adding  any  residual  of  it  to  the  other,  are 
also  coresidual. 

*  Cf.  BsBTiNi,  loe.  eit.,  p.  497,  for  this  way  of  presenting  the  subject. 
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6.  The  Theorem  op  Residuation. — If  two  point-groups  on  a  given 
hose-curve  have  a  common  residucdy  then  any  residual  of  one  is  a  residual 
of  both. 

Let  R^  R  be  the  two  point-groups,  and  Q  their  common  residual ; 
and  let  Q'  be  any  residual  of  R.  Then  we  are  given  the  three 
equations  Q  +  B  =  0,  Q-^-B'  =  0,  Q'^-B  =  0 ;  hence,  by  adding^ 
the  last  two  and  subtracting  the  first,  we  have  Q*  +  fi'  ^  0 ; 
which  proves  the  theorem.  This  theorem  is  therefore  an  immediate 
consequence,  and  may  be  regarded  as  another  form,  of  Theorem  III ; 
and  it  is  convenient  to  regard  both  theorems  as  included  in  the 
theoVem  of  residuation. 

Curves  through  a  point-group  Q  on  G„  determine  so  many  co- 
residual  point-groups  JX,  i?',  ...  on  0^^  whose  properties  are  to  a 
certain  extent  independent  of  the  particular  point-group  Q ;  since  to 
any  curve  through  12,  which  cuts  Gm  again  in  Q\  corresponds  a  curve 
through  i^,  which  cuts  C„  again  in  the  same  point-group  Q'.  In 
other  words,  two  coresidual  point-groups  12,  JK'  on  a  base-curve  (7„  are 
equivalent  in  respect  to  the  point-groups  Q,  Q\  ...  determined  on  0^ 
by  curves  drawn  through  12,  B' ;  and  any  two  point-groups  Q,  Q' 
thus  determined  are  also  coresidual  or  equivalent.  Also  the  condition, 
that  a  point-group  B!  should  have  a  given  coresidual  B  is  the  same 
as  that  it  should  have  a  given  residual,  viz.  any  fixed  residual  of  12 ; 
and  a  coresidual  system  is  fully  determined  by  any  single  points 
group  of  the  system. 

From  the  theorem  of  residuation  we  have  the  following : — 

If  any  nuTnher  of  point-groups  he  taken  in  su^xession  on  a  hase-curve 
Cmy  each  of  which  is  residual  to  the  preceding,  then  the  p^  and  q  points- 
groups  are  residual  or  coresidual  according  cw  the  difference  hetween  p  and 
q  is  odd  or  even, 

7.  Point-Groups  op  Special  Form. — An  essentially  fundamental 
property  of  curves,  usually  assumed  without  proof,  is  that  an  n-ic  can 
he  drawn  through  any  \n  (n  -)-  3)  given  points  in  a  plane,  no  maUer  how 
they  may  he  placed.  In  other  words,  if  the  coordinates  of  any 
^n  (n-\-S)  points  be  substituted  in  the  general  equation  of  an  n-ic 
whose  constants  (as  we  shall  call  the  coefficients  for  the  time  being) 
are  all  at  disposal,  the  resulting  Jn  (n-\-S)  equations  for  the  ratios  of 
the  i  (n  +  l)(w+2)  constants  have  always  one  finite  solution  at  least. 
It  is  clear  that  we  may  suppose  that  the  equations  for  the  constants 
have  all  their  coefficients  finite,  whether  any  of  the  given  points  are 
at  infinity  or  not;  and  that  it  cannot  follow  from   the   equations 
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that  all  the  i(n+l)(w+2)  constants  are  necessarily  zero,  since 
I  (n+l)(w-f-2)  independent  equations  cannot  be  deduced  from 
\n  (n-+-3)  linear  equations  only.  Again,  it  cannot  follow  from  the 
equations  that  a  single  one  of  the  constants  is  necessarily  infinite ; 
for,  if  the  ratio  of  two  constants  is  infinite,  the  antecedent  of  the  ratio 
may  still  be  assumed  finite  by  taking  the  consequent  zero.  Hence 
the  only  hypothesis  on  which  the  equations  cannot  have  a  single 
finite  solution  is  that  they  are  inconsistent  among  themselves.  But 
this  is  impossible,  since  any  elimination  of  the  constants  from  the 
equations  would  not  lead  to  any  inconsistency,  but  to  an  identity, 
viz.  0  =  0. 

It  is,  however,  quite  possible  that  the  given  points  might  be  so 
placed  that  the  elimination  spoken  of  could  be  effected.  When  this 
is  the  case,  the  equations  are  not  independent,  and  the  given  points 
do  not  all  supply  independent  conditions  for  n-ics,  while  the  point- 
group  determined  by  them  is  of  special  form  (Art.  2,/).  The  number 
of  independent  conditions  supplied  by  the  point-group  for  n-ics  is 
exactly  equal  to  the  number  of  independent  equations  to  which  the 
system  we  have  been  considering  is  equivalent.  It  is  important  also 
to  notice  that  the  greatest  number  of  points  that  can  supply  inde- 
pendent conditions  for  n-ics  is  |  (n-+-l)(nH-2)* ;  the  coordinates  of 
such  points,  when  substituted  in  the  equation  8^  =  0,  requiring  all 
the  coefficients  of  S^  to  vanish. 

If  the  coordinates  of  i/?  (p  +  1)  given  points,  which  do  not  lie  on 
a  (jp— l)-ic,  be  substituted  in  the  general  equation  of  the  n*^  order, 
viz. 

M,  denoting  a  homogeneous  function  in  aj,  y  of  the  g^  order,  the 
resulting  \jp  (p  +  1)  equations  will  determine  the  coefficients  of  Sp.i 
in  terms  of  the  remaining  coefficients  of  8^ ;  for,  in  eliminating  all 
but  one  of  the  coefficients  of  iSp_i,  the  last  will  not  disappear ;  since 
the  given  points  do  not  lie  on  a  (j9— l)-ic.  Hence  we  have  the 
following  theorem. 

If  an  n-ic  he  drawn  through  iy  (p  +  1)  given  points^  which  do  not  lie 
on  a  (p  — l)-tc,  the  coefficients  of  the  terms  in  8n  of  the  (p— 1)^*  and 
lower  orders  will  he  therehy  completely  determined  in  terms  of  the  resty 
which  last  can  he  chosen  arhitrarily. 


*  Hence  we  may  say  that  the  n-ic  excess  of  any  point-group  N  which  does  not 
lie  on  an  n-io  is  JV— i  (n+l)  (n  +  2),  or  more  simply  that  the  n^ic  defect  m  —  1. 
(Art.  16,  ii.) 
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But  if  the  ip  (i?  +  l)  given  points  lie  on  a  (p— l)-ic,  or  more  generally^ 
if  they  supply  only  \p{p'^y)—9  (p  ^  1)  independent  conditions  for 
(j9—l )-!(»,  then  the  coefficients  of  the  terms  in  S^  of  the  (p— 1)  and 
lower  orders  can  he  eliminated,  giving  rise  to  p  equations  arrumg  the 
coefficients  of  the  terms  in  S^  of  the  p^  and  higher  orders ;  so  that  these 
last  cannot  he  chosen  arhitrarily. 

The  p  equations  will  he  equivalent  to  p — p'  independent  equations  only, 
if  the  ip  {p-\-\)  points  supply  only  li'  CP  +  l)~p'  independent  conditions 
for  n-ics. 

This  theorem  shows  that  a  point-group  of  special  form  has  special 
properties  in  relation  to  any  curve  drawn  through  it ;  since  any 
such  point-group,  in  contrast  to  a  general  one  of  the  same  degree,  is 
connected  with  the  more  complex  shape  of  the  curve  dependent  on 
the  terms  of  higher  order  in  its  equation. 

8.  Multiple  Points. — Ordinary  multiple  points,  as  well  as  multiple 
points  of  higher  singularity,  may  be  supposed  to  have  complex  shapes, 
which  are  not  apparent  because  they  are  confined  within  infinitely 
small  limits.  Our  object  is  to  assign  a  shape  to  an  ordinary  multiple 
point  with  two  or  more  branches,  which  is  not  inconsistent  with 
theory,  and  which  will  provide  a  basis  for  reasoning  about  the  inter- 
section of  two  curves  at  a  common  multiple  point  with  p  and  q 
branches  respectively. 

Suppose  that  we  have  a  cluster  of  ip  (i^H-l)  points  at  the  origin, 
which  do  not  lie  on  an  infinitely  small  (p— l)-ic.  Let  the  coordi- 
nates of  any  point  in  the  cluster  be  denoted  by  ica^„  «:y,,  where  if  is  an 
infinitely  small  constant,  and  x^,  y^  are  finite.  Then,  just  as  in  the 
last  article,  an  n-ic  can  be  made  to  pass  through  the  2P  (jP  +  1)  points 
of  the  cluster,  and  its  equation  will  be  of  the  form 

where  the  coefficients  of  m^-I- w^+i-f ...  +w„  may  be  chosen  arbitrarily, 
and  those  of  k^Uq-^k'^^Ui-^  ,.,-\-KUp_i  are  known  in  terms  of  them. 
Hence  the  coefficients  of  tip+Wp+iH-...+w„  can  all  be  chosen  finite, 
and  those  of  Wq,  m„  ...  Up.i  are  then  also  finite,  and  are  known  in 
terms  of  the  coefficients  of  Up ;  for  when  the  coordinates  rajj,  cy,  of  a 
point  of  the  cluster  are  substituted  in  Sn  =  0,  the  terms  arising 
from  Wp+i  -f ...  -|-w„  will  contain  higher  powers  of  k  than  the  preceding 
terms f  and  can  be  neglected,  since  the  cluster  does  not  lie  on  a 
Cp^l)-ic,     The  curve  Sn  is  tlien  an  or^narj  u-\a  ^V^Xi  ^  ^^ijle  point 
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at  the  origin,  having  all  its  finite  coefficients,  viz.  those  of  Wp-f ...  H-t*,, 
at  disposal.  There  is  thus  no  necessity  that  a  curve  drawn  through 
a  cluster  should  not  be  a  curve  of  finite  dimensions,  as  we  might  be 
naturally  disposed  to  assume. 

When,  on  the  other  hand,  the  given  cluster  is  of  special  form ; 
which  is  the  case,  for  example,  when  the  cluster  lies  on  a  (p— l)-ic; 
the  coefficient  of  m^  -f . . .  +  n^  will  not  be  entirely  arbitrary.  In  fact, 
if  /»,  be  the  q-ic  excess  of  the  cluster  (Art.  2, 7i),  and  the  coordinates  of 
all  the  points  of  the  cluster  be  substituted  in  8„  =  0,  no  terms  being 
neglected;  then  by  the  theorem  of  the  last  article  we  can  obtain  p,.i 
equations  among  the  coefficients  of  M,-fw,+i +...+«„;  in  which  it  is 
clear  that  k  will  occur  with  all  the  coefficients  of  f*,+i,  k*  with  those  of 
tt,+2>  aiid  so  on.  Hence  it  evidently  follows  that  there  are  /»,-i— p, 
equations  among  the  coefficients  of  Ug  alone.  If  p,  is  zero,  the 
coefficients  of  t*,+i+ ...  +w«  are  not  affected  by  the  cluster. 

It  follows  from  the  above  that  the  only  alteration  required  in  the 
equation  of  a  given  curve  (7„,  in  order  that  the  new  curve  may  pass 
through  an  arbitrary  general  cluster  of  degree  il'Cp  +  l)  *^  each 
and  every  j9-ple  point  of  (7,„  is  the  addition  of  a  series  of  infinitely 
small  terms,  possibly  extending  beyond  the  terms  of  highest  order 
in  On'  We  may  then  replace  (7„  by  the  new  curve  thus  obtained ; 
and  those  of  its  properties,  which  do  not  become  indeterminate  in 
the  limit,  will  hold  for  the  given  curve  (7».  The  shape  of  this  curve 
at  a  p-ple  point  (as  may  be  easily  seen  by  changing  or,  y  to  «?,  Ky 
and  dividing  out  k^  in  the  equation  of  8n  given  above)  is,  to  a  first 
approximation,  that  of  a  ^'-ic  on  an  infinitely  small  scale;  whose 
asymptotes  coincide  in  direction  with  the  branches  of  (7„,  but  which 
may  in  all  other  respects  be  chosen  at  will.  This  then  is  the  shape 
we  assign  to  an  ordinary  p-ple  point.  By  this  means  we  resolve  the 
intersection  of  two  given  curves  at  any  common  multiple  point  into  a 
cluster  of  separate  points ;  and,  sun  a  consequence,  the  theorems 
proved  in  Arts.  3-6  may  be  extended  so  as  to  include  the  case  of 
curves  with  common  multiple  points. 

Thus  a  given  curve  (7„  vnth  an  ordinary  p-ple  point  at  A  may  be 
supposed  ipso  facto  to  contain  any  given  or  arbitrarily  chosen  general 
cluster  at  A  of  any  degree  not  higher  than  ip  (pH- 1). 

Also,  if  two  given  curves  have  a  common  m,ultiple  point  at  A  with  p 
and  q  branches  respectively,  but  without  comm^on  tangents,  their  common 
cluster  pq  at  A  may  be  regarded  as  forming  the  complete  intersection 
of  two  infinitely  small  curves  of  orders  p,  q,  whose  asymptotes  coincide  in 
direction  with  the  branch^  of  the  two  cuTt3C8  at  A. 


r  >  p  <  g; 
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The  question  arises  as  to  how  many  points  of  the  cluster  pq  a  third 
curve  with  an  r-ple  point  at  A  may  he  supposed  ipso  facto  to  pass 
through.  From  the  theorem  of  the  last  article,  it  follows  that  the 
required  number  is  the  number  of  points  of  the  cluster  pq  that  supply 
independent  conditions  for  (r— l)-ics ;  which  is  equal  to 

(i.)  ^r(r-f  1),  when     r  ^  p  <  q; 

(ii.)  (r-l)p-|(p-l)0p-2)  +  l 

=  rp— ^Qj  — 1), 

(iii.)  ^-1  (pH-5-r)(p+g— r-1),         „        r>p>q<p'hq; 
(iv.)  JP5,  „        r  :^  p  +  q-l. 

Three  curves  with  a  common  double  point  at  A  have  a  common 
cluster  of  three  ppints  at  A,  and  the  condition  for  a  fourth  common 
point  at  A  is  that  the  tangents  at  ^  to  the  three  curves  should  be  in 
involution.  This  follows  from  the  property  that  conies  with  four 
common  points  cut  the  line  at  infinity  in  involution,  so  that  the 
paii^  of  tangents  to  the  three  curves,  which  are  parallel  to  the 
asymptotes  of  three  such  conies,  are  in  involution.  If  one  of 
the  double  points  is  a  cusp,  its  tangent  must  be  a  double  ray  of 
the  involution. 

The  results  obtained  above  are  all  that  we  shall  require  to  use  in 
what  follows ;  but  it  is  necessary  to  repeat  that  they  are  only  a  first 
approximation.  In  oi*der  to  decide  whether  a  given  curve  does  or 
does  not  pass  through  any  cluster  common  to  two  given  curves,  we 
have  in  general  to  proceed  to  higher  approximations.  The  following 
conditions  are  necessary  and  sufficient  in  order  that  a  given  curve  C„ 
may  be  capable  of  being  written  in  the  form  Gi8n-i-{-Gm8n^^  ;  viz. 
that  On  vanishes  at  each  ordinary  point  common  to  Ci,  0^ ;  and  that 
for  each  point  A  at  which  d  has  a  jp-ple  point,  and  0^  a  5-ple 
point,  two  curves  /Sp_2,  8q^2  can  be  found  such  that  the  curve 
C„+  OiSq.2'\-C„Sp.2  bas  a  (jp-fgr— l)-ple  point  at  A,  For  it  is  evident 
that,  if  Cn^CiSn^i-\-CmSn.mi  8,11  thcsc  couditious  are  satisfied;  and 
conversely,  if  the  condition  as  regards  C„-{-GiSg.2-\-CmSp^i  is  satisfied, 
it  follows,  by  (iv)  above,  that  this  curve,  and  therefore  also  the  given 
curve  C„,  contains  the  cluster  pq  common  to  Ci,  (7„  at  -4.  When  0/, 
C„t  have  contact  at  A,  similar  but  somewhat  more  complicated  con- 
ditions can  be  obtained.* 

♦  See  referencea  m"Note,  -9. 4^&. 
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9.  Noether's  Theorem. — By  a  cnrve  non-adjoined  to  (7,,  we  shall 
understand  any  curve  which  has  not  exactly  (t— 1)  branches  at  each 
and  every  t-ple  point  on  (7„.  Snch  a  curve  may  not  pass  at  all 
through  some  of  the  multiple  points,  or  may  not  pass  through  any  of 
them.  If  the  ordinary  points  in  which  any  curve  0  cuts  (7„  be 
divided  into  any  two  point-groups  Q,  B,  then  Q,  B  are  called 
adjoined  or  non-adjoined  residuals  according  as  the  curve  C  is 
adjoined  or  non-adjoined  to  G^,  Similarly,  if  any  number  of  curves 
be  drawn  through  Q,  and  have  the  same  number  of  branches  as  0  at 
each  multiple  point  of  0^^  cutting  G^  again  in  groups  of  ordinary 
points  B^  B\  ...,  then  jB,  B\  ...  are  called  adjoined  or  non-adjoined 
coresiduals  respectively.  Thus  adjoined  and  non-adjoined  residuals 
are  ordinary  or  true  residuals  deprived  of  the  clusters  which  belong 
to  them ;  and  similarly  for  coresiduals.  Noether*s  theorem  consists 
of  two  parts,  of  which  the  first  is  as  follows : — 

(i.)  Adjoined  coresiduals  on  G^  have  the  same  system  of  adjoined 
residuals.* 

In  other  words,  if  two  point-groups  B,  K  on  G^^  have  a  common 
adjoined  residual  Q,  then  any  adjoined  residual  of  B  is  also  an 
adjoined  residual  of  JB'.  Let  a  general  cluster  Q^i{i-i)  of  degree 
\i  (i— 1)  be  chosen  arbitrarily  at  each  t-ple  point  on  G^y  and  let  2Q 
denote  the  point-group  made  up  of  Q  and  all  the  clusters  Qj.d-i). 
Then  the  adjoined  curve  through  Q,  B  may  be  supposed  to  pass 
through  the  whole  point-group  2Q  (Art.  8),  and  cuts  G^  again  in 
2i2,  which  is  made  up  of  B  and  general  clusters  B^if^^\y  Thus  B  is 
part  of  a  point-group  2-B  which  is  a  true  residual  of  SQ.  Similarly 
B!  is  part  of  a  point-group  2  JB' residual  to  2Q,  and  212,  2-B'  are 
true  coresiduals.  Again,  by  similar  reasoning,  if  Q'  is  any  ad- 
joined residual  of  i2,  then  Q'  is  part  of  a  point-group  2  Q!  which  is 
residual  to  2i2,  and  therefore  residual  to  2-B';  hence  Q',  B'  are 
adjoined  residuals,  which  proves  the  theorem. 

If  we  consider  a  point-group  by  itself,  as  we  shall  do  later  on,  without 
reference  to  any  particular  curve  G^  on  which  it  lies,  we  must  consider 
the  whole  point-group,  including  the  ordinary  points  and  clusters. 
If  a  point-group  contains  a  general  cluster  of  degree  \i{i—V),  any 
curve  through  the  point-group  has  simply  an  (*  — l)-ple  point  at  the 
cluster  (Art.  8)  ;  and  the  points  of  the  cluster  may  therefore  be 
supposed  to  have  any  arbitrarily  chosen  general  position,  without 
affecting  the  character  of  the  point-group. 

♦  BBiLL-NosTHsa,  loc.  cit.,  "5.  \^1 . 
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(ii.)  Non-adjoined  coresiduals  on  0^  are  either  specialized  or  general 
ojdjoined  coresiduals. 

Let  (7,  (T  be  two  curves  drawn  through  a  point-group  Q  on  G^y, 
each  having  Je  branches  (k  ^  0)  at  any  t-ple  point  A,  and  cutting  O^ 
again  in  two  non- adjoined  coresiduals  B,  B'. 

Then,  if  G,  (7  have  at  least  i—1  branches  at  ea^h  and  every  i-ple  point 
on  Gmi  the  point-groups  B,  B'  are  general  adjoined  coresiduals. 

For  the  curve  G\  having  a  A;-ple  point  at  ^  (A;  ^  i—  1),  passes 
through  ki—^i  (*  — 1)  points  of  the  cluster  ki  common  to  G  and  G^ 
at  A,  this  being  the  number  of  points  of  the  cluster  ki  which  supply 
independent  conditions  for  (A;— l)-ics.  Thus  G,  G\  G^  have  & 
common  cluster  at  A  of  degree  A:i— ji(i  — 1),  which  belongs  to  a 
whole  point-group  2  Q  containing  Q,  Also,  0,  0'  cut  G^  again  at  A 
in  two  different  general  clusters  of  degree  Ji(/— 1),  which  belong' 
respectively  to  point-groups  Si?,  Si?'  containing  E,  B\  Thus 
B,  B*  are  parts  of  two  coresidual  point-groups  Si?,  Si?'  each  of  which 
contains  a  general  cluster  of  degi*ee  i^  (^  — 1)  at  each  t-ple  point  of 
Gf^ ;  I.e.,  i?,  i?'  are  general  adjoined  coresiduals.     (Cf.  Art.  2,  e.) 

Agadn,  if  the  curves  (7,  (7'  have  less  than  (i^l)  branches  at  a  single 
i-ple  point  of  Gmt  tlien  i?,  i?'  are  specialized  adjoined  coresiduals. 

For,  supposing  k  less  than  z— 1,  the  curves  (7,  G\  Gn^  have  a 
common  cluster  at  A  of  degree  ^k  (k-\-l)  which  belongs  to  SQ ;  and 
G,  O'cut  Om  again  at  .4  in  two  clusters  of  degree  ki—^k(k-\-l),  or 
k  (i—l)— iA;  (A;-— 1),  which  belong  to  Si?,  Si?'  respectively.  But  any 
adjoined  curve  through  i?  contains  the  cluster  k (i  —  l)— ^A; (A;— 1)  of 
Si?  (Art.  8,  ii.) ;  and  therefore  contains  the  whole  point-group  Si?, 
and  cuts  (7„  again  in  a  point-group  SQ'  which  is  residual  to  S^'. 
Hence  i?,  i?'  are  adjoined  coresiduals. 

The  point-groups  i?,  B  are  however  specialized,  because  curves 
could  be  drawn  through  Si?,  Si?'  which  have  less  than  (»— 1) 
branches  at  the  point  A;  which  would  not  be  the  case  if  i?,  i?'  were 
general  adjoined  coresiduals.* 

Thus,  adjoined  coresiduals  include  all  other  kinds  of  coresiduals, 
such  as  are  usually  considered.  If  however  the  curves  C,  G  through 
Q  do  not  have  the  same  number  of  branches  at  each  multiple  point 


♦  The  properties  of  non-adjoined  coresiduals  are  fully  worked  out  by  Noethbb, 
* '  Ueber  die  Schnittpunktsysteme  einer  algebraischen  Curve  mit  nioht-adjungirten 
Curven**  (Math.  Ann.,  xv,  p.  607). 
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of  Omy  they  will  determine  point-groups  22,  B'  on  C,«,  which  may  be 
considered  as  non-adjoined  coresidnals  of  the  most  general  kind. 
The  properties  of  such  point-groups  are  more  complicated  than  those 
of  the  non-adjoined  coi*esiduals  considered  above ;  but  may  be  in- 
vestigated fix)m  the  results  of  Arts.  8,  21. 

Theorem  II  (iv)  gives  the  characterization  of  a  point-group  which 
forms  the  complete  intersection  of  two  curves  of  given  order ; 
but  we  have  not  yet  determined  the  characterization  of  any  point- 
groups  formed  by  the  pai'tial  intersections  of  curves.  Before  doing 
this,  we  give  a  few  examples  on  the  theorem  of  residuation ;  which 
will  help  to  illustrate  the  general  method  of  Section  III. 

II. 

Examples  on  Residuation. 

10.  If  a  complete  h-side  can  he  inscribed  to  a  quartic,  then  any  number 
of  complete  b-sides  can  be  inscribed,  all  of  which  are  circumscribed  to 
the  sams  conic. 

Adopting  German  nomenclature,  we  define  a  complete  n-side  as 
the  figure  formed  by  n  straight  lines,  having  \n  (n— 1)  comers  ;  and 
a  complete  n-comer  as  the  figure  formed  by  n  points,  having 
in  (n— 1)  sides. 

Let  the  figure  represent  a  com- 
plete 5-side  inscribed  to  a  quartic, 
the  letters  denoting  its  ten  comers. 
Then,  if  any  four  straight  lines  be 
drawn  through  F,  Q,  H,  JT,  they 
will  cut  the  quartic  again  in  twelve 
more  points,  which  lie  on  a  cubic 
(Theorem  III)  ;  and  if  the  angles 
made  by  the  four  lines  with  FA, 
QBy  HGy  KA  respectively  be  very 

small,  the  twelve  points  become  six  pairs  close  to  A^  By  (7,  A',  N^  C. 
Hence  a  cubic  can  be  drawn  touching  the  quartic  at  these  points. 
Similarly  a  conic  can  be  drawn  touching  the  cubic  at  A\  B',  0',  and 
therefoi'e  also  touching  the  quartic. 

Let  6',  c'  be  two  points  on  the  quartic  close  to  B',  0\  such  that 
6'c'  is  a  tangent  to  the  conic  inscribed  to  the  5-side ;  and  let  the 
second  tangents  to  the  conic  from  6',  cf  meet  in  a'.  Then  a'  lies  on 
.the  quartic ;  for  the  triangles  AB'G\  aVc  are  circumscribed  to  a  conic, 
and  are  therefore  inscribed  to  another,  viz.  the  conic  which  touches 
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the  quartic  at  A\  B\  0\  Hence,  corresponding  to  the  line  fee',  we 
obtain  another  complete  5-side  inscribed  to  the  quartic  and  circnm- 
Bcribed  to  the  conic,  whence  the  theorem  follows. 

Hence  if  any  triangle  be  circumscribed  to  the  conic,  two  comers  of 
which  lie  on  the  quartic,  the  third  does  also.  In  other  words,  the 
13  corners  of  a  triangle  and  5-side  circumscribed  to  the  same  conic 
supply  only  12  independent  conditions  for  quartics.  Quartics 
through  the  13  points  are,  however,  specialized ;  for  a  complete  5-8ide 
cannot  be  inscribed  to  a  general  quartic.  Similarly  the  9  comers  of 
a  triangle  and  4-side  circumscribed  to  the  same  conic  form  the  base 
of  a  pencil  of  cubics,  which  are  not  specialized.  Several  properties 
of  cubics  may  be  deduced  from  this,  such  as,  for  instance,  the 
fundamental  property  that  the  lines  joining  any  fixed  point  on 
the  curve  to  pairs  of  corresponding  points  of  the  same  kind*  are  in 
involution. 

The  general  property,  of  which  the  examples  given  above  are 
particular  cases,  is  the  following.  If  an  m-stde  and  an  n-side  circum- 
scribe a  conic  {vi  ^  n),  then  tlie  (»  — l)-ic  excess  of  the  point-group 
formed  by  their  ^m  (m— l)H-|n  (n— 1)  comers  is  ^  (m— l)(m— 2). 
When  m<n— 1,  the  point-group  fonns  the  partial  intersection  of 
two  (»— l)-ics;  when  m  =  n  — I,  it  forms  the  base  of  a  pencil  of 
(n— l)-ic8;  and  when  7?i  =  n,  it  fonns  the  complete  intersection 
of  an  7i-ic  and  (n  — l)-ic. 

11.  To  find  the  general  condition  that  a  group  of  lii  points  Q^  should 
supply  only  12  independent  conditions  for  quartics. 

Take  any  fixed  quartic  C^  through  the  point-group  Qj,  for  base- 
curve.  Then,  since  the  13  given  points  supply  only  12  independent 
conditions  for  quartics,  it  follows  that  quartics  can  be  drawn  through 
Q„  cutting  C4  again  in  different  groups  of  thi-ee  points  22,,  jB^,  ...» 
which  form  a  coresidual  system.  Now  two  point-groups  R^,  Ei  on  C^ 
cannot  be  coresidual  unless  they  lie  on  two  straight  lines  which 
intersect  in  a  point  .4  on  the  curve.  For,  if  a  conic  be  drawn  through 
E.„  it  will  cut  O4  again  in  a  point-gi'oup  Q5,  which  is  residual  to  1?, 
and  t-o  Ri.  Hence  more  than  one  conic  can  ho  drawn  through  Qj;  and 
therefore  four  of  the  points  Q^  must  lie  on  a  straight  line,  and  22,,  B^ 
must  lie  on  two  straight  lines   through  the  fifth.     Hence  any  two 


*  Two  pairs  of  coireRponding  point*  of  the  wime  kind  on  a  cubic  are  the  endu  of 
two  diagonals  of  a  complete  4 -side  inscribed  to  the  curve.  (liia/ier  Flaw  Curve*. 
Art.  151.) 
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quartics  through  Q,,  cut  again  in  3  points  on  a  straight  line.  Con- 
versely, if  any  two  quartics  be  drawn  through  3  points  on  a  straight 
line,  they  will  cut  again  in  13  points  which  supply  only  12  indepen- 
dent conditions  for  quartics. 

12.  A   group    of  mn—^  (m  — l)(m  — 2)    given    points    on    a    curve 

0^{n  >  m  — 2)     has    an     infinite     number     of    residual     groups     of 

^  (m— l)(m  — 2)  points^  i.e.,  does  not  supply  mn— J  (w  — l)(m  — 2) 
independent  conditions  for  n-ics,  provided  one  such  residual  lies  on  a 
curve  of  order  m  —  3. 

Take  (7„  as  base-curve;  then  the  accompanying  figure  indicates 
the  proof  of  the  theorem. 


J  (w- !)(,„_ 2)- 


C«_ 


m-S 


-im(m-3)-l 


iw»-J(m-l)(w-2) 


n-ic 


j(«-i) 


'm-l 


(m-2) 


Base'Curve  Cm 


Aaj  two  point-groups  connected  by  a  line  in  this  figure  are  residual, 
the  order  of  the  curve  on  which  any  two  residuals  lie  being  marked 
on  the  connecting  line.  Also  two  point-groups  separated  by  two 
lines  are  coresiduals  ;  and  two  point-groups  separated  by  three  lines 
are  residuals  (Art.  6). 

Starting  with  the  given  point-group  mn—^  (m— l)(m— 2),  a  curve 
Cn  is  supposed  to  be  drawn  through  it  which  cuts  the  base-curve 
again  in  a  group  of  |  (m— l)(wi— 2)  points,  lying  on  (7«_8»  l>y  hypo- 
thesis ;  the  curve  (7,„_,  cuts  the  base-curve  again  in  a  point-group 
^m  (m— 3)  — 1,  through  which  a  second  (m--3)-ic  C'^.t  can  be  drawn, 
determining  a  second  group  of  ^(m— l)(m  — 2)  points;  this  last 
point-gproup  is  residual  to  the  given  one,  which  proves  the  theorem. 

By  similar  reasoning  we  can  prove  the  following  theorem. 

If  n  ^  I  ^  7n<l-\-7n,  l-{-m—n  =  y;    and  if  ^  (y  —  l)(y — 2)  of  the 

points  common  to  Ci,  G^  He  on  a  (y— 3)-ic;  then  n-ics  through  the  re- 
maining Zm— ^  (•y--l)(y — 2)  points  common  to  Cij  C,n  do  not  necessarily 
pass  through  the  i  (y  — l)(y— 2)  points.* 


♦  BACHARAcn,  toe.  ^t^,  p.  497. 
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Take  (7„,  as  base-cnrve  ;  then  the  (y— 3)-ic  (7^.,  through  the  point- 
group  i-  (y  —  l)(y— 2)  cuts  the  base-curve  again  in  the  point-group 

m(y-3)-i  (y-l)(y-2)  =  (m-3)(y-3)-i  (y_4)(y-5). 

through  which  a  curve  O^.s  can  be  drawn,  without  passing  through 
all  points  on  Cy.^  (Theorem  I),  i.e.,  without  passing  through  the 
point-group  i(y— l)(y— 2). 


l(y-l)(y-2) 


Ci 


^t-» 


m(y-3)-i(y-l)(7-2) 


CU., 


(/  +  m— •y)-io 

Bate-curve  Cm. 

The  curve  G^-t  cuts  the  base-curve  again  in  a  point-group 

m(m-y)  +  Hy-l)(y-2), 

residual  to  Zm— |(y  — l)(y— 2).  Hence  the  im  — |  (y— l)(y— 2) 
points  lie  on  an  (Z  +  m — y)-ic,  that  is  an  n-ic,  which  does  not  pass 
through  the  i  (y  — l)(y— 2)  points  ;  which  had  to  be  proved. 

These  two  theorems  are  particular  cases  of  more  general  ones, 
which  are  considered  iu  the  next  section. 


13.  Jjf  K  =  1-f  J  (k~-l){k — 2)  general  points  he  taken  in  a  plane^  and 
three  proper  curves  Ci,  C^y  Cn  he  drairni  through  therriy  cutting  again  in 
pairs  in  L,  M,  and  N  points ;  and  on  Ci  any  L^  =  i  (Z— fc  +  l)(i — ^  +  2) 
inore  fixed  general  points  he  taken,  and  similarly  any  Mi  and  Ni  points 
on  Om  o>nd  0«;  and  three  other  curves  Cp,  Cm-y  0^',  of  orders  m  +  n — ik, 
»  +  Z  —  A;,  I  -f.w  —  k,  he  draum  through  the  L  +  Mj  -|-  N^,  Jf -|-  JVj  -h  Lj,  and 
N -\-L^'\'M^  points  respectively  ;  then,  just  as  Ciy  €„,  On  have  K  points 
common  in  thr  plane,  and  their  remaining  ptn'nts  of  intersection  taken  in 
pairs,  viz.  L,  M,  N,  on  Cr,  C,,,-,  0,,,  so  also  Ci,,  C^',  G^  have  E!  points 
covimmi  in  the  plane,  a7id  their  remaining  points  of  intersection  taken  in 
pairs,  viz.  L\  M',  N'  on  Ci,  C,n,  Cn;  where  K'  is  equal  to 

mn  -h  nl  +  Im  —  kl^  hn—kn  +  ^  (A;  —  1) (A;  -|- 4).* 


•  This  18  a  generalization  of  a  theorem  given  by  Oltvieb,  **  Zur  Theorie  der 
Erzeugiiiig  geoaietriKchen  Curven*'  {Ct clicks  Journal,  Bd.  Lxzi,  p.  1),      Cf.  Study, 
' '  f/ei^er  i»dinittpiinktfijrur<m   ebener  algebraischer    Ourven**   {Math,   Ann.,    Bd. 
XXX VT,  p.  216).     The  fig-  ;r©  is  a  copy  ol  one  Vn  Ytoioftaot  ^WS^.Y^'^"^^- 
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The  point-groups  L,,  Mi,  N^  are  not  marked  separatelj  in  the 
figure,  but  are  included  in  the  larger  point-groups  L\  JIT,  JV' ;  their 
numerical  values  being  connected  by  the  equations  written  below. 


Z  —  m»i  —  JT, 

X'  -  Z,  +  i  (/- 1)(/- 2)      =  mV -  JT', 

If -w/-jr, 

jf'  =  jir,  +  l(m-i)(ifi-2)  -«'r-jr, 

N^ltH-K. 

JV« -y, +i(w-l)(«-2)    «/'m'-jr. 

We  shall  first  show  that  the  conditions  imposed  on  Ci*,  C^,,  Cn*  are 
just  suflBcient  to  determine  them.  The  curve  Cv  is  required  to  pass 
through  the  iy-fAf,-!-^,  points  ;  but 

X  +  lfi  +  i^,  =  i»/m-l-A(^-l)(A;-2)+A(m-^  +  l)(m-^  +  2) 

=  \  (m  +  n-^  +  l)(m  +  «— A;-|-2)— 1  =  ir(r-|-3). 

Hence  a  curve  Cp  can  certainly  be  drawn  through  the  Z-flf,-f-N, 
points ;  and  no  other  T-ic  can  be  drawn  through  the  same  points, 
provided  they  all  supply  independent  conditions  for  //-ics.  Now  the 
L  points,  which  are  common  to  (7„,  C„,  supply  L  independent  condi- 
tions ;  for  if  they  did  not,  the  remaining  K  points  common  to  C,  (7„ 
would  lie  on  an  (m+«—Z'— 3) -ic,  that  is,  a  (fc— 3)-ic,  by  Art.  19  (iv). 
Also  the  remaining  Jlfi  +  ^,  points  supply  Ifi-h^i  more  indepen- 
dent conditions ;  for  if  they  did  not,  any  curve  S^  through  the  L  points 
and  all  but  one  of  the  M^  -f  N^  points  would  necessarily  pass  throujQ^h 
the  last;  and  supposing  this  last  to  be  one  oi  V^ae  15^  ^^\!c^^*^««^^x 
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passes  necessarily  through  a  point  chosen  arbitrarily  on  On,  and 
therefore  mnst  be  of  the  form  Gn8n,.k',  and  S^^k  passes  through  the 

If,  =  I  (w— A;  +  l)(m-A;  +  2) 

points  chosen  arbitrarily  on  (7„,  which  is  impossible.*  The  curves 
Oi'y  C^y  Cn'  are  therefoi'e  completely  determined  by  the  given  con- 
ditions. 

Again,  taking  0^  as  base-curve,  (/{.passes  through  the  point-group 
Zr  +  lfi  on  C^y  and  cuts  C^  again  in  ^  (m— l)(m— 2)  points,  since 

i+lfi  =  wr-i  (m-l)(m-2). 

Now  the  Jf,  +  i(tn— l)(m— 2)  points  on  C^  are  residual  to  the 
L  points,  and  therefore  coresidual  to  the  K  points,  and  therefore 
residual  to  the  N  points.     Hence  the 

iV+3f,  +  i(m— l)(m-2)  =mn 

points   lie  on  an  n'-ic ;    but  (7„.  passes  through  the  N-i-Mi  points 

(which  supply  N-\-M^  independent  conditions),  and  therefore  passes 

through  the  |^(m  — l)(m— 2)  points.      Thus  (7,.,  C^.  intersect  in  a 

point-group 

Jlf' =  if.  +  |(w-.l)(m-2) 

on  Cm-     Hence  the  three  curves  Cy,  (7„',  0^*  intersect  in  pairs  in  three 

groups  of  L\  M\  J^^  points  on  Ci,  G^,  G^  respectively,  as  shown  in 

the  figure. 

The  curves  G^-y  C„'  have  the  point-group  L'   common,  and  cut 

again  in  a  point-group 

K'  =  mn — L\ 

Hence  the  complete  intersection  of  the  two  curves  G^Ot^'y  O^CVj  is 
made  up  of  the  K -\- L -{- M -{- N -\- K' -j-  L'-^-M'-^N'  points ;  but  of  these 
K-^L'+M+N  =^  l(m-{-m)  lie  on  Gr,  therefore  the  remaining 
ir'4--Z>  +  3r-f  ^  =  r(vi-\'Vi)  points  lie  on  a  curve  of  order  T,  viz. 
Gi>,     This  proves  the  theorem. 

The  value  of  iT  is  given  by 
K'  =  mn — L' 

=  (Z4.^__^.)(Z^.^_A0-i(Z-A;-fl)(Z-A;  +  2)-|(Z~l)(Z-2) 

=  mn-\-nl-\-lm'-kl—1cm-^kn-\-^  (fc— l)(A;-i-4). 

Similar  properties  hold  for  curves  drawn  through  a  point-group  K 
of  special  form,  in  which  case  K  might  have  any  numerical  value. 

*  It  ip  a8Hiiroed  that  k  is  a  positive  integer  ;  if  k  were  zero,  the  above  reaBoning 
would  lead  to  the  result  that  C\'  =  C\„  C„. 
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III. 

Characterization  of  Rest-Groups. 

• 

14.  For  definitions  see  Art.  2,  (g^m).  We  shall  suppose  that  the 
point-gTonps,  whose  charactenzation  we  are  about  to  investigate,  are 
made  up  of  general  clusters  (including  oi'dinary  points),  of  given 
degree,  finitely  separated ;  that  the  degree  of  each  cluster  is  a  tri- 
angular number  ii(i  +  l);  and  that  any  curve  drawn  through  a 
point-group  has  at  a  cluster  |i  (i  -^  1)  either  t  or  1 4- 1  branches.  Such 
a  curve  has  therefore  at  an  ordinary  point  of  the  point-group  (i  =1), 
either  one  or  two  branches  ;  and  at  any  point  in  the  plane  not 
belonging  to  the  point-group  (*  =  0),  either  no  branch  or  one  branch 
only.  Also  two  curves  C/,  C^  drawn  through  a  point-group  N  will 
cut  again  in  a  rest-group  N\  of  the  same  type  as  N.  Thus,  if  N  has 
a  cluster  ^t  (»  +  l)  at  A,  and  (7|,  G^  both  have  »  branches  at  A,  then 
.^T  has  a  cluster  ^i(i—l)  at  il ;  if  Gi  has  i+1  and  G^  i  braijches, 
then  .AT' has  a  cluster  ^i  (i -h  1)  ;  and  if  (7„  Gm  both  have  t-|-l  branches, 
N'  has  a  cluster  |^  (t-f  l)(t-f  2) ;  all  these  clusters  being  general 
ones. 

We  shall  define  a  K  point-group  on  a  given  curve  Gm  as  one  which 
contains  a  general  cluster  of  degree  \i  (i  — 1)  at  each  *-ple  point  of 
(7m»  but  no  ordinary  points  ;  so  that  a  curve  adjoined  to  0«,  and  a  curve 
through  a  K  point-group,  are  equivalent  terms,  li  p  \&  the  deficiency  of 
(7m}  the  degree  of  a  K  point-gix)up  is 

K  =  S^i  (t-1)  =  \  (m-l)(m-2)-p. 

Also  the  number  of  ordinary  points  in  which  an  adjoined  (m  — 3)-ic 
cuts  Gm  is 

tn  (m-3)-2i  (t-1)  =  m  (m-3)-(m-l)(m-2)-t-|?  =  2p-2  ; 

and    an    adjoined   (m  — 3+r)-ic  cuts    G^    in    2p—2-^rm  ordinary 
points. 

An  (m— 3)-ic  adjoined  to  G^  cannot  be  drawn  when^  =  0,  and  does 
not  cut  Gm  in  any  ordinary  points  when  ^  =  1.  Hence,  when  con- 
sidering adjoineci  (m  — 3)-ic8,  we  shall  assume  that  ^>1.  It  should 
be  noticed  however,  that  when  jd  =  0  or  1,  a  K  point-group  supplies 
K  independent  conditions  for  (m— 3)-ics.     (Cf.  Art.  19,  i.) 

A  square  bi^acket  enclosing  a  tnangular  number,  as  in  Art.  15  (iii), 
denotes  that  the  number  is  to  be  retained  when  its  factors,  in  the 
form  in  which  they  ai-e  wiitten,  are  positive ;  and  rejected  when 
negative. 
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15.  (i.)  A  simple  rest-group  (Art  2,  l)  can  he  immediately  derived 
from  an  incomplete  point-group^  but  not  from  a  redundant  one. 

For,  if  ^  is  incomplete,  a  simple  rest-group  N'  can  be  immediately 
derived  from  JV  by  drawing  two  curves  through  it,  of  which  one  at 
least  does  not  pass  through  the  remaining  points  of  the  plane  which 
complete  N.  If  however  N  is  redundant,  any  immediately  derived 
rest-group  N'  must  be  incomplete ;  since  the  general  points  of  N, 
which  have  no  connexion  with  the  rest,  will,  if  added  to  N*,  at  the 
least  make  N'  more  complete  than  before. 

(ii.)  Since  the  number  of  independent  conditions  supplied  by  a 
point-gproup  N  for  n-ics  is  ^— r^,  and  the  degree  of  freedom  of  an 
n-ic  through  N  is  5„,  we  have  the  relation 

N-r,-\-q^  =  in(n^S)    (1). 

(iii.)  If  n-ics  are  drawn  through  any  point-group  N  on  a  ha^e'Curve 
Omi  the  multiplicity  of  the  system,  of  point-groups  in  which  they  cut  C7„ 

again  is  5,.  [^  („_^  +  1)(„_to+2)]    (2). 

Let  8n  be  any  n-io  through  N,  cutting  0^  again  in  mn—N,  Then 
the  n-ic  defect  of  N,  viz.  g^,  is  the  number  of  general  points  on  C^^ 
together  with  the  number  of  additional  general  points  in  the  plane, 
through  which  Sn  can  be  drawn;  and  the  former  number  is  the 
multiplicity  of  mn—N  ;  and  the  latter  is  \  (n  —  m  +  l)(n— w-|-  2)  or  0, 

according  as  n  ^  m  or  n  <  m.     Hence  the  multiplicity  of  mn—N  is 

gH-[i  (n-m+l)(n-m  +  2)]. 

16,  Example. — The  n-ic  excess  of  a  point-group  N  =ilm-\-a  on  a  base- 
curve  (7,^,  coresidual  to  a  group  o/  a  <  ^  (n— Z-|-l)(n— Z-|-2)  >  0  general 
pointSy  none  of  which  belong  to  N,  is  ^  (Z-|-m  — n— l)(Z-f  *»— n— 2)  ;  pro- 
vided n>  l<  Z-+-w»  and  also  n  >  m  —  3. 

We  take  a  >  0,  because  the  theorem  has  been  already  proved  for 
the  case  a  =  0  (Theorem  II,  iv)  ;  and  a  <^  (n-Z+l)(n— Z-|-2), 
because  otherwise  an  (n—Z) -ic  could  not  be  drawn  through  «r,  nor  an 
^-ic  through  N,  except  one  of  the  form  OmSn-m'  Also  we  take  n>Z, 
because -^T > Zm ;  n<  Z-fwi,  because  the  (Z-fwi— 2)-ic  excess  is  zero; 
and  n  >w— 3,  because  no  point-group  on  0^  coresidual  to  a  general 
point-gi*oup  can  lie  on  a  curve  of  lower  order  than  m— 2.* 

♦  It  can  be  proved  that  no  reflidual  of  o  general  points  can  lie  on  an  (m— 3)-ic, 
or  carve  of  lower  order,  which  does  not  pass  through  the  point-group  a. 
If  l<in,  then  it  can  be  proved  that  o>  ^  (m— l-Y'j^^m-C— *2\  ;  if  however  l>m^Z, 
a  might  have  any  value  trom  1  to  ^m  (^m— ^V 
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Now  an  (n— Z)-ic  through  the  a  general  points  cuts  Om  again  in  a 
group  of  mn^lm—a  points,  whose  multiplicity  (since  n—lKm)  is 

i  (n-Z)(;2-Z-f  3)-a. 
mil  — /m— o 


(w-/)-ic 


W-IO 


lm  + 


N 


Bate-eurve  Cm. 


The  point-groups  mn—Vm—a  and  N  are  residual.  Hence  an  n-ic 
can  be  drawn  through  the  point-group  N\  and,  by  Art.  15  (iii),  the 
multiplicity  of  mn — 2m — a  (since  n  >  m  —  3)  is 

5„— ^  (n— m-|-l)(n— m-|-2). 

Equating  this  to  the  value  found  above,  we  have 

5^  =  i(n-m  +  l)(n-m  +  2)-fi(w--Z)(n-.Z-f3)— a. 

But,  by  Art.  15  (ii), 

Zm  +  a-r^  +  5„  =  |n  (n-|-3)  ; 

therefore      r„  =  Zw-|-a-|--J-  (n— m  +  l)(w— w-f  2) 

-|-i(n-Z)(n-Z  +  8)-a-|n(n  +  3) 
= -J  (^  +  w-«— l)(*+wi— n— 2). 

Thus  r„  is  zero,  when  n  =  Z-H  771—2  ;   and  therefore  also  when  n  has 
any  higher  value. 

Suppose  that  a  contains  a  K  point-group  (Art.  14)  ;  then  so  also 
does  N,  Hence,  taking  a  =  K-f-^  and  N  •=■  K'-|-12,  the  result  proved 
may  be  expressed  as  follows  : — If  a  group  of  iB  =  lm-\-^  ordinary 
points  on  a  base-curve  C,  of  deficiency  p^  has  a  non-specialized  ad- 
joined coresidual  of  /3 < | (n— Z-f  1)(«— 2+ 2)  -^  (m— l)(m— 2)  -f  p> 0 
general  points  en  C^^  then  the  excess  of  R  for  adjoined  n-ics  is  equal 
to  ^  (Z-Hm— 7i— l)(Z+w,— n— 2)  ;  pi-ovided  a  K  i^ovai-^cwi:^ \i»sa.  ^^ 
excess  ior  (»— /)-ics,  and  n>  I  <  l+m,  u  >  m— '^^ 
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17.  Theorem  IV. — The  necessary  and  sufficient  condition  that  a  point- 
group  Nf  on  a  hase-curve  C^^  should  lie  on  an  (m — 3)-ic,  is 

p  ^  N—^m  (m— 3)  ; 

p  being  the  multiplicity  of  N, 

We  regard  the  given  point-group  -AT  as  determining  a  series  of 
other  point-gronps  Nj  forming  a  complete  coresidnal  system,  of 
multiplicity  p  (Art.  2,  m). 

(i.)  Suppose  that  the  given  point-group  ^  lies  on  an  (m— 3)-ic ; 
and  that  a  fixed  (m— 3)-ic  is  drawn  through  it,  cutting  C^  again  in 

N'  (N'\-N'^=  m .  7M--3).     Then  every  point-group  N  is  residual  to  N* ; 
therefore  p  ^  |m(m-3)— iV"  >  N—\m(mS). 

(ii.)  Conversely,  suppose  that  p  ^  N—jm  (m— 3).  Then  we  have 
to  prove  that  N  lies  on  an  (w  — 3)-ic.  All  the  point-groups  N  may 
possibly  have  a  certain  number  of  fixed  points  in  common;  but, 
whether  they  have  or  not,  it  is  clear  that  p  points,  say  A^  B,  Oj  .,.  Jff, 
can  be  chosen  out  of  any  point-group  N,  which  do  not  all  belong  to 
any  other  point-group  of  the  system. 

Take  another  point-group  of  the  system  containing  B,  (7,  ...  iT,  but 
not  A ;  and  denote  the  remainders  of  the  two  point-groups,  when 
i?,  (7,  ...  H  &re  taken  away,  by  By.^^u  -Rir-,*i  respectively.     Then 

Ry^,*i  =  R'jf^.^i'  (Art.  6) 

Draw  any  straight  line  through  A,  cutting  0^  again  in  Q^^i ;  and 
any  (;»  — 3)-ic  through  the  remaining  N—p  (  ^  |m  .  m  — 3)  points  of 
By-f^u  cutting  G^  again  in  the  point-group  Qm{m-s)-if*r     Then 

theref oix)  Q«  - 1  +  Qm  (m  -  s)  -  j^+ , + Ry-p +1  =  0. 

These  last  m(m—2)  points  therefore  lie  on  an  (m— 2)-ic,  which 
must  bixjak  up  into  the  straight  line  containing  the  (m— 1)  points 
Qm.i  and  an  (7/1— 3) -ic.  But  the  sti'aight  line  through  Q^^i  cuts  O^ 
again  in  A  ;  hence  the  point  A  must  be  included  in 

i.e.,  A  \s  necessanly  included  in  Qw^„,_3).  jv+^.     Hence  any  (m— 3)-ic 
thiough   the  N—p  points  of  N  passes  necessarily  through  A,  and 
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similarly  through  all  the  p  points.  Thus  N  lies  on  an  (w— 3)-ic, 
and  its  (m--3)-tc  excess  is  not  less  than  p. 

To  apply  the  theorem  to  the  case  of  adjoined  curves,  we  suppose 
that  N  consists  of  a  K  point-group  (Art.  14),  and  R  ordinary  points 
on  Cm'     Then 

^'=K-f7?  =  i(m-l)(m-2)-p-fE; 

therefore  N—  \  m  {in — 3)  =  E  —p  -f  1 . 

Hence  the  necessary  and  sufficient  condition  that  N  lies  on  an 
(m— 3)-ic,  or  that  R  lies  on  an  adjoined  (m— 3)-ic,  is 

p  ^  R-p-^l; 

where  p  is  the  multiplicity  of  N^  and  therefoi'e  also  of  R. 

18.  The  Riemann-Roch  Theorem. — Tfie  multiplicity  of  any  point- 
group  on  a  base-curve  G„t  is  equal  to  its  (rti — 3)-ic  excess. 

If  the  point-group  N  does  not  lie  on  an  (m—  3)-ic,  then  the  number 
of  independent  conditions  it  supplies  for  (m  —  3)-ics  is  ^  (m  —  1)  (wi— 2), 
by  Art.  7  ;  and  its  (m— 3)-ic  excess  is  therefore  N—^  (wi  — l)(m— 2). 
Also  its  multiplicity  on  (7„  is  less  than  N—^m  (m— 3),  by  Theorem 
IV-;  and  is  not  less  than  -N"— J  (m— l)(m— 2),  since  this  number  of 
points  at  least  can  be  chosen  arbitrarily  for  determining  a  point- 
group  on  (7„  belonging  to  a  given  coresidual  system  of  degree  N 
(Theorem  I).  Hence  the  multiplicity  of  N  is  N—^  (m— l)(m— 2)  ; 
I.e.,  is  equal  to  its  (m — 3)-ic  excess. 

If  the  point-group  N  lies  on  an  (m— 3)-ic,  let  an  (m— 3)-ic  be 

drawn  through  it,  cutting  C/„  again  in  N'  (N-^-N'^  m.m— 3)  ;  and 
let  5m-3»  r~y  p  and  g^.g,  r^_3,  p'  denote  the  (m— 3)-ic  defects, 
(m  — 3)-ic  excesses,  and  multiplicities,  of  N  and  N'  respectively. 

Then,  by  Art.  15  (iii),       p  =  ql.3,    P  =  Qm-s ; 
and,  by  Art.  17,     r^,.,  ^  p  >:  ql_s,     r^_3  ^  p  ^  g„_s ; 
and,  by  Art.  15  (ii),  r^-3-(Z'H-3  =  N—im  (in—S) 

But  neither  r,,,.,— 9'„.3  nor  r'«_3— <?w-3  is  negative,  from  above; 
therefore  r„.3  =  q^^  =  p,     and     r^.2  =  gr,„_3  =  p. 
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ThuSy  if  ^+ JV"  =  m  (m— 3)  =  0,  th^  (m— 3)-tc  defect  and  excess  cf  N 
are  equal  respectively  to  the  (m— 3)-io  excess  and  defect  of  N';  and  the 
difference  of  the  multiplicities  ofNy  N\  viz.  p — p\  is  equal  to  -J-  (^— JPT). 

19.  The  theorem  of  residuation  and  the  Riemanii-Boch  theorem 
express  the  two  fundamental  properties  of  point-groups  on  curves. 
Some  of  the  immediate  consequences  of  the  latter  theorem  are  the 
following. 

(i)  A  K  poi7it-group  ofi  C^^  supplies  K  independent  conditions  for 
(m— 3)-zc5;  and  an  (m  — 3)-ic  through  K,  i.e.,  an  ac^oified  {m  —  S^'ic, 
does  not  of  necessity  pass  through  any  fixed  ordinary  point  on  Gm- 

Draw  any  (w— 3)-ic  through  K,  cutting  C.  again  in  a  point-group 
K'  +  2p— 2,  of  which  2p— 2  are  ordinary  points  on  dt  &^d  K'  is  a 
point-gix)up  of  the  same  kind  as  K.  Then,  if  the  (m  — 3)-ic  excess  of 
K  is  not  zei-o,  the  (m— 3)-ic  defect  of  K'  +  2p— 2  is  not  zero  (Art.  18), 
and  an  (m  -3)-ic  can  be  drawn  through  K'-|-2p— 2,  and  one  or  more 
other  arbiti'ary  points  on  C^.  We  should  then  have  an  adjoined 
(m— 3)-ic  cutting  (7„  in  more  than  2p— 2  ordinary  points,  which  is 
impossible.     Hence  the  (m  — 3)-ic  excess  of  a  K  point-group  is  zero. 

Again,  if  an  (m— 3)-ic  through  K  passes  necessarily  through  a  fixed 
ordinary  point  A  on  C^y  the  (m— 3)-ic  excess  of  the  point-group 
consisting  of  K  and  the  point  ^1  is  1;  and  the  (m— 3)-io  defect  of  a 
residual  point-group  K'-f  2p--3  is  also  1.  Hence  an  (m— 3)-ic 
through  K'-}-2p— 3,  which  passes  necessarily  through  A,  by  hypothesis, 
can  be  made  to  pass  through  another  arbitrary  point  on  C^,  and  cuts 
C^  in  2p-l  ordinary  points  altogether,  which  is  impossible. 

Since  the  (m  — 3)-ic  excess  of  K  is  zero,  the  multiplicity  of  the 
gix)up8  of  2p  — 2  ordinary  points  cut  from  (7^  by  adjoined  (m— 3)-ics 

» 

IS 

|m  (m— 3)  -  K  =  p—1, 

(ii.)  If  the  (m— 3)-ic  excess  of  any  point-group  K-h2  on  (?«,  is  1, 
the  two  ordinary  points  of  K-h2  belong  to  a  system  of  adjoined  oo- 
residual  point-pairs  on  O,,.  For  the  multiplicity  of  K-h2  is  1 
(Art.  18);  and  any  coresidual  of  K-f  2,  of  the  same  degree,  is  a  point- 
group  K'4-2',  containing  2  ordinary  points. 

Also  any  adjoined  (m — 3)-ic  through  one  point  of  a  point-pair  passes 
necessarily  through  the  other,  by  (i) ;  and  therefore  the  2p— 2  ordinary 
points,  in  which  any  adjoined  (w— 3)-ic  cuts  Om>  consist  of  (p — 1) 
point-pail^.  Curves  which  contain  such  systems  of  point-pairs  are 
called  hyperelliptic  curves,  when  p>l.   A  curve  whose  deficiency  is  2  is 
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necessarily  hyperelliptic.  If  ^is  any  point-group  for  which  r^.,  =  1 ; 
and  an  m-ic  G^  can  be  descnbed  having  an  i-ple  point  (t  >  2)  at  each 
cluster  of  ^  of  degree  i-i  (*  —  !),  and  a  double  point  at  each  of  the 
ordinary  points  of  N  except  two,  and  passing  through  the  last  two  ; 
then  C^  is  hypei'elliptic. 


(iii.)  If  an  n-ic  (?„  cuts  C^  iu  two  residual  point-groups  N,  N*^  and  r^ 
is  not  zero ;   then  N'  lies  on  an  (?m— 3)-ic,  which  does  not  pass  through  N. 


For,  if  n  ^  m— 2,  the  multiplicity  of  N'  on  G^  is 
p'=  g^— i(n— m-f  l)(n— m-f  2) 


(Art.  15,  iii) 


=  Jn(n-|-3)-(mn— 2^)-|-r.-^(7i-m-f  l)(n— m  +  2) 
=  2^-ir>i(m-3)+(r,-l) 
^  2r-Jm(m-3). 

Hence  IT  lies  on  an  (m— 3)-ic  (Theorem  IV),  which  does  not  pass 
through^;  since  n  ^  m— 2. 

Similarly,  if  n  <  m— 3, 

r'm^  =  p=qn  =  in  (n-|-3)-(mn— ^^-r^; 

therefore         JV'—  r'^^t  =  mn — |m  (w  +  3) — r„ 

=  (^-3)  n-J  (n-l)(n-2)-(r,-l) 
<  (m-3)n-i(w-l)(n-2). 


But  this  is  the  condition  that  an  (m— 3)-ic  can  be  di*awn  through  N'j 
which  is  not  of  the  form  0„  S,„_3-„,  or  which  does  not  pass  through  N. 
If  the  point-gi*oup  N  is  redundant,  any  (m— 3)-ic  throngh  N' 
passes  necessarily  through  the  redundant  points  of  JV,  but  not 
through  the  remainder. 

Gonversely,  if  r„  is  zero,  the  point-group  N'  docs  not  lie  on  an  (m— 3)-ic, 
wlieyi  n  >.  m  — 2;  and  can  only  lie  on  an  (m — 3)-tc  tvhich  passes  through 

JV,  tchen  n  <  ?/i— 3. 
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(iv.)  If  two  curves  Ci,  C^^  through  a  point -group  N  cut  again  in  a  rest- 
group  ^,  aud  if  qn  '^  0,  r„  ^  1,  r„^i  =  0 ;  then  the  curve  of  lowest  order 
through  N*,  which  does  not  pass  through  N,  is  an  (Z  +  m— -»— 3)-ic. 

For  an  n-ic  through  ^  cuts  C^  again  in  a  point-group  mn — N; 
which  lies  on  an  (wi— 3)-ic,   by  (iii)  ;  this  cuts  C  again  in  a  point- 


JV- 


/-ic 


7m-iV«  N' 


w-ic 


mn  —  N. 


(»w-3)-ic 


(/  +  m  — «— 3)-io 


w  (iw— »  — 3)+iV 


Base-curve  Cm' 


group  jV-l-7/i  (m— w— 3),  which  does  not  contain  all  the  J^^  points. 
Hence  N'  lies  on  an  (Z-Hm— n— 3)-ic,  which  does  not  pass  through  N  \ 
and  by  similar  reasoning,  since  r„^.i  is  zero,  N'  cannot  lie  on  an 
(Z-hm  — n— 4)-ic  which  does  not  pass  through  N. 

20.  Theorem  V. — If  any  two  curves  Gi,  Cm  &e  drawn  through  a  point- 
group  N,  cutti7ig  again  in  a  rest-group  N*  {N-^-N'  =  Im)  ;  then^  provided 

r;.«.„-3  =  3n  +  l-[i(w-Hl)(n-Z  +  2)]-[i(n-m-hl)(n-m  +  2)] 

(3), 

g;...-n.3  =  r„-H-[i(Z-/.-l)(Z-n-2)]  +  [i(m-n-2)(m-n-2)] 

(4). 

This  theorem  practically  determines  the  complete  characterization 

of  ^',  if  that  of  N  is  known ;  for  g„  $:  0,  r„  ^  1  are  the  necessary 
and  sufficient  conditions  that  an  (Z-f m  — n— 3)-ic  can  be  drawn 
through  N\  without  passing  through  N  (Art.  19,  iv).  In  the  case  of 
these  curves  drawn  through  N'  which,  as  a  consequence,  pass  through 
JV,  the  excess  of  N*  is  that  of  N-^-N'  diminished  by  N.*  (See  Note, 
p.  .504.) 

Also,  assuming  I  <  m^  it  should  be  noticed  that  the  general  n-ic 
*S'„  through  N^  although  it  may  necessanly  pass  thi-ough  N\  has  no 
factor  in  common  with  0^^  and  therefore  cuts  0^  again  in  a  finite 
rest-gix)up  Q. 

Equation  (4)  is  only  another  form  of  (3),  and  can  be  deduced  from, 
it  by  means  of  Art.  15  (ii).     Hence  it  is  only  necessary  to  prove  (3). 


•  By  takmg  y„  =  —  I  when  JVdooB  not  lie  on  an  w-ic  (Note,  p.  607),  the  equa- 
tions ^3),  (4)  can  be  proved  to  hold  for  all  values  of  w. 
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(i.)  Suppose  that  8n  does  not  pass  thix>ngh  N*,  so  that  Q  does  not 
contain  all  the  N*  points.     Then,  since  r„  is  not  zero,   Q  lies  on  an 


iV- 


r, 


Sn 


Q 


(m  — 3)-ic 


It 


(/  +  IW  — »— 3)-io 


Base -curve  C»». 


(m— 3)-ic  (Ai*t.  19,  iii).     Let  any  (m— 3)-ic  through  Q  cut  C,  again 
in  B,     Then  N',  R  are  residual  and  lie  on  an  (Z+m— -n— 3)-ic. 

By  Ai*t.  15  (iii),  the  multiplicity  of  R  is 

q,. ,-[ia-n-l)(i-n-2)]; 

and  the  multiplicity  of  Q  is 

?«-  [i  (n-m  +  l)(n-m  +  2)]. 

But,  by  Art.  18,  the  difference  of  these  is  -J-  (E— Q) ;  hence 

9;.«.-.3-[ia-n-l)(Z-n-2)]-(2r,+  [j.(n-m  +  l)(n-m-|-2)] 

=  i(i2-Q)  =  i2-i(Q+ie) 

=  m(Z  +  m— W--3)— ^'— ^m(m— 3)  ; 
thei'efore 

r/4m.«.3  =  ^'  +  (Zi^m-n-3— i(Z  +  m— w)(Z  +  m— n— 3)  (Art.  15,  ii.) 

=  (ZH+[i(^-H-l)(Z-n-2)]-[-i(w-m  +  l)(n-m  +  2)] 

+m(Z+w, — n  — 3)— |m(m  — 3)— -KZ-f  m— w)(Z-f  m— n— 3) 
=  gH+[j-(^-«-l)(^-^-2)]-[i(n-m  +  l)(n-m+2)] 

=  5'«  +  l-[i(«-^+l)(»*-^+2)]-[i(n-m  +  l)(n-m  +  2)]. 

(ii.)  Suppose  that  5„  necessanly  passes  through  2^,  Then  Q  con- 
tains N\  and  any  (w— 3)-ic  thi-ough  R  passes  through  a  point-group 
Q,  and  therefore  passes  through  all  the  N'  points.  Hence  the 
(Z-f-w— n— 3)-ic  excess  of  N*  is  zeix)  (Art.  19,  iii).  Again,  since  8^ 
necessarily  passes  thix)ugh  N\  n  cannot  be  less  than  Z ;  and,  if  n  is 
less  than  m^  8n  must  contain  (7/  as  a  factor  ;  thei'efore 

5„  =  -^(n-Z)(n-Z-H3)-h[Hw~'"i  +  l)(M-m  +  2)]. 
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Hence  the  relation  (3)  gives  n\^.,.,  =  0,  which  is  the  correct 
yalue.  Conversely,  if  r/^,„,„_a  =  0,  an  n-ic  drawn  throagh  N  mnst 
also  pass  throagh  N". 

Hence  an  n-ic  (n  "^  I  ^  m  <  l+m—2)  through  N  points  common  to 
two  given  curves  Ci,  Cm  does  or  does  not  necessarily  pass  through  the  re- 
maining  N*  points  according  as  the  (Z+m — n— 3)-ic  excess  of  N^  is  or  is 
not  zero. 


21.  Example.  —  Suppose  that  three  proper  carves  (7|,  (7„,  C, 
(Z  ^  m,  m^  <  **)  have  N  points  common  in  all,  which  are  moreover 
N  general  points  of  intersection  of  an  l-ic  and  m-ic.  To  find  the 
excesses  of  the  rest-group  N'  common  to  0^^  (7„. 

From  the  conditions  of  the  question  we  must  have 

JV<  Zm— [KZ+m-w— l)(Z+m— n-2)]; 

but  this,  and  the  condition  N^  ^l  (Z  +  3),  are  included  in  those  found 
below.     From  the  relation  (3)  of  the  last  article,  we  have 

Tm^H-p-t  =  gp+l-[i(l>— m+l)(l>— w+2)] 

-i[(p-n  +  l)(2,-n+2)], 
provided  q,  ^  0,  and  r^  ^  1. 

Now  the  condition  qp  ^  0  is  equivalent  to  p  ^  I,  Also  the 
condition  r,  ^  1  is  equivalent  to  N-j-qp  ^  i(l>+l)(l>+2),  by  Art.  15 
(ii) ;  and  requires  p  to  be  less  than  n,  since  r^  =  0.  Hence  the  last 
term  in  the  value  of  r'^^n-p-i  above,  must  be  omitted. 

Again,  since  the  N  points  are  general  points  of  intersection  of  an 
I'ic  and  m-ic,  and  r^  is  not  zero ;  a  ^-ic  through  N  must  have  Oj  for  a 
factor  if  j7  <  m,  and  must  pass  through  all  points  common  to  (7{,  Cmt 
if  jp  ^  m ;  hence  we  have 

Substituting  this  in  the  value  of  r„,+„.p_8»  we  have 

r'm.n.p-8  =  i(l>-^  +  l)(jp-2  +  2), 
provided        p  >  I  <  n,     and     ^+<?j»  ^  i(p  +  l)(p+2). 
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Changing p  to  m  -i-n— 77  — 3,  we  may  express  tlie  result  in  the  form 
r;=  .^(m+n-/-/7-lX»«fn-Z-;;-:2), 

provided    N  >  l^m-^n-p'j^y.  {l-\-S)-[^  {n-p-l){n''p-2)],  and 
p  <  ni^n  —  l  >  m  — 3. 

This  result  is  a  similar  one  to  that  in  Art.  16,  but  more  general. 

22.  Theorem  VI. — If  a  point-group  of  given  degree  N  has,  as  a  con- 
sequence  of  satisfying  c-ertain  given  conditions,  a  definite  number  k  of 
absolute  connexions, and  a  definite  absolute  n-ic  multiplicity  x^  {Art.  2,  w)  ; 

'^  N-x,  +  r„  =  k    (5). 

The  number  k  is  the  number  of  independent  geometrical  con- 
nexions that  exist  between  any  N  points  which  satisfy  the  given 
conditions ;  and  2N—k  is  the  least  number  of  parameters  in  terms  of 
which  the  2^  cooi*di nates  of  any  such  N  points  can  be  expressed. 

The  given  conditions  might  be  of  such  a  kind  that,  although  n-ics 
could  be  drawn  thix)ugh  any  point-group  N,  such  n-ica  would  be 
necessarily  specialized.  In  that  case  the  equation  (5)  will  still  hold 
if  Xn  and  r^  denote  the  absolute  multiplicity  and  excess  of  N  for  the 
specialized  n-ics.  A  simple  example  of  this  is  the  point-group  formed 
by  the  vertices  and  orthoceutre  of  any  triangle  (N  =4,  ^•  =  2)  ;  all 
conies  through  any  such  point-group  being  equilateral  hyperbolas. 

Since  x^  has  a  definite  value,  it  follows  that  a  point-gi-oup  N  can 
be  placed  on  a  general  n-ic  ;  and  this  implies  that  the  given  condi- 
tions do  not  necessitate  the  point-groups  having  any  clnstei's.  This, 
however,  does  not  prevent  some  of  the  x^  arbiti^aiy  points  on  a  given 
n-ic  being  chosen  at  the  multiple  points  (if  there  are  any)  so  as  to 
form  clusters  ;  although  it  will  generally  happen  that  thei'e  is  a 
limit,  less  than  x„,  to  the  number  that  can  be  chosen  in  this  way.  As 
bearing  on  this,  it  should  be  aoticed  that  x^  is  the  number  of  general 
points  that  can  be  chosen  arbitrarily  on  a  given  w-ic  (Art.  2,  m)  ;  so 
that,  if  the  x^  points,  or  part  of  them,  are  chosen  in  a  special  position, 
the  problem  of  finding  the  remainder  may  become  a  porismatic  one, 
either  having  no  solutions,  or  else  having  a  greater  multiplicity  of 
solutions  than  it  would  have  in  the  genei*al  case. 

The  relation  (5)  may  be  regarded  as  determining  k  \£  r^  and  x^  are 
known  for  one  particular  value  of  n ;  and,  when  k  is  known,  as  deter- 
mining Xn  for  all  values  of  n  for  which  r„  is  known. 

The  theorem  can  be  applied  to  a  point-gix)up  w^ith  a  given  charac- 
terization, by  finding  the  simplest  construction  for  such  a  point-group, 
and  deducing  therefix)m  the  value  of  k  (Arts.  26-31). 
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(i.)  Suppose  that  r„  =  0 ;  then  we  have  to  prove  that 

N—Xn^k,     or     x,,  =  N—k. 

It  is  clear  that  x^  is  not  less  than  N—k,  since  the  k  absolute  con- 
nexions cannot  make  moi^e  than  k  points  of  any  point-group  ^  on  a 
given  curve  to  be  dependent  on  the  rest. 

Again,  x^  is  not  greater  than  N—k.  For  the  coordinates  of  all  the 
points  of  any  point-gix)up  N  are  expressible  in  terms  of  2N—k  para- 
meters, and  if  these  coordinates  so  expressed  be  substituted  in  the 
general  equation  jS„  =  0  of  a  curve  of  the  n^  oixler,  we  obtain  N 
equations  involving  the  coefficients  of  Sn  and  the  2N'-k  pararaetera  ; 
and  these  equations  are  independent,  since  r«  =  0.  Now,  regarding 
S^  as  a  given  cui-ve,  each  point  on  it  has  one  parameter ;  and  each  of 
the  j)arametoi*s  of  the  X  points  on  8„  are  expi^ssible  in  terms  of  the 
coefficients  of  N„  and  the  2N—  k  pai'amct<?i-s  of  the  point-gix)up  N,  If 
therefore  more  than  A^— A*  general  points  of  a  group  N  on  S^  could 
be  chosen  arbitrarily,  we  should,  by  e(iuating  their  parameter  to 
genenil  arbitraiy  values  a,  /3,  ...,  have  more  than  N-^k  additional  inde- 
pendent e<[uati()ns  ;  making  with  the  ^  equations  more  than  2N — k 
altogetlier.  The  2N  —  k  pai^ametei-s  of  the  point-gi-oup  N  could 
therefore  be  eliminated,  giving  rise  to  one  or  moi-e  equations  between 
the  coefficients  of  6*„  and  the  arbitrary  quantities  a,  j3,  ...,  which  is 
impossible.     Hence  x^  must  be  equal  to  N — k. 

(ii.)  If  ?„>0;  choose  N—r„  points  of  any  point-gix)up  ^  which 
supply  X  —  r„  independent  conditions  for  »i-ic8.  Then  if  (7„>0,  i.e.,  if 
N — r„  <  in  (n-|-3),  the  remaining  r„  points  of  ^are  dependent  on  the 
N—r„  points,  since  they  lie  on  all  n-\cs  thix)ugh  the  N  —  r„  points  ; 
and  the  N—r„  points  have  therefore  only  A-  — 2?*„  absolute  connexions. 
lleiK^e,  .applying  the  result  of  (i)  to  the  N—r^  points,  we  have 

;r„  =  (X-r„)  -  (A-  — 2r„),     or     .Y-.r„  +  r„  =  k. 

If  r„>0,  and  N—r„  =  Jn  (n  +  3)  ;  only  one  n-ic  (7„  can  be  di'awn 
through  a  given  point-gi'oup  N;  and  all  the  in(n  +  3)  coefficients  of 
0,,,  and  the  x„  parameters  of  x„  general  points  on  0^,  are  expressible 
in  terms  of  the  2X—'k  parameters  of  A^;  and  vice  versa.     Hence 

^n  (n  +  3)  -]-x„  =  2  A'—  k\     or     X—x„  +  r„  =  k* 


•  A  difficidt  problom  in  eniimerative  geometry,  \h  to  find  the  number  of  point- 
groups  A' on  a  given  «-ic,  corresponding  to  r„  general  point«  chosen  arbitrarily  on 
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/O.  The  two  following  examples  illuHtiute  Theorem  VI. 

(i.)   To  find    the  number  of  ah.<olnfe   connexions  of  the    point-group 
formed  by  the  complete  intersection  of  any  l-ic  and  ni-ic* 
If  l<m^  we  have 

hence         fc  =  Zm-iK^  +  3) -hi  (/-l)(i-2)  =  i»i-3Z+l. 

If  Z  =  m,  we  have 

N  =  7h',     a-„.  =  \m  (wi  +  3)  — 1,     r,„  =  i  (m— l)(m  — 2)  ; 

hence  ^  =  m'— Jw  (m  +  3)  +  I  +  |  (m-I)(m-.2)  =  (w-l)(m-2). 

(ii.)  To  find  the  number  ar^  of  general  points  that  can  be  chosen  on  a 
given  curve  0»  which  belong  to  a  point-group  on  On  formed  by  the  com- 
plete intersection  of  an  l-ic  and  m-ic. 

We  assume  that  an  n-ic  (n  ^  I  ^  m)  through  all  the  pointi^  common 
to  a  general  l-ic  and  m-ic  is  not  a  specialized  7i-ic ;  from  which  it 
follows  that  a  point-gi'oup  forming  the  complete  intei-section  of  an 
Z-ic  and  m-ic  can  he  placed  on  a  given  n-ic. 

If  l<vi-f  then 
N=lm,     r,  =  [j(Z-fm-7*-l)(Z-|-m-w-2)],     A;  =  Zm-3Z-fl; 
therefore 

Zm-.r„+[j  (Z-l-m— n— l)(Z  +  m— n— 2)]  =  /m— 3Z-f  1, 

or  ^•„  =  3Z-I-f  [j  (Z-fm-n-l)(Z-fm-n-2)]. 

If  Z  =  m  ;  then  A;  =  m*  —  3m  -f  2  ; 


and 


a-„  =  3wi-2-f-[j  (2m-n-l)(2m-n-2)].t 


the  n-ic.  Tho  Rolution  will,  of  course,  depend  on  the  nature  of  the  given  condi- 
tions. Gastelnuovo  {Rttidieonti  delta  Beat*' AecaiUmia  d^i  Liticeiy  v,  p.  130)  has  given 
a  solution  for  the  number  of  ordinary  point-groups,  of  lowest  deg^ree,  on  a  given 
curve  C,M,  having  a  given  multiplicity  r  ;  whenj9,  the  deficiency  of  C^,  is  divisible 
by  r+1.  Brill  {Math.  Ann.,  xxxvi,  p.  321),  and  Zeuthex  {Math.  Ann.,  xl, 
p.  119),  have  also  given  solutions  for  the  number  of  ordinary  point- groups,  of 
given  degree,  on  6*„,  cut  out  by  adjoined  w-ic«  ;  when  the  excess  of  each  point - 
g^up  for  adjoined  fi-ics  is  I. 

♦  Cf.  Jaoobi  {Crelle^t  Journal,  xv,  p.  285). 

t  Cf.  Cremona  {Tet)ria  Geometrica  delU  Curve  Plane ,  Bologna,  p.  46),  and 
CLSBSCH-LiNDEMANy  {Le^otts  SUV  la  Geometrie,  T.  in,  p.  129),  for  the  case  I  ^  m. 

2    M    *Z 
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24.  Thkorbm  VII. — If  k,  k'  are  the  numhen  of  abtoluU  eomnexums  of 
two  pfnnt'group$  N,  N'  (>r+ A**  =  Zi»),  tchich  MUisffysuch  given  oonditumt 
that  any  l-ic  and  m-ic  through  any  point-group  N  or  IT  cut  again  in  a 
point-grr/up  S'  or  N  respectively  ;  then 


k—rt^r^  =  k'—r'i—r^ 


(6). 


The  enunciation  imposes  a  strict  limitation  to  the  given  conditions, 
in  addition  to  the  limitations  explicitly  stated  in  Theorem  VI ;  but 
the  theorem  certainly  applies  when  either  A"  or  A^  is  a  rest-gronp, 
derived  by  any  number  of  steps,  from  a  general  point-group  with  no 
absolute  connexions. 

Suppose  that  we  take  any  fixed  base-curve  C.,  and  find  the  least 
number  of  parameters  in  terms  of  which  the  positions  of  all  the 
points  of  two  residuals  -V,  A"  on  C,  satisfying  the  given  conditions, 
can  be  expressed.  The  numl>er  of  general  points  that  can  be  chosen 
arbitrarily  which  belong  to  a  point-group  N  on  (?„,,  is  x^  ;  but  when 
N  is  determined,  we  can  still  choose  p  points  of  A"  arbitrarily,  p' 
being  the  multiplicity  of  N*  on  C^.  Hence  x^  -hp'  is  the  least  number' 
of  parameters  required.  Similarly  x'^-\'p  is  also  the  least  number  of 
parameters ;  hence 


or 
Bat 

and 


a'-.--^«.  =  P— p 


9  =  q\-[\{l-m^\)(l-m^^2)\ 

p'  =  ^,-[i(Z-r>i-hl)(Z-m-|-2)];  (Art.  15,  iii) 


therefore 


^m  —  ^m  =  Qf~'Ql 


=  (^-r,)-(i^'-r;), 


(Art.  15,  ii) 


or 


But 


N—x^^Vi  =  A"— x^— /. 


iV     x^  —  fc     r^, 


and 
therefore 


N'-^ln  =  k'-r„; 
k-ri~r^  =  k'  —  ri  —  rl 


(Theorem  VI) 


Some,  or  all,  of  the  quantities  r,,  r^,  r,',  r^,  may  be  zero. 
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25,  Example. — To  find  the  number  of  absolute  connexions  of  a  group 
N  =  lm-\-a  on  Cm,  which  has  a  coresidual  of  a  <  |(m— l)(m— 2) 
general  points. 

This  point-group  is  considered  in  Art.  16,  where  the  value  of  r„  is 

found.  Suppose  p  (^  m— 3),  the  order  of  the  lowest  curve  through 
a,  cutting  C,  again  in  pm—a  =  N'.  Then  the  N'  points  ai*e  general 
points  on  a  jp-ic  ;  and,  by  Theorem  VII, 

pm  —  a  «  N* 


(/+p)-io 


lm-¥a  ^  N 


BaU'Citrve  CL. 


but 


r'u,  =  0,     V—r^  =  N'—x^ 


=  (pm-o)-^;>  0)4-3), 
r,„  =  J  (iii-jp-l)(m-i>-2)  ;  (Art.  16) 

hence        h  =  r^+i  (m— jp— l)(m— jp— 2)+j>t»— a— ip  (jP  +  3) 
=  r^-a-fi(m-l)(m-2). 

And,  according  as  only  one  m-ic  (7„„  or  more  than  one  m-ic  can  be 
drawn  through  N\  the  conditions  for  the  latter  case  being  that  m>Z, 
and  a  <  ^  (m— Z-|-l)(m— Z+2) ;  we  have 


and 


r^  =  im+a-lm(m+3),     or     i(Z-l)G-2);         (Art.  16) 
A;=Zm-3m  +  l,     or     H^  +  ^-l)0+'^-2)-iV-f  1.* 


Hence,  since  h  is  known,  and  also  the  value  of  r^  for  all  values  of  n, 
the  value  of  ar»  is  also  known  (Theorem  VI). 


♦  In  this  case,  Ar>/m-3m+ 1  < /w  — 3/+ 1 ;    for  o<  J  (w -/  + l)(w  — /+ 2),  from 
above;  and  a>i(iii-/— l)(m  — /-2),  since /<i»  (Note,  Art.  16;. 
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26.  CoxsTRucTiox  OP  Pmi.vt-Grocps  whose  Charactebizatiok  is 
GIVEN. — By  means  of  Theoi-em  V,  we  can  prove  that  from  a  non- 
composite  [)oint-gi*onp  Nj  whose  characterization  is  given,  we  can 
denve  a  seines  of  rest-groaps  in  succession,  each  one  of  which  has 
a  less  complex  charactenzation  than  the  preceding,  until  we  arriTe 
ultimately  at  a  general  point-gronp. 

Suppose  that  m  is  the  order  of  the  lowest  curve  Cm  that  passes 
through  N.  By  means  of  the  relation  jY— r»+g.  := -Jn  (n  +  3),  we 
can  write  down  the  values  of  q^^  Qm^u  •••»  those  of  r„,  r^^u  ••- 
being  given.  If  q^  is  not  zei*o,  a  second  m-ic  can  be  drawn  through 
Nj  cutting  Cm  again  in  a  rest-gi^oup  m^^N;  but,  if  q^  is  zero,  then  no 
other  m-ic  besides  C  can  be  di*awn  through  N,  In  this  case  we  take 
Z  to  be  the  order  of  the  lowest  curve  which  passes  through  Kj  and 
does  not  contain  0«  as  a  factor  ;  and  we  shall  consider  this  case,  as 
being  the  more  general,  since  it  I'educes  to  the  former  case  when 
l^^m.  The  value  of  I  is  found  from  the  fii-st  t^rm  of  the  series 
9mj  qm^ij  qm^it  -.  which  is  greater  than  the  corresponding  term  of 
the  series  0,  2,  5,  9,  ... .  Let  n  be  the  order  of  the  highest  curve 
for  which  the  excess  of  N  does  not  vanish;  so  that  r„»i=0, 
r»^2  =  0,  &c.     Then  the    order   of    the    lowest   curve  which  passes 


N 


Ci 


N'^ltH'-N 


(/-l).ic 


Ji. 


{m-3)-ic 


Q 


(>M-2)-io 


Base 'Curve  Cm* 


through  N*  is  Z-f  7>i— n— 3  (Art.  19,  iv).  Again,  the  point-group  N' 
cannot  have  an  excess  for  any  curve  of  oi'der  higher  than  m— 3 ;  for,  if 
it  had  an  (m— 2)-ic  excess,  it  wnll  be  seen  by  referring  to  the  figure 
that  Q,  lies  on  an  (m— 3)-ic  (Art.  19,  iii) ;  and  that  B,  N  lie  on  an 
(Z— 'l)-ic;  which  is  conti-ary  to  the  h3rpothesi8  that  an  Z-ic  is  the 
lowest  curve  through  N  which  does  not  contain  0^  as  a  factor.  It 
may,  however,  happen  that  the  (tr— 3)-ic,  (m— 4)-ic,  <fcc.,  excesses  ^f 
^'vanish;  such,  in  fact,  will  be  the  case  when  Z-ics,  (Z-f  l)-ics,  &c., 
which  pass  through  Ny  necessarily  pass  through  N\ 

Henco  we  have  only  to  consider  the  excesses  and  defects  of  N' 
for  curves  of  all  orders  from  Z-j-m—n— 3  up  to  w— 3.  Now  in  (4), 
Theorem  V,  the  factors  of  the  triangular  numbers  are  negative  for 
all  these  cases ;  and  we  thei'cfoie  have 
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also  r;;._3=  (/,— i(Z—m  +  l)(Z-m  +  2), 

by  (3),  Theorem  V.     From  tliese  results  we  can  armnge  the  follow- 
ing table  of  reduction  : — 


K 

m 

m  -1-1 

/ 

/+1 

fi 

Defect 
Excess 

N'^lm-N 

1 

/  +  w/  — 11-3    /+w  — «  — 2 

1 

m-3 

Defect 
Excess 

»«-l 

n.-i-l 

Vi-l 

In  this  table,  there  ai'e  thi-ee  rows  corresponding  to  each  point- 
gi*oup;  the  fii*st  containing  the  degree  N,  and  the  oi'ders  m,  «i-|-l,  ... 
of  all  the  curves  for  wliich  N  has  any  excess ;  and  the  second  and 
third,  the  excesses  and  defects  of  N  corresponding  to  the  sevei*al 
curves.  The  positions  of  the  columns  which  are  not  inserted  are 
indicated  by  the  thick  vertical  lines.  The  order  ^  +  m— n— 3  of  the 
lowest  curve  through  N*  is  placed  in  the  same  column  as  the  oi'der  I 
of  the  lowest  curve  through  N  which  determines  a  rest-group  of  N, 
viz.  N';  and  the  order  m— 3  of  the  highest  possible  cui've  for  which 
N'  can  have  an  excess  thus  falls  in  the  last  column.  If  5,„>0,  so  that 
I  =iin,  the  defects  and  excesses  of  N'  will  occupy  all  the  columns. 

The  defects  of  N'  will  then  be  the  excesses  of  N  written  in  the 
reverse  order  and  diminished  by  unity.  Only  the  last  of  the  excesses 
of  N'  has  been  inserted,  the  ix?mainder  being  more  easily  obtained 
from  (1),  Art.  15,  than  from  (3),  Theorem  V,  as  explained  in  the 
examples  given  below. 

To  give  general  examples  of  this  method  of  reduction,  in  which 
the  w-ic  excess  of  N  is  expressed  as  an  algebraical  function  of  n, 
would  be  too  complicated ;  because,  even  in  simple  cases,  the  functions 
change  in  form,  when  n  passes  through  certain  values.  We  shall 
therefore  only  consider  particular  examples  ;  choosing  the  excesses  or 
defects  of  the  particular  point-group  N  arbitrarily,  within  certain 
limits.     Some  results,  for  a  general  case,  are  stat^jd  in  Ai*t.  31. 
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2i,  Suppose  it  is  i^equii-ed  to  find  a  coustniction  for  a  point-group 
Ny  characterized  by  the  number's  N  =  67,  r^  =  1,  r,,  =  3,  r,o  ==  7. 
r^  =  13 ;  fi-om  which  we  obtain  g^  =  0,  g,^  =  ^»  ^'n  =  1^,  5,,  =  24. 
The  reduction  of  this  point-^roup  is  given  in  the  following  table  : — 


N 

m 

/ 

n 

» 

(1)          67 

9      i 

10 

i 

11 

12 

Defect 

EXCCHS 

0 
13 

(4) 
(6) 

1 

6 

7 

(7) 
W 

13 
3 

(10)  24 
(2)     1 

(2)^''=/w-.V 
=  23 

4 

5 

6 

Defect 
Excess 

0 
9 

(1) 
(4) 

2 
5 

(3)     6 

(3)     2 

(2')         24 

4 

5 

6 

7 

Defect 
Excess 

0 
10 

0) 

2 

6 

(3)     6 
(3)     3 

(6)  12 
(2)     1 

The  letters  N,  m,  Z,  n  are  placed  immediately  above  the  numbers 
in  the  first  row  to  which  they  correspond.  Between  successive 
defects  in  the  second  row  the  differences  diminished  by  unity  are 
interpolated  ;  and  when  any  one  of  these  is  subtracted  from  the  order 
of  the  curve  in  the  column  to  the  right,  it  gives  the  difference  of  the 
corresponding  excesses.     This  follows  fix)m  the  relations 

-ZVr-r„-f9,.  =  Jn(n-f3),     N-r„.,+q„.,  =  l(n-\)(ni-2)  ; 
which  give  by  subtraction, 

Tn-i  —  r,,  —  n—(q^  —  q„_i  —  }). 

The  numbers  in  the  three  rows  of  stage  (2)  of  the  table  are  then 
written  down  as  follows  : — The  orders  of  the  curves  are  obtained  by 
writing  m--3  =  6  in  the  last  column,  followed  by  5,  4,  ...  until  the 
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colanin  I  is  reached ;  the  defects  and  their  intei'polated  nambers  are 
found  by  diminishing  the  numbera  in  the  row  of  the  excesses  in 
stage  (1)  by  unity,  and  reversing ;  and  the  excesses  are  wntten  down 
beginning  with  the  last,  the  differences  being  found  as  already  ex- 
plained. In  the  same  way,  the  numbers  in  any  stage  may  be  written 
down  from  those  in  the  preceding  stage. 

In  the  given  example,  the  pi'ocess  of  reduction  may  be  regarded  as 
finished  at  stage  (2)  ;  for  N'  forms  a  recognisable  point-group,  viz. 
that  formed  by  23  points  of  interaection  of  a  4-ic  and  6-ic.  Hence, 
since  N  is  the  rest-gix)up  of  N"  determined  by  an  l-ic  and  m-ic,  it 
follows  that  the  point-gix)up  N  =  67  may  be  constructed  by  drawing 
a  9-ic  and  10-ic  through  23  points  of  intersection  of  a  4-ic  and  6-ic. 
This  point-gi'oup  has  the  given  chai'acteHzation. 

It  is  important  to  notice  that  N'  is  incomplete,  and  that  the  process 
of  reduction  cannot  be  safely  used  for  incomplete  or  redundant  point- 
groups.*  As  the  derived  point-groups  are  often  possibly  incomplete, 
it  follows  that,  by  making  corrections  in  the  table  for  them,  a  vanety 
of  ways  of  reducing  a  characterized  point-gix)up  may  be  obtained ; 
and  a  corresponding  variety  of  ways  of  constructing  the  characterized 
point-group.     This  is  considered  more  fully  in  Art.  29. 

Stage  (2')  in  the  table  i*epresents  the  complete  point-group 
.AT'-f  1  =  24,  of  which  N'  forms  a  part;  and  only  differs  from  stage 
(2)  in  respect  to  the  excesses,  and  the  addition  of  a  7-ic  to  the  series 
of  curves.  For  one  step  further  in  the  i*eduction,  either  (2)  or  (2') 
might  be  used. 

28.  Another  example  of  reduction  is  that  of  a  point-group  369, 
whose  characterization  is  given  in  the  fii-st  three  rows  of  the  table 
on  the  next  page. 

In  stage  (4),  the  third  derived  rest-group  18  is  recognisable  as 
18  points  of  intersection  of  a  4-ic  and  5-ic,  which  is  an  incomplete 
group,  as  in  the  preceding  example.  Hence  we  have  the  following 
construction  : — Draw  two  10-ics  through  18  points  common  to  a  4-ic 
and  5-ic ;  through  the  rest-group  82  draw  two  17-ics ;  and  through 
the  rest-group  207,  two  24-ics  ;  these  cut  again  in  a  rest-group  369, 
which  has  the  given  characterization. 

When,  as  in  stage  (3),  one  or  more  excesses  become  zeix),  the  curves 
to  which  they  correspond  are  simply  left  out  of  considei*ation  in  form- 
ing the  next  st^ge  (Art.  19,  iv). 

♦  The  reduction,  if  no  correction  were  made,  would  lead  eventually  to  a  compo- 
site rest-g^up ;  to  which  would  correRpond  composite  curves,  with  a  common  factor. 
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In  tliiH  example,  no  defect  is  stated  for  a  23-ic;  and  a  point-group 
369»  conHtruct<3d  as  above,  does  not  lie  on  a  23-ic.  If,  however,  another 
f(rouj)  of  3G1>  points  has  the  same  characterization,  except  that  the  23-ic 
defect  is  zero,  it  will  reduce  by  the  same  process;  the  fourth  denved 
rest-fifroup  (jonsisting  of  3  points  on  a  stniight  line. 

20.  The  following  example  illustrates  how  an  incomplete  point- 
group  may  be  recognised.  As  explained  below,  stage  (2)  gives  an 
incomplete  rest-group ;  which  is  completed  in  (2'),  by  adding  3  to 
the  degree,  and  all  the  excesses,  without  changing  the  defects. 
From  (2  )  we  obtain  (3)  and  (4)  ;  the  last  representing  19  points  of 
intersection  of  a  4-ic  and  r)-ic.  We  therefore  have  the  following 
construction  for  the  })oint-group  569.  Draw  two  13-ics  thix)ugh  19 
points  common  to  a  4-ic  and  5-ic ;  thi^ough  the  rest-gix)up  150  di'aw 
two  22-ics  ;  and  thix)ugh  331  points  of  the  rest-gi-oup  334  di^aw  two 
80-ics ;  then  the  rest-group  509  has  the  given  characteiization. 
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If,  commencing  at  the  last  column,  the  first  two  or  three  excesses 
^m  ^H-u  ^ii-2»  •••  of  a  point-group  N  are  the  triangular  numbers 
1,  3,  6,  ...,  or  multiples  of  them  a,  3a,  6a,  ...  ;  then  the  a^  rest-gix)up 
derived  ivom.  N  will  be  found  to  simplify  very  much ;  the  excesses  of 
the  a^^  derived  rest-gix)up  vanishing,  in  the  last  columns,  when  a  is 
even;  and  the  defects  of  the  a^^  derived  rest-group  forming  the  series 
0,  2,  5,  ...,  in  the  first  columns,  when  a  is  odd.  If  then  the  excesses 
^ni  ^n-u  ^M-2»  •••  ol  N  are  such  that  when  the  same  number  is  added 
to  them,  they  become  consecutive  (but  not  neces.sarily  the  first)  terms 
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of  the  series  a,  3a,  6a,  ...,  we  should  assume  ^to  be  inoomplete ;  sub- 
ject to  a  condition  as  to  the  maximum  value  that  r.  can  have. 

Hence  N  would  be  possibly  incomplete  if  a  positive  number  p  oonld 
be  found  such  that  r^+p,  f,-i  +  p  are  respectively  the  same  multiple 
of  two  consecutive  tnangular  numbers,  and  r^  does  not  exceed  a 
certain  limit ;  and  such  a  number  p  could  be  found  as  often  as  not. 
We  should  not,  however,  generally  consider  that  this  alone  would  be 
a  sufficient  indication  that  N  is  incomplete ;  although  the  effect  of 
adding  on  p  to  ^,  r„,  r^  i,  ...  might  be  tiied,  if  the  reduction  of  N 
appears  to  lead  to  an  impossible  result.  We  may  take  as  a  test  for 
an  incomplete  point-group  that  a  positive  number  p  can  be  found, 
such  that  the  three  following  equations  shall  hold  at  least  (p  ^  0)  : — 

r.+P  =  -^{p  +  lKp  +  2),    U.i+P=j(p  +  2)(p+3), 

r,.,+p  =  |(i.+3)(|,+4). 
This  only  requii*es 

*•*-!—»•«  =  a(p  +  2),     rH.2— r»-i  =  a(p  +  3). 

Hence,  if  the  differences  r«-i— r„,  r„_i— r„_j,  which  are  given  in  the 
table,  are  such  that,  when  their  H.C.F.  a  is  divided  out,  they  become 

consecutive  integers  |? -f  2,  jp  +  3  (p  ^  0),  we  should  assume  ^  to  be 

incomplete.  We  should,  in  that  case,  substitute  a  complete  point- 
group  for  N,  by  increasing  the  degree  and  all  the  excesses  by 

at  the  same  time  adding  p  curves  of  orders  n-f  1,  «+2,  ...  n+j?  with 
excesses,  —  p(p-f  1),  ...  3a,  a,  to  the  table.  The  condition  that 
must  be  satisfied,  if  the  point-group  1^  is  fully  characterized,  is  that 
the  (n-f  l)-ic  excess  of  the  completed  point-group,  viz.   ^-p(2?-f  1), 

must  be  equal  to  or  less  than  p.  This  requires  r«  '^  a  (jp  + 1) ;  or  that 
r^  should  not  exceed  the  first  term  of  the  A.P.  whose  second  and 
third  terms  are  r^  \—t^  and  r„.j — r„.i. 

The  rest-group  331,  in  the  example  above,  has  been  replaced 
by  the  complete  point-group  334 ;  with  the  result  that  we  obtain, 
two  stages  later,  a  much  simplified  rest-group. 
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The  original  point-gix)up  A'  should  be  tested  not  only  for  incom- 
pleteness, but  also  for  redundancy ;  for,  if  N  were  redundant,  the 
process  of  reduction  would  eventually  lead  to  composite  rest-gi-oups. 
If  N  is  a  simple  point-group,  then  among  the  derived  rest-groups  it 
is  only  necessaiy  to  test  for  incompleteness  ;  since  an  incomplete 
rest-group  will  always  precede  a  redundant  one  (Art.  15,  i). 

To  test  whether  or  not  the  original  point-group  N  is  redundant, 
we  examine  the  differences  of  the  defects  from  the  beginning.  If 
qm-i  —  qm,  qm^2—qm^\  have  the  values  a{p-\-2),  a{p-\-2>\  where/?  ^  0, 
then  N  should  be  assumed  redundant ;  and  the  number    , 

should  be  added  to  all  the  defects,  and  subtracted  from  the  degree  N\ 
while  jp  curves  of   order's   m— p,  m— ^-|-1,   ...   m— 1,   with    defects 

a— 1,  3a— 1,  ...  -    ^(|)-hl)  — 1,  should  be  added  at  the  beginning  of 

ti 

the  table.     If  'N  is  fully  characterized,  it  is  necessary  that  the  condi- 
tion <?„  +  !  <  a(^-fl)  should  be  satisfied. 

Unless  the  first  given  defect  and  last  given  excess  of  a  point-group 
N  are  compai'atively  small,  it  should  be  assumed  that  the  charac- 
terization of  "N  is  only  partially  given  ;  and  curves  should  be  added 
to  the  table,  with  such  assumed  values  for  the  defects  and  excesses 
as  will  make  'N  reduce  as  rapidly  as  possible.     (Cf .  Art.  31.) 


30.  If  the  point-group  AT  contains  a  general  cluster  |t  (i  +  l)  at  a 
point  i4,  or  any  number  of  such  clustei*s  ;  we  may  choose  the  two 
lowest  curves  C/,  C^  through  'N  to  have  t-ple  points  at  -4,  and 
to  have  no  common  multiple  points  except  at  the  clusters  of  ^. 
Then  (7^,  C^  will  intersect  again  at  ^  in  a  general  cluster 
\i{i—\)^  which  will  belong  to  }^\  Thus,  if  the  reduction  can  be 
continued  far  enough,  we  shall  arrive  eventually  at  a  rest-gi'oup  which 
has  only  a  single  point  at  A.  The  process  of  reduction  may  however 
finish  before  the  cluster  disappears,  the  result  being  that  the  general 
point-gi"oup  at  which  we  finally  an'ive  contains  one  or  more  general 
clusters.  In  this  case  the  reduction  may  possibly  lead  to  a  point- 
group  which  has  no  excess  for  curves  of  any  order,  but  which  has 
necessarily  a  specialized  form,  which  is  not  determined  by  the  reduc- 
tion. (See  Note,  p.  496.)  In  reversing  the  process,  in  order  to  con- 
stmct  A^,  the  two  curves  drawn  thiK)ugh  &  geii^v^sA  e.\\is»\«v  \^  V>— V^  "^ 
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A  will  each  have  an  i-ple  point  at  A,  and  intereect  again  in  a  general 
cluster  ii  (i-\-l)  at  A. 

Thus  it  follows,  as  a  consequence  of  Theorem  V,  that  any 
non-composite  point-group  of  special  fomi  is  a  I'est-gi'oup,  whose 
construction  can  in  general  be  found,  if  its  chai^actenzation  is  given. 
At  the  same  time,  Theoi'em  V  determines  the  complete  charac- 
terization of  a  point-gi*oup,  if  its  construction  is  given. 

31.  The  Number  of  Absolute  Connexions  of  a  Point-Group. — 
When  the  construction  of  a  point-gi-oup  is  known,  we  can  employ 
Theorems  VI  and  VII  to  determine  the  number  of  its  absolute 
connexions,  and  its  absolute  multiplicity  for  a  curve  of  any  order. 

Suppose  it  required  to  find  the  smallest  possible  number  of 
absolute  connexions  of  a  point-gi*oup  Ny  of  which  nothing  more  is 
known  than  that  its  w-ic  defect  and  n-ic  excess  are  q  and  r  respec- 
tively. 

Suppose  that  the  n-ic  exc^ess  r  of  N  is  put  into  the  form 

r  =  ^  (p,+  l)(p.+2)+  ^(^,+  l)(^,  +  2)  +  ...+  -^  {p^+l)ip,+2), 

where  p„  ^„  ...  p^  are  all  different ^  and  in  descending  oi'der  ;  and  that 
we  assume  for  the  complete  characterization  of  N  that  given  by  the 
equations  (a  liaving  both  positive  and  negative  integral  values) 

»-,*.  = -|  (l>.-a  +  l)(p.-a  +  2)  +  ...+  -|^(p,-a  +  l)(p,-a  +  2), 

(«) 


the  triangular  numbers  disappearing  fi-om  the  end  as  soon  as  they 
become  zero.  Thus  the  highest  curve  for  which  N  has  an  excess  is 
of  oinier  n+|?„  and  r^^  ,  =  a^ 

The  number  k  of  absolute  connexions  of  a  point-group,  with  this 
characterization,  may  be  determined  by  finding  its  construction,  and 
by  repeated  applications  of  Theorem  VII.  The  work  is  too  long  to 
be  given  here,  and  we  merely  state  the  i*esult,  viz., 


-fai  +  ...  -f  a^.Oi-f...  -fa^— l.p^j,...(A) 

which  may  also  be  written  in  the  fomi 

A^=  «i(5n.,,+  l)+«,  (g„.p,-f  1) +  ...+«>  (9».r.  +  l);  (A') 
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with  the  condition  that  the  minimum  value  of 


^+i(c  +  3)(l  +  5a)+2ap, 
c 

for  positive  integi'al  values  of  c,  must  not  exceed  7i-f  2. 
Again,  if  g-f  1  be  put  into  the  form 


with  the  same  conditions  regarding  the  p*s  as  before ;  and  we  assume 
the  characterization  of  N  to  be  that  given  by  the  equations 

3...  +  1  =  f(p,-a+lXp,-a  +  2)  +  ...+  ^^-.(p-a  +  l){p,-a  +  2), 

(6) 


the  triangular  numbera  being  omitted   if  their  factors  are  negative ; 
then  the  number  of  connexions  is 


—f  [aj-ai— I. pi—jpj-f-tti -fa,. ai-hOa—l.^^a —/»,+  .. . 


...-f tti-f  aj-i-...-ha^.ai-|-...H-a^— l.p^J,  ...(B) 


which  may  also  be  written  in  the  fonn 

with  the  condition  that  the  minimum  value  of 


(B-) 


-+i(c  +  3)(aa-l)+2ap, 
c 

for  positive  integral  values  of  c,  must  not  exceed  7*. 

The  smallest  possible  number  of  connexions  is  not  greater  than 
either  of  the  minimum  values  of  k  given  by  (A),  (B),  subject  to  the 
conditions  stated. 

The  condition  given  for  (A)  and  (A')  is  obtained  by  assuming  that 
n— c+1  is  the  order  of  the  lowest  curve  through  the  point-group  N, 
and  that  g,..c  would  turn  out  negative  according  to  the  characteriza- 
tion given  in  (a). 
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Thus    ^'-r„.,>Hn-r)(n-c  +  3),  Ar-r,  +  5,  =  i»  (n+3)  ; 
and,  by  subtracting, 

or  c(u  +  J)>5  +  i2a(^  +  c  +  l)(p-fc-f2)-?5aCi?  +  l)(p  +  2)+ic', 


or 


c 


or 


n  +  2^i+i(c-f-3)(2a  +  l)+2ap. 


This  is  a  sufficient  condition  that  a  point-group  N^  with  the  charac- 
terizaiion  given  in  (a),  can  be  placed  on  an  w-ic. 

Similarly,  the  condition  given  for  (B)  and  (B*)  is  obtained  by 
assuming  that  n-\-c—l  is  the  order  of  the  highest  curve  for  which 
the  point-group  N  has  an  excess,  and  that  r„^^  would  turn  out  zero 
or  negative  according  to  the  characterization  g^ven  in  (6). 

Point-groups  with  the  characterization  given  in  (a)  or  (6)  are 
simple  point-groups,  all  of  whose  successive  derived  rest-groups,  of 
lowest  degree,  are  also  simple.  If  the  point-gix)up  has  an  excess  for 
n-ics  only,  and  not  for  curves  of  any  other  oi^der;  then  /?,  =  0, 
a,  =  a,=  ...  =  0,  and  c  =  1.     In  this  case  both  (A)  and  (B)  give 

A;  =  r  (g  +  1),  with  the  conditions  n  ^  5  +  2r,  n  ^  r-h2g  respectively. 
Hence  it  would  appear  that  the  known  formula  r(q  +  l)  does  not 
always  give  the  correct  value  of  k ;  and  that  it  certainly  does  not, 
if  n  is  less  than  the  smaller  of  the  two  numbei*8  ^-f  2r,  r-\-2q.  This 
can  be  easily  proved  independently. 
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**  Rendiconti  del  Circolo  Matematico  di  Palermo,"  Tomo  ix.,  Fasc.  3,  4  ;  1895. 

"Reale  Istituto  Lombardo  di  Scienze  e  Lettere,"  Rendiconti,  Vol.  xxvn., 
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The  Society's  death-roll  for  the  Session  1894-5  is  a  heavy  one. 
We  have  lost  one  of  our  most  distingaished  and  oldest  members. 
Professor  Cayley.  For  the  following  sketch,  which  has  been  drawn 
up  at  the  request  of  the  Council,  we  are  indebted  to  Mr.  Samuel 
Roberts,  who  sat  for  so  many  yeara  at  the  Council-table  with  Pro- 
fessor Cayley : — 

The  death  of  Pix)fes8or  Cayley  has  naturally  been  the  subject  of 
world-wide  regret.  At  home  and  abi-oad  numerous  biogi*aphi€»I 
notices  and  appreciative  comments  on  his  life  and  work  constitute  a 
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remarkable  tribute   to  his  genius,  and  testify  to  a  feeling  of  social 
and  intellectual  loss  extending  far  beyond  scientific  circles. 

For  many  reasons,  the  members  of  the  London  Mathematical 
Society  will  be  peculiarly  sensible  of  the  great  loss  they  have 
sustained.  It  is  fitting,  therefore,  to  say  something  here  of  Cayley's 
work  as  member  and  officer  of  our  Society.  For  such  general 
accounts  and  estimates  of  his  mathematical  discoveries  as  were 
possible  within  very  limited  space,  and  so  soon  after  his  removal 
from  amongst  us,  I  must  refer  to  the  notices  I  have  alluded  to.  In 
them  will  be  found  information  concerning  the  honours  conferred 
upon  him  by  the  chief  British  and  foreign  scientific  societies,  and 
much  also  to  illustrate  his  attractive  personality,  contributed  by 
friends,  who  enjoyed  the  privilege  of  his  intimacy.* 

Throughout  his  long  connexion  with  our  Society,  Professor  Cayley 
rendered  signal  services,  and  particularly  so  during  the  somewhat 
critical  years  when  its  status  was  being  determined  under  the  dis- 
advantage of  extremely  limited  resources.  It  must  be  remembered 
that  the  idea  of  a  national  society  for  the  cultivation  of  pure  and 
applied  mathematics  exclusively  was  somewhat  of  a  novelty,  and  its 
successful  realization  depended  a  great  deal  on  the  cooperation  of 
men  of  established  eminence  in  the  science. 

Professor  Cayley  was  elected  a  member  on  the  19th  June;  1865, 
and  was  therefore  one  of  the  earliest  members,  the  first  meeting 
having  been  held  on  the  15th  January  preceding.  He  brought  with 
him  the  prestige  of  a  great  name  at  a  very  opportune  time.  His 
contributions  to  our  Proceedings  commenced  almost  immediately. 
They  number  more  than  eighty,  varying  very  much  in  length, 
character,  and  form,  but  well  adapted  to  the  needs  of  an  association 
of  men  of  different  kinds  and  degrees  of  special  or  general  mathe- 
matical acquirement.  The  list  is  too  long  to  be  given  here  in  full. 
It  comprises  numerous  short  communications,  in  the  first  instance 
oral,  but  of  which  some  account  or  summary  is  printed.  These, 
for  the  most   part,   require  only  elementary  proficiency    for   their 

*  For  a  very  interesting  and  fnll  account  of  Cayley  in  his  personal  and  scientific 
relations,  see  I^rofessor  A.  B.  Forsyth's  obituary  no^ce  of  him  in  the  Proceeaing*  rf 
the  Jiotfal  Society,  Vol.  Lvm.  (and  in  the  eighth  volmne  of  the  Collected  Works) . 

Earlier  notices  have  been  published  in  1895,  by  J.  W.  L.  Glaisher  {Cambridge 
Beview,  7th  February),  Canon  Venables  {Ouardian,  6th  February),  Ch.  Hermite 
(C,  £.y  4th  February),  Ch.  A.  Scott  {Bulletin  of  the  Ameri*aH  Society,  March), 
F.  Briosohi  (Eendieowti  d,  E,  Accad.  dei  Lined,  8th  March),  M.  Noether  {Muth, 
AnntUen,  BandxLVi.),  who  treats  of  Cayley  as  a  mathematioian  and  at  some  length. 
Beference  may  also  be  made  to  the  article  by  Dr.  Salmon  {Nature,  20th  S^tember, 
1883). 
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satisfactory  appreciation.  Others,  again,  of  greater  length  and  more 
developed,  lead  to  the  very  frontiers  of  realized  knowledge.  They 
naturally  require  from  the  student  advanced  attainments,  and  cannot 
fairly  be  said  to  be  easy  reading.  Of  course,  Cayley's  greater 
memoirs  must  be  looked  for  elsewhere.  Many,  I  may  say  most,  of 
these  were  published  befoi-e  the  iniauguration  of  the  Society.  Never- 
theless his  contributions  to  our  Proceedings  present  good  examples  of 
his  methods  and  force  in  relation  to  the  most  noteworthy  subjects 
which  his  genius  favoured. 

It  may  be  permitted  to  call  to  mind  some  of  the  moi'e  important 
memoirs.  As  might  be  expected,  a  pi*edominant  number  relate  to 
curves  and  surfaces.  We  find  a  senes  of  three  memoirs  on  "  Nodal 
Quartic  Surfaces,"  i.e.,  quartic  surfaces  with  from  one  to  sixteen 
nodes.  These  reseai-ches  were,  as  the  author  states,  suggested  by 
Kummer's  memoir  (Bed.  Ahh.,  1866),  and  contain  a  reproduction  of 
many  of  its  results,  with,  however,  further  and  important  develop- 
ments. The  form  of  the  papers  is  strikingly  characteiistic.  While 
their  genei'al  method  is  that  of  "  modern  algebra,"  the  geometrical 
insight  of  the  author  and  his  power  of  realizing  external  spatial  con- 
ceptions, hidden  under  algebraical  formulae,  are  throughout  in 
evidence.  There  are  passages,  too,  that  show  how  his  mind  worked 
towards  positive  conclusions.  At  times  he  anticipates  demonsti*ation 
and  tells  us  what  possibly  or  pix)bably  might  be  true.  These  side- 
lights on  the  inner  pi'ocesses  of  his  mind  ai'e  valuable  and  instructive, 
all  the  more  so  because  they  are  somewhat  I'are.  Connected  with 
these  memoii-s  may  be  mentioned  the  paper  entitled  ''  A  Sketch  of 
Eecent  Reseai-ches  upon  Quartic  and  Quintic  Surfaces,"  likely  to 
be  useful  to  futui-e  explorers  of  the  subject.  Here  is  exemplified  the 
way  in  which  Cayley  frequently  made  his  own  preliminary  reading 
of  service  to  others  engaged  in  the  same  field.  Another  kindred 
paper,  *'  On  the  Surfaces  each  the  Locus  of  the  Vertex  of  a  Cone, 
which  passes  through  m  given  Points,  and  touches  6—vi  given 
Lines,"  is  described  by  the  author  as  a  construction  and  development 
of  the  researches  by  Dr.  Hierholzer.  In  this  memoir  Cayley  obtains 
the  equations  of  the  seven  surfaces  and  detenmines  theii*  singularities. 
The  orders  of  the  surfaces  are  respectively  4,  8,  16,  24,  24,  14,  8. 
Evidently  the  treatment  of  equations  of  such  high  orders  needed 
very  skilful  handling.  I  may  mention  also  the  interesting  memoii-s 
**  On  Geodesic  Lines,  in  particular  those  of  a  Quadiic  Surface." 

At  an  early  peiiod,  Cayley  directed  the  attention  of  our  Society  to 
the  important  and  then  recent  theones  of  con*espondence  and  trans- 
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formation.  Thus  in  the  first  volume  of  the  Proceedings  we  find 
papers  on  the  "  Transformation  of  Plane  Curves,"  and  "  On  the 
Correspondence  of  Two  Points  on  a  Curve."  In  the  third  volume 
appear  a  paper  "  On  the  Rational  Transformation  between  two 
Spaces,"  and  the  first  communication  *'  On  the  Rational  Transforma- 
tion between  Two  Planes,  and  on  Special  Systems  of  Points."  These 
investigations  are  not  only  geometrically  valuable,  but  present 
features  of  considerable  analytical  interest,  marked  by  singular 
arithmetical  symmetries  in  the  tabular  schemata.  The  subject  has 
since  been  further  studied,  and  would  probably  reward  still  more 
attention. 

In  the  domain  of  analysis  Cayley  gave  us  some  interesting  notes 
''  On  Elliptic  Functions,"  and  "  On  the  Binomial  Equation  x"--!  =  0," 
and  specially  "  On  Trisection,  Quartisection,  and  Quinquisection." 
These  papers  may  be  described  without  impropriety  as  "  chips  from 
his  workshop."  Those  on  Elliptic  Functions  were  subsequent  to  the 
first  edition  of  the  Elementary  Treatise  on  Elliptic  Functions.  I  do 
not  know  how  far  the  substance  of  them  has  been  incorporated  in'  the 
second  and  posthumous  edition  of  that  work. 

Notwithstanding  his  decided  predilection  for  the  speculations  of 
pure  mathematics,  Cayley  did  not  fail  to  leave  his  mark  on  those 
applications,  which  are  but  slightly  affected  by  empirical  data.  His 
"  Report  on  the  Recent  Progress  of  Theoretical  Dynamics,"  published 
by  the  British  Association  for  the  Advancement  of  Science  in  1858, 
remains  a  monument  of  his  industry  and  systematizing  power.  On 
this  subject  there  are  in  our  Proceedings  several  communications  by 
him  which  the  Society  would  not  willingly  have  lost.  They  relate 
to  the  theory  of  attraction,  and  the  potentials  of  polygons  and  poly- 
hedra,  the  ellipse  and  circle,  and  of  an  ellipsoidal  shell,  and  are 
contained  in  the  sixth  volume.  The  subject-matter  can  scarcely  be 
distinguished  from  pure  algebra  and  geometry. 

Professor  Cayley  therefore  enriched  the  Proceedings  with  papers 
on  most  of  the  subjects  which  occupied  his  attention  elsewhere. 
Exception  must  be  made  of  astronomy,  in  the  mathematical  theoiy 
of  which  we  know  he  took  great  interest  and  did  valuable  work. 

I  have  still  to  refer  to  one  department  of  Cayley's  versatility  that 
possesses  genei'al  and  even  popular  interest.  He  liked  to  study 
models  of  surfaces,  and  sometimes  contrived  them  for  himself.  He 
highly  appreciated  beauty  of  form  and  motion.  His  diagrams  were 
elaborated  with  great  care,  on  a  sufficient  scale,  and  with  a  certain 
ai'tistic  skill.     The  valuable  series  of  Plucker's  models  now  in  the 
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possession  of  our  Society  were  carefully  examined  and  described  by 
him,  and  many  of  them  identified.  The  mechanical  description  of 
cui*yes  also  peculiarly  interested  him,  and  on  several  occasions  he 
described  curve-tracing  arrangements,  in  some  instances  oonstracted 
by  his  own  hands.  He  was  evidently  pleased  to  see  a  curve  revealing 
itself  beneath  the  traversing  pencil  in  smooth  and  graceful  motion, 
reminding  an  observer  of  the  dictum  of  Newton — "  At  aequatio  non 
est  sed  descriptio  quae  curvam  geometricam  efficit." 

Professor  Forsyth  remarks  that,  so  late  as  1893,  Cayley  exhibited 
at  a  meeting  of  the  Cambridge  Philosophical  Society  a  curve-tracing 
apparatus  connected  with  three-bar  motion,  a  subject  on  which  he 
prepared  an  interesting  paper  for  our  Society,  specially  treating  of 
the  triple  generator  of  three-bar  curves. 

But  the  influence  of  Professor  Cayley  can  only  be  imperfectly 
measured  by  the  length  and  number  or  even  the  importance  of  his 
printed  contributions.  The  older  members  recall  with  pleasure  how 
much  the  presence  of  Professor  Cayley  enhanced  the  interest  of 
oi*dinary  meetings.  His  attendance  at  them  was  for  a  long  time 
frequent,  in  spite  of  non-residence  in  London ;  and  when  his  visits 
became  rare,  from  accidental  causes  and  failing  health,  a  sense  of 
privation  was  distinctly  felt  by  his  colleagues,  long  accustomed  to  his 
genial  participation  in  their  work.  He  was  always  ready  to  offer 
suggestive  remarks  on  papers  brought  before  the  Society  by  other 
members,  and  the  interest  shown  by  so  eminent  an  expert  in  even 
slight  communications  was  very  encouraging.  The  occasions  were 
rai*e  indeed  that  he  did  not  add  something  of  value  to  the  programme 
of  the  evening,  but  never  obtrusively ;  on  the  contrary,  with  the 
modest  self-effacement  belonging  to  his  character,  he  seemed  to  think 
only  of  the  beauty  or  utility  of  a  theorem  or  process.  His  enthu- 
siastic devotion  to  his  science,  scarcely  veiled  under  a  quiet  and 
balanced  manner,  communicated  itself  more  or  less  to  those  who 
could  associate  themselves  with  his  labours. 

In  other  ways  Cayley  placed  the  Society  under  obligation.  He 
was  often  on  the  Council,  and  in  that  capacity  his  advice  and 
assistance  were  always  at  its  service.  Particularly  his  legal  know- 
ledge and  business  ability  were  laid  under  contribution.  Mathe- 
maticians know  too  well  how  trying  it  is  to  be  called  upon  to  read 
and  give  an  opinion  on  papei-s  relating  to  subjects  possibly  long 
abandoned,  or,  at  all  events,  foreign  to  the  lines  of  thought  at  the 
moment  occupying  them.  Cayley  appeared  exempt  from  any  weak- 
ness   of  that    kind.       He   responded   without  i^emonstrance  to  the 
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frequent  calls  upon  him  to  act  as  referee,  and  he  undertook  the  duty 
in  no  perfunctory  manner,  often  making  suggestions  readily  adopted 
by  the  uuthors  and  very  advantageous  to  their  papers.  To  individual 
members  who  sought  information  or  advice  from  him  he  was  always 
accessible,  and  his  courtesy  and  interest  in  the  work  of  others  will 
long  remain  a  tradition  of  our  Society. 

From  the  time  of  his  adhesion  in  1865  until  his  attendance  at  the 
meetings  ceased,  Cayley  was,  with  the  exception  of  a  few  sessions, 
on  the  Council.  Ho  was  President  in  1868  and  1869,  and  for  five  or 
six  sessions,  not  consecutive,  acted  as  Vice-President.  The  Society 
could  hardly  confer  adequate  honours  on  its  illustrious  member, 
but  it  did  what  it  could,  and  awarded  to  him  the  first  De  Morgan 
Medal. 

Arthur  Cayley  was  born  at  Richmond,  Surrey,  on  the  16th  August, 
1821,  and  died  at  Cambndge  on  the  26th  January,  1895. 

On  behalf  of  the  Society  a  message  of  condolence  was  conveyed  to 
Mi's.  Cayley,  and  the  Society  was  represented  at  the  funeral  by  the 
Pi-esident  and  a  distinguished  delegation. 

James  Cockle,  second  son  of  James  Cockle,  was  bom  at  Great 
Oakley,  near  Harwich,  in  Essex,  on  January  14th,  1819.  Fix)m  1825 
to  1829  he  was  educated  at  a  private  school  in  Kensington,  whence 
he  proceeded  to  the  Charterhouse.  Here  he  remained  during  the 
years  1829-31,  and  dui'ing  his  stay  showed  considerable  power  in 
writing  Latin  verses.  Subsequently  he  was  placed  with  the  Rev.  Dr. 
Lenny,  of  St.  John's  College,  Cambridge,  and  under  his  care  young 
Cockle  fii^t  manifested  his  mathematical  talent.  He  left  England 
in  November,  1835,  for  a  year's  travel  in  the  West  Indies  and  the 
United  States.  On  his  return  he  entered  Tn'nity  College,  Cambridge 
(October  18th,  1837),  and  graduated  B.A.  in  1842,  having  qome  out 
thirty-third  Wi*angler  in  the  Tripos  List  of  the  pi*evious  year  (Stokes* 
year).  He  proceeded  to  M.A.  in  1845.  Mr.  Cockle  had  previously 
been  entered  a^s  a  student  at  the  Middle  Temple  in  1838.  He  pi'actised 
as  a  special  pleader  fi'ora  1845  to  1849,  was  called  to  the  liar  at  the 
Middle  Temple  in  1846,  and  joined  the  Midland  Circuit  in  1848.  In 
1862  he  di-afted  the  "Jurisdiction  in  Homicides  Act,'*  and  in  1863,  on 
the  i*ecommendation  of  Chief  Justice  Erie,  he  was  appointed  by  the 
English  Government  firet  Chief  Justice  of  Queensland.  He  resigned 
his  post  as  Chief  Justice  in  1879,  having  been  previously  knighted 
by  patent  in  1869,  and  retui*ned  to  England  with  Lady  Cockle  and  his 
family  of  eight  children. 


552  iLPPBMDIX. 

Sir  James  Cockle,  as  we  most  now  call  him,  though  he  attained 
considerable  eminence  as  a  lawyer  and  a  Judge,  yet  found  time  in  the 
intervals  of  his  official  labours  for  his  favourite  science.  He  was  the 
author  of  upwards  of  eighty  papers,  most  of  which,  with  the  exception 
of  four  papers  on  the  motion  of  fluids  (Q*  /•  of  McUh,,  x.,  xi.)  deal 
entirely  with  pure  mathematics.  We  have  noted  many  papers  by 
him  in  the  Ladtfs  and  Oentlemaii's  Diaries  during  the  years  1848  to 
1863,  in  the  various  forms  of  the  Messenger  of  Mathematics^  in  the 
Quarterly  Journal,  and  elsewhere,  but  we  are  happily  spared  the 
labour  of  going  through  these  critically,  as  the  Rev.  R.  Harley  has 
most  kindly  placed  at  our  service  his  full  and  interesting  notice  of  his 
friend  of  forty-eight  years,  which  has  been  published  in  the  Pro- 
ceedings  of  the  Manchester  Literary  and  Philosophical  Society  (Vol.  ix., 
1894-6).  "  His  papers  may  be  grouped  for  the  most  part  under  two 
heads,  viz..  Common  Algebra,  and  the  Theory  of  Differential  Equations. 
In  algebi*a  he  worked  mainly  among  the  higher  equations ;  and  for 
many  years  his  labours  in  this  depaHment  were  inspired  and  directed 
by  the  hope  of  'solving  the  quintic,'  or,  to  be  more  exact,  expressing 
a  root  of  the  general  equation  of  the  fifth  degree  by  a  finite  combina- 
tion of  radicals  and  rational  functions.  .  .  .  He  found  not  what  he 
sought  for,  but  other  things  which  amply  I'epaid  the  toil  of  effort,  and 
he  opened  up  new  methods  of  working  and  new  lines  of  research  which 
are  of  acknowledged  value  in  themselves.  .  .  .  By  an  indirect  but 
ingenious  process  he  succeeded  in  determining  the  explicit  form  of  a 
certain  sextic  equation,  on  the  solution  of  which  that  of  the  general 
quintic  may  be  shown  to  depend."  The  attention  of  Mr.  Harley  and 
of  Prof.  Cayley  was  subsequently  turned  to  the  matter,  and  so  the 
methods  devised  by  Sir  James  Cockle  and  the  results  he  obtained 
largely  directed  the  course  of  subsequent  speculation  on  the  subject. 

Again,  **  his  mode  of  dealing  with  the  theory  of  differential  equa- 
tions was  equally  marked  by  originality  and  independence  of  mind. 
.  .  .  He  found,  for  instance,  that  ivova  any  rational  and  entire 
algebraic  equation  of  the  degree  ?*,  whereof  the  coefficients  are 
functions  of  a  single  parameter,  we  can  derive  a  linear  differen- 
tial equation  of  the  order  n— 1,  which  is  satisfied  by  any  one  of 
the  roots  of  the  algebraic  equation.  Out  of  this  germ  has  grown 
the  theory  of  differential  resolvents.  ...  To  Cockle  also  belongs  the 
honour  of  being  the  fii'st  to  discover  and  develop  the  properties  of 
those  functions  of  the  coefficients  of  linear  differential  equations  called 
Criticoids  or  Differential  Invariants.  .  .  .  Criticoids  seem  destined  to 
play  an  impoi*tant  part  in  the  theory  of  linear  differential  equations." 
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His  work,  Mr.  Harley  sums  up,  was  eminently  initiatory.  He 
started  theories,  bnt  left  others  to  elaborate  and  perfect  them.* 

Sir  James  Cockle  was  elected  a  member  of  the  Society  June  9th, 
1870,  and  was  admitted  February  I3th,  1879.  He  attended  the 
meetings  occasionally  during  the  sessions  1879-81,  and  from  April 
14th,  1881,  to  November,  1891,  he  was  never  absent.  He  attended 
once  only  in  1892,  and  then  his  seat  was  vacant.  He  served  on  the 
Council  from  November  10th,  1881,  to  November  13th,  1890 ;  was 
Vice-President  in  the  sessions  1882, 1883, 1888, 1889,  and  President  in 
1886,  1887.  Lady  Cockle  writes  :  ^*  His  ambition  was  to  become  a 
Pi*esident  of  the  Mathematical  Society,"  and  she  recalls  to  our 
i*ecollection  what  Sir  James  told  us  at  the  time.  ^^  So  determined 
was  he  to  be  present  at  his  installation  as  President,  that,  although 
suffering  from  a  bad  attack  of  congestion  of  the  lungs,  he  had  himself 
^vrapped  in  blankets,  which  were  only  removed  on  his  aiTival."t 

The  following  ai*e  the  titles  of  the  communications  made  to  the 
Society  by  Sir  James  Cockle,  with  the  dates  and  their  places  in  the 
Proceedings : — 

February  13th,  1879,  **  Construction  of  Magic  Squares,"  Vol.  x.,  75. 

**  On  Differential  Equations,  Total  and  Partial,"  and  **  On  a  New  Soluble  COasa 
•of  the  First,  and  an  Exceptional  Case  of  the  Second,"  Vol.  x.,  pp.  105-120. 

^*  On  a  Binomial  Biordinal  and  the  Constants  of  its  Complete  Solution,*'  Vol.  xi., 
pp.  123-131. 

^*  Supplement  on  Binomial  Biordinals,"  Vol.  xn.,  pp.  63-72. 

*^  On  the  Explicit  Integration  of  certain  Differential  Resolvents,"  Vol.  xiv., 
pp.  18-22. 

**  On  the  Equation  of  Riccati,"  Vol.  xvra.,  pp.  180-202. 

*^0n  the  General  Linear  Differential  Equation  of  the  Second  Order"  (comple- 
mentary of  the  last  paper),  Vol.  xix.,  pp.  257-278. 

'*0n  the  Confluences  and  Bifurcations  of  certain  Theories"  (Presidential 
Address),  November  8th,  1888,  Vol.  xx.,  pp.  4-14. 

Esse  quam  vidari.  This  was  Sir  James'  motto,  and  as  far  as  we, 
who  were  associated  with  him  so  long  on  the  Council,  can  judge,  his 
whole  life  wa.s  a  beautiful  illustration  of  the  motto.     Sir  James  passed 


*  Prof.  Forsjrth,  whose  numerous  engag^ements  prevented  him  from  drawing  up 
an  analysis  of  Sir  James  Cockle's  work  (**  my  inability  is  solely  owing  to  want  of 
time  "),  refers  us  to  a  note  to  his  memoir  **  On  Invariants  .  .  .,"  Phil.  Jmin., 
1888  (A),  p.  383. 

t  An  obituary  notice  in  the  Annual  Report  of  the  Royal  Astronomical  Society 
(February,  1895)  truly  remarks  :  **  On  committees  or  councils  he  was  sing^ularly 
reticent,  rarely  venturing  a  suggestion  unless  appealed  to,  but  the  regularity  of  his 
attendance  testified  to  the  keen  interest  he  took  in  the  management  of  business." 
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away  on  Sunday,  January  27th,  1895,  the  day  after  Prof.  Cayley's: 
lamented  death.* 


Arthur  Cowper  Ranyard  was  bom  on  June  2l8t,  1845,  at  Swans- 
combe,  in  Kent,  whence  his  family  subsequently  removed  to 
13  Hunter  Street,  Brunswick  Square.  He  was  educated  at  University 
College  School  (1857-60),  at  which  school  George  Campbell  De 
Morgan,  son  of  Pi*of.  De  Morgan,  was  a  pupil  (1856-57),  and  sub- 
sequently mathematical  master,  in  succession  to  Dr.  Hirst,  in  the 
year  1865.  The  two  young  men  attended  Prof.  De  Moi*gan's  classes 
at  the  College,  and  became  intimate  friends.  In  the  year  1864,  whilst 
they  were  discussing  problems  duHng  a  walk  in  the  streets,  it  struck 
one  of  them  that  "  it  would  be  very  nice  to  have  a  society  to  which  all 
discoveries  in  mathematics  could  be  brought,  and  where  things  could 
be  discussed,  as  at  the  Astronomical."  f  It  was  agreed  between  them 
that  this  should  be  proposed,  and  that  "  George  should  ask  his  father 
to  take  the  chair  at  the  firet  meeting."  J 

In  October,  1864,  Ranyai*d  appeal's  to  have  been  at  Caius  College, 
whence  he  migrated  to  Pembroke  College  and  gi*aduated  Senior 
Optime  in  1868. § 

In  due  courae  of  time  a  lithographed  circular, ||  signed  by  both  as 
"Hon.  Sees,  pro  tem.*^  (Life^ji,  282),  was  sent  out,  "to  request  the 
honour  of  your  attendance  at  the  firat  meeting  of  the  *  University 
College  Mathematical   Society.' "      Fi'om   a   letter  (September    6th, 


•  For  «uch  particularR  as  we  have  not  gfiven  above,  we  must  refer  to  Mr. 
Harley'e  memoir,  which  haw  been  our  authority  throughout. 

t  Life  of  Frof.  De  MorgaUy  by  Mrs.  De  Morgan,  p.  281. 

J  Lifcy  I.e.  In  a  collection  of  letters,  from  Gr.  De  Morgan  to  RanyBrd,  bearing 
upon  the  foundation  of  the  So(;iety,  and  which  Mr.  Ranyanl  left  by  wiU  in  a  bound 
volume  to  the  Society,  De  Mt)rgan,  under  date  of  Octolier  30th,  18C4,  writes  : 
**  You  wiU  remember  that  my  father  anked  that  he  might  have  a  notice  sent  him  of 
the  meeting  of  the  Mathematical  Society.  As  it  was  you  who  asked  him  to  preside, 
would  you  send  a  note  reminding  him  of  the  date : '  *  De  Morgan  had  a  bad  memory 
for  names  and  such  things  {Lrtttr,  November  24  th,  18G5),  and  he  has  certainly 
misdated  by  a  year  a  lett<.'r  relating  to  the  initial  meeting  of  tlxe  Societj'. 

§  We  are  indebted  to  the  Master  (»f  Pembroke  for  the  following  extract  from  the 
admission  register: — **  Ranyard  ^Vrturus  Cowper  filius  natu  socundus  Benjamini 
Kanyard  de  Londino  genenwi  natus  apud  Swanscoml)e  in  Com.  Cautiie  atque  annum 
agens  vicesimum  Uteris  testimonialibus  de  Coll.  Caieiisi  omatus  se  ad  nos  contulit 
atque  admissus  est  ad  mensam  secundam  sub  tutore  Mro.  Power.  February  18th, 
1866." 

II  Leffcrsy  September  5th,  October  8th,  October  19th,  1864,  are  concerned  with 
this  matter  of  lithographing  the  circular  and  the  form  in  which  the  circular  should 
he  drawn  up. 
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1864)  it  appears  that  Prof.  De  Morgan  had  objected  to  the  original 
title  of  "  London  University  Mathematical  Society,"  and  so  the  first 
change  in  title  was  made  and  gave  rise  to  the  report  that  "the  Society 
was  only  an  upper  higher  senior  class  of  De  Morgan's."  * 

Unfortunately,  De  Morgan's  health  broke  down  (Letters,  October- 
30th,  November  4th,  1864),  and  so  he  was  unable  to  be  present  at  the 
meeting  on  November  7th,  1864.  "  You  must  make  my  excuses  to 
every  one  for  not  being  present."  He  further  expresses  the  hope  that 
his  absence  will  not  harm  the  Society,  and  that  Dr.  Hirst  will  be 
able  to  attend,  "  as  I  think  he  will  be  an  important  member,  and 
may  take  an  interest  in  the  affair."  Under  date  November  9th  he 
wHtes  to  Ranyard:  "I  have  not  heard  much  about  the  meeting  and 
should  be  much  obliged  to  you  for  an  account  of  it,  if  you  have  time 
for  it."  From  this  we  gather  that  Ranyard  was  present,  but  all 
attempts  on  our  part  have  failed  to  elicit  a  report  of  what  took  place. 
From  the  "minutes"  of  the  first  meeting  of  the  London  Mathematical 
Society,  on  January  16th,  1865,  we  learn  that  Mr.  B.  Kischf  was  the 
acting  Secretary.  Fi*om  the  active  part  Dr.  Hirat  took  in  the  early 
days  of  the  Society  we  surmise  that  he  was  present  at  the  November 
meeting  and  proposed  that  the  scope  of  the  Society's  operations  should 
be  enlarged,  and  the  second  change  of  name  be  made.  When  applica- 
tion was  made  to  Mr.  Ranyard  for  a  subscription  to  the  De  Morgan 
Medal  fund,  he  wrote  (November  Ist,  1880),  enclosing  his  subscription 
and  also  an  extract  from  a  letter  fi'om  Prof.  De  Morgan.  J 

In  consequence  of  this  communication,  we  were  directed  by  the 
Council  to  winte  to  Mr.  Ranyard,  and  under  date  of  November  30th, 
1880,  we  received  the  following  reply  from  that  gentleman  : — 

"  Thank  you  for  your  very  courteous  letter.  I  should  have  much 
regretted  it  if  the  Council  had  withdrawn  the  circular — for  there  can 
be  no  doubt  that  the  real  founders  of  the  Society  were  Prof.  De  Morgan 


•  Letter  from  Sir  Philip  Magnus. 

t  Mr.  KiBch  writes  (16th  Januarj',  1896) :  **  I  believe  Ranyard  wa8  at  the  meeting 
of  November,  1864.     So  far  as  I  can  recollect,  I  wa«  never  appointed  Secretary, 
even  pro  tem.^  but  it  Ih  quite  possible  that  I  may  have  so  acted  on  one  occasion,  in 
the  absence  of  both  Ranyard  and  De  M(»rgan." 

X  This  nms  "I  make  out  distinctly, from  written  e^-idence  \_i.e.^  the  Lettei'tf]  that 
you  [Ranyard]  and  he  [De  Morgan]  were  the  proje<!tors.*'  It  wjis  by  the  Professor's 
wish  that  the  Letters  have  been  preserx-ed.  The  (lopier  of  the  extract  has  made 
one  or  two  clerical  errors,  viz.,  1864  for  1867.  A  **  minute  ''  of  the  Society  records, 
November  14th,  1867,  "  the  great  loss  sustained  by  the  Society  through  the  death 
of  its  late  Secretary,**  and  dwells  upon  the  fact  that  '•  it  was  probably  known  to 
few  that  he  and  Mr.  Ranyard  t(M)k  the  first  steps  towards  est^iblishing  the  Society 
by  sending  out  circulars  inviting  gentlemen  to  attend  the  first  meeting  of  the 
Society.** 
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and  tlie  other  mathematicians  of  standing  who  early  gave  the  Society 
their  countenance.  Without  them  it  would  have  remained  a  students* 
society,  and  would  prohahly  soon  have  died  a  natural  death." 

The  names  of  the  twenty-seven  memhers  at  the  formation  of  the 
Society  on  January  16th,  1865,  are  given  in  the  "  minutes  "  of  the  meet- 
ing; of  these,  at  the  present  date  (January,  1896),  the  sole  remaining 
names  are  those  of  Prof.  Clifton,  Sir  Philip  Magnus,  and  Dr.  Bouth. 

Most  of  the  ohituary  notices  say  that  Mr.  Ranyard  was  one  of  the 
first  Secretaries.  This  was  not  the  case.  We  have  indicated  what 
part  he  took  in  the  inception  of  the  students*  society.  At  the  January 
meeting  Mr.  Kisch,  as  acting  Secretary,  read  the  proposed  rules,  pre- 
sumably drawn  up  at  the  previous  November  meeting,  and  at  the 
same  meeting  Mr.  H.  M.  Bompas  and  Mr.  Cozens- Hardy  were  elected 
Secretanes,  the  latter  gentleman  also  undertaking  the  duties  of 
Ti-easui'er.  The  President  and  Vice-President  were  respectively  Prof. 
De  Morgan  and  Dr.  Hirst.  Mr.  Bompas  i-emained  in  oflSce  until 
November  20th,  1865,  but  Mr.  Cozens- Hardy  retired  from  both  his 
offices  at  the  second  meeting,  held  on  February  20th,  1865.  Mr.  W. 
Jai'dine  was  elected  in  his  i-oom,  but  he  too  retired  at  the  same  time 
as  Mr.  Bompas,  on  being  appointed  to  a  professoi'ship  in  the  Gk>vem- 
ment  College  at  Lahore.  At  this  November  meeting  Mr.  M.  Jenkins 
was  appointed  to  act  in  Mr.  Jardine's  place  until  the  annual  meeting 
on  Januaiy  15th,  1866,  when  he  and  Mr.  George  De  Morgan  were 
elected  Seci-etaries.  The  latter  died  in  October,  1867,  and  Mr.  Tucker 
was  elected  to  fill  the  vacancy,  November  14th,  1867,  the  date  to  which 
the  annual  meeting  was  transferred.  This  arrangement  has  continued 
in  force  until  the  recent  retirement  of  Mr.  Jenkins. 

Mr.  Kanyaixl  read  only  one  paper  before  the  Society,  viz.,  that  on 
^'  Detemiinants,"  at  its  first  meeting.* 

He  was  natm-ally  elected  on  the  Council,  or  committee  as  it  was 
called  in  those  early  days,  and  he  was  again  elected  January  5th, 
1866,  and  served  until  November  8th,  1866,  the  new  date  of  the 
annual  meeting.    He  never  served  on  the  Council  after  this  retirement. 

We  have  entei*ed  into  so  much  detail  because  the  facts  relating  to 
the  beginning  of  the  Society  are  getting  more  and  more  difficult  to  trace 
year  by  year.     The  thought  of  these  young  men  was  a  very  happy  one, 


♦  Under  date  29th  January,  18G4  (it  should  be  1865),  De  Morgan  writes  :  "  The 
only  way  to  get  the  paper8  printed  is  to  get  more  members,  and  the  only  way  to 
get  members  is  to  get  the  papers  printed.'*  He  then  makes  suggestions  for  having 
the  papers  copied  by  the  College  Beadle. 
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and  has  been  productive  of  most  beneficial  results  in  the  influence  of 
the  Society  on  the  advancement  of  mathematical  research  (c/.  Mr.  S» 
Roberts*  notice  of  Prof.  Cayley,  supra).  The  thought  has  not  been  a 
barren  one,  as  is  amply  proved  by  the  now  long  list  of  similar- 
societies  which  have  been  established  in  other  countries.* 

For  other  details  of  Mr.  Banyard*s  active  and  useful  career  we  need 
only  refer  to  an  article  by  Mr.  W.  H.  Wesley  on  "  Arthur  Cowper 
Ranyaixl  and  his  Work,"  in  Kiunvledge  (February  Ist,  1896),  of  which 
journal  Mr.  Ranyaid  was  the  able  editor  on  the  death  of  its  projector 
and  tirat  editor,  Mr.  R.  A.  Proctor.  There  is  also  a  full  account  of 
him  in  the  Moiithhj  Notices  of  the  Royal  Astronomical  Society^  of  which 
Society  Mr.  Ranyard  became  a  Fellow  at  the  early  age  of  eighteen.f 

Mr.  Ranyard  died  on  December  14th,  1894,  at  13  Hunter  Street. 

We  are  indebted  to  Prof.  E.  B.  Elliott  for  the  following  notice  of 
his  friend  Pix)f.  A.  M.  Nash,  who  was  elected  a  member  of  the 
Society,  November  10th,  1887. 

Alfi-ed  Moses  Nash  was  a  native  of  Twyford,  Berks,  and  was 
educated  at  Bristol  Grammar  School.  He  was  elected  scholar  of 
Queen*s  College,  Oxfoi-d,  in  1870,  and  gi*aduated  with  First  Class 
Mathematical  Honoui-s  in  1873.  Very  shortly  afterwards  he  gained 
an  appointment  in  the  Indian  Education  Department  (January,  1875). 
His  pi*ematui*e  death  now  deprives  the  Indian  service  of  one  of  its. 
most  indefatigable  and  conspicuous  educational  workei-s.  Hia 
principal  appointments  have  been,  at  different  times,  those  of  Pi*o- 
fessor  in  the  Presidency  College,  Calcutta  (November,  1890) ;  Acting 
Registi^ar  of  Calcutta  University  (May,  1891),  and  Inspector  of 
Schools.  His  mathematical  interests  have  always  continued  keen, 
but  in  his  busy  life  they  have  been  followed  mainly  in  intei-vals  of 
recreation,  so  that  his  actual  publications,  though  suggestive  and 
indicative  of  keen  insight,  have  been  of  a  minor  chai'acter,  appealing 
for  the  most  part  in  the  Educational  Times.  More  was  confidently 
expected  from  him  when  eai'ly  in  the  present  year  (1895)  he  was 


♦  We  are  not  unmindful  of  the  old  ^*  Mathematical  Society,*'  founded  in  1717 
(see  Budget  of  Paradoxes  y  pp.  230,  &c.,  and  Life,  pp.  123,  150),  the  Manchester  Society, 
in  1718,  and  the  Oldham  Society,  in  1794,  and  possibly  some  others,  but  these  did 
not  *'  come  to  stay.** 

t  In  the  Annual  Report  of  the  Council  of  the  Royal  Astronomical  Society  (Vol.  lv., 
pp.  198-201)  the  statement  is  made  '*  While  at  University  College  he  collaborated 
with  Mr.  George  De  Morgan  in  founding  a  *  Students*  Mathematical  Society,' 
which  had  a  most  successful  career  [of  two  months !],  developing  eventually  into 
the  present  ^  London  Mathematical  Society.*  *' 
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granted  a  prolonged  rest  from  official  cares.  Two  letters  written  by 
him  to  the  compiler  of  the  present  notice  in  January  and  April  last 
were  full  of  hopeful  plans  for  the  future,  and  in  particular  of  a 
work  in  which  he  was  engaged,  and  to  which  he  was  intending  to 
devote  much  of  his  leisure,  upon  Irregular  Delermituints  in  the 
Theory  of  Binary  Quadratic  Forme,  Alas !  within  a  few  days  of  the 
second  letter  came  the  news  of  the  sad  mischance  at  sea  (June  3rd, 
1895)  which  put  an  end  at  once  to  this  application  of  his  mathe- 
matical powers  and  to  his  career  of  public  usefulness.  He  was  a  true 
friend,  and  a  man  of  indomitable  courage  and  self-reliance.  He 
leaves  a  widow  to  mourn  his  loss. 

Edward  Hawksley  Rhodes,  B.A.,  was  bom  on  July  9th,  1836.  He 
was  educated  at  Cheltenham  and  at  Clare  College,  Cambridge,  where 
he  held  a  classical  scholarship.  He  graduated  thirty-fourth  Wrangler 
in  1859.  He  was  for  many  years  Deputy  Keeper  of  the  Land 
Revenue  Records  and  Enrolments  of  the  Woods  and  Forests  Depart- 
ment, Whitehall.  Some  eight  years  ago  his  mind  was  affected 
through  over- work  and  over-study,  and  he  had  at  that  time  a  year's 
holiday.  Latterly  he  was  again  worried  on  account  of  certain  extra 
responsibilities  which  had  devolved  upon  him,  and  the  end  came  on 
November  2nd,  1895.  He  was  elected  a  member  June  10th,  1875,  but, 
although  he  always  studied  the  Proceedings  of  the  Society  with  deep 
interest,  he  only  attended  some  six  of  the  meetings.  Whilst  he  con- 
tinued an  ardent  student  of  mathematics,  he  was  also  a  student  of 
languages  and  philosophy,  and  was  much  interested  in  the  work  of 
the  Aristotelian  Society,  of  which  he  was  a  member.  He  was  the 
writer  of  several  philosophical  papers. 
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ERRATA. 


VOL.  XXVI. 

P.  1,  /or  June  4th  read  June  14th. 

P.  3,  for  Briokmore  read  Biokmore. 

P.  116,  ybr  Math.  Ann.,  lxv.  read  xly. 

P.  488,  line  11, /or  (n  +  l)P,.i  read  (*i  +  l)  P„^|. 

Dele  from  p.  196,  line  18,  to  p.  197,  line  21 ;  from  p.  197,  line  35,  to  p.  198, 
line  16.  [I  owe  these  corrections  to  the  kindness  of  Herr  O.  Holder.  See  his 
paper  *^Die  Gruppen  mit  quadratfreier  Ordnong^szahl,*'  OoUingen  Naehrichtmt^ 
May,  1895.    The  true  number  of  distinct  groups  of  order  210  is  12. — ^W.  Bubnbidb.] 

P.  210,  footnote.  The  proof  that  Herr  Frobenius  gives  of  the  non-existence  of 
simple  groups  of  order  p^p^  is  correct.  I  regret  that,  owing  to  my  having  mis. 
understood  a  point  in  his  argument,  I  should  have  stated  it  was  not. — ^W.  Bubnsidb. 

P.  237,/or  p'a  -  p'b (106), 

P'^-     P'h (107), 

read  p'^i  =  p'r,    (106). 

P'^i  -  -  P'^t (107). 

P.  290,  line  10,  for  unity  read  2. 

P.  291,  lines  22  and  27,  for  n  read  n  (a -i- 1). 

P.  291,  line  28, /or  -—  read  n. 

a+1 

P.  303,  line  6, /or  150223  read  150233. 

P.   306,  third  paragraph,  /or  m  »  6  read   m  »  8  ;  /or  -06136,   -18816,   -43660, 
•37524,  17  read  reepecUvely   04592,  -14109,  -45241,  -40649,  11. 
P.  31 1,  lines  7  and  9  from  bottom,  put  >  before  the  bracketed  expressions. 
P.  313,  line  17, /or  unity  read  2. 
P.  313,  line  20,  for  improper  read  intermediate. 

P.  313,  line  7  from  bottom, /or  —  read  — . 


VOL.  xxrv. 

p.  257.     The  fourth  entry  in  the  reciprocal  factor  of  2161  ehould  be  24,  not  14. 
P.  258.    The  prime  3371  has  been  omitted.    The  entries  should  be 

3371  I  127,  23  I  2  I  3,  1,  1,  2,  6  |  05428  |  6,  8,  46,  15,  16  |  55 
The  author  has  to  thank  Mr.  Bickmore  for  pointing  out  these  errata. 
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